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Overview

© Introduction
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History of Domain Decomposition Methods

% Hermann A. Schwarz (1870): Uber einen Grenziibergang durch
alternierendes Verfahren
(en): Over a Boundary transition by alternating method
(fr): Sur un passage de frontiere par une procédure alternée

—Ay=1f inQQ,
y=g on0Q.
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History of Domain Decomposition Methods

% Hermann A. Schwarz (1870): Uber einen Grenziibergang durch
alternierendes Verfahren
(en): Over a Boundary transition by alternating method
(fr): Sur un passage de frontiere par une procédure alternée
—Ay=1f inQQ,
y=g on0Q.

% Domain:

% Problem: existence and uniqueness of (1) in Q7

% Tools: Sebelev-space, Lax-Milgram-theerem, Fourier transform.
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Classical Alternating Schwarz Method

Domain: Q := Q; U,
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Classical Alternating Schwarz Method

Domain: Q := Q; U,

—Ayt =f in Q4
yll =g on 9Q N Qy,

yvi=y) onl
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Classical Alternating Schwarz Method

Domain: Q := Q; U,

—Ay; =f in Qo,
yi=g on QN Qy,

va=yi onl
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Classical Alternating Schwarz Method

Domain: Q := Q; U,

—Ayy =f in Qq, —Ayl =f in Qo,
y'=g on QN Qy, yi=g on 99N Qy,
W=y§t only 3=y onTl,
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Classical Alternating Schwarz Method

Domain: Q := Q; U,

—Ayy =f in Qq, —Ayl =f in Qo,
y'=g on QN Qy, yi=g on 99N Qy,
W=y§t only 3=y onTl,

Convergence: Schwarz proved in 1869 using the maximum principle.
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Development of Domain Decomposition Methods

% High speed computing, parallel computing

» Overlapping: alternating Schwarz Method, additive Schwarz
method, etc.

» Non-Overlapping: Substructuring Methods (Dirichlet-Neumann,
Neumann-Neumann), Balancing Domain Decomposition by
Constraint (BDDC), etc.

% Preconditioners for Krylov, Conjugate Gradient, GMRES, etc
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Optimal control

% Ingredients:
» A system governed by an ODE/PDE (state y),
» A control function u as an input to the system,
» A target state y as the desired state of the system,
» A cost functional J, e.g., cost of u, discrepancy between y and
y, etc.
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Optimal control

% Ingredients:
» A system governed by an ODE/PDE (state y),
» A control function u as an input to the system,
» A target state y as the desired state of the system,
» A cost functional J, e.g., cost of u, discrepancy between y and
y, etc.
* Goal:

» Find the control u* which minimizes the cost such that the
system reaches the desired state.
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Overview

@ Parabolic optimal control
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Heat equation

% Model:
Oty —Ayy=u inQ,
y=0 onk, (2)
y =Y on Xy,

with the time-space domain Q := (0, T) x Q, the lateral boundary
Y =(0,T)x 09, %:={0} xQand QCR", n=1,2,3.

=7

Liu-Di LU (UNIGE) GdT ANGE April 13, 2022 8/



Heat equation

% Model:
Oty —Axy=u inQ,
y=0 onk, (2)
y =y on2Xp,
with the time-space domain Q := (0, T) x Q, the lateral boundary
Y =(0,T)x 09, %:={0} xQand QCR", n=1,2,3.
% Problem:
1 . y . v
) = 5l = ey + 2T = 9Dy + SNl (3)

with v,v > 0.
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Heat equation

% Model:
Oty —Ayy=u inQ,
y=0 onX, (2)
y =Y on Xy,

with the time-space domain Q := (0, T) x Q, the lateral boundary
Y =(0,T)x 09, %:={0} xQand QCR", n=1,2,3.
% Problem:

1 R ¥ R v
Sy u)=3lly = iz + S Iy(T) = (M2 + EIIUIIQ,, (3)

with v,v > 0.
% Goal: Find
min J(y, u),
subject to the PDE constraint (2).
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Optimality system

» Lagrange multiplier approach:
L(ya)‘7 U) = J(yv U) + <)‘78ty —Ayy — U>,

A is the Lagrange multiplier or adjoint state.
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Optimality system

» Lagrange multiplier approach:
L(ya)‘7 U) = J(yv U) + <)‘78ty —Ayy — U>,

A is the Lagrange multiplier or adjoint state.
» Derive first-order optimality system formally.

» Primal problem:
Mhl(y,\,u)=0 = (2).
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Optimality system

» Lagrange multiplier approach:
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A is the Lagrange multiplier or adjoint state.
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Optimality system

» Lagrange multiplier approach:
L(ya)‘7 U) = J(yv U) + <)‘76ty —Ayy — U>,

A is the Lagrange multiplier or adjoint state.
» Derive first-order optimality system formally.
» Primal problem:
MWl(y,\,u)=0 = (2).
» Adjoint problem:
OyL(y,\,u) =0.

» Integration by parts
(A, Oy = Dxy = u) = = (OeA, y) + (M(T), ¥(T)) = (A0), ¥(0))
@ = o+ [ yons
— (A, u).
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Optimality system

» Lagrange multiplier approach:
L(ya)\7 U) = J(y7 U) + <)‘78ty - Axy - U>,

A is the Lagrange multiplier or adjoint state.
» Derive first-order optimality system formally.
» Primal problem:

MWl(y,\,u)=0 = (2).
» Adjoint problem:
OAN+ A N=y—y in Q,
OyL(y,\,uy=0 = A=0 on X,
AT) =~(y(T)=9(T)) onQ,
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Optimality system

» Lagrange multiplier approach:
L(y, A u) = J(y,u) + (A, Ory — Dxy — u),
A is the Lagrange multiplier or adjoint state.
» Derive first-order optimality system formally.
» Primal problem:
Mhl(y,\,u)=0 = (2).
» Adjoint problem:
OAN+ A N=y—y in Q,
OyL(y,\,uy=0 = A=0 on X,
AT) =~(y(T)=9(T)) onQ,
» Optimality condition:
Oul(y,\,uy=0 = —X+rvu=0.
with Ung := L%(Q).
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Optimality system

» First-order optimality system (forward-backward):
Ory — Dxy = u, IN+ADA=y -7,
y(-,x) =0, A(,x) =0,
¥(0,-) = yo, AT,) =W (T,) = 9(T,-)),
coupled by —A + vu = 0.
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Optimality system

» First-order optimality system (forward-backward):
Ory — Dxy = u, IN+ADA=y -7,
y(x) =0, A(x) =0,
¥(0,-) = yo, AT,) =W (T,) = 9(T,-)),
coupled by —A + vu = 0.
» Semi-discretization version:
y+ Ay =v7 1), A—ATA=y -y,
y(0) =0, A(T) =~(y(T) = 9(T)),
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Optimality system

» First-order optimality system (forward-backward):
Ory — Dxy = u, IN+ADA=y -7,
y(x) =0, A(x) =0,
¥(0,-) = yo, AT,) =W (T,) = 9(T,-)),

coupled by —A + vu = 0.
» Semi-discretization version:

y+ Ay =v7 1), A—ATA=y -y,
y(0) =0, MT) =2 (T) = 9(T)),
> A=AT = A= QDQ" with Q" Q =/ and D = diag(dy, ..., dm).
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Optimality system

» m independent 2 x 2 systems:

0% ) 0)-(5)

with simplification of notations.
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Optimality system

» m independent 2 x 2 systems:

0% ) 0)-(5)

with simplification of notations.
» Second-order ODE
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Dirichlet-Neumann (Bjgrstad, Widlund 1986)

% Domain: Q; :=(0,I),Q, := (I, T) where I is the interface

vif — (vd? + 1)yf +9 =0, vyy — (vd? + 1)ys +§ =0,
¥£(0) = yo, vyK(T) + (vdi +7)y&(T) = v9(T),
yi(r) = y5 1), yx (1) = yi(I).
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Dirichlet-Neumann (Bjgrstad, Widlund 1986)

% Domain: Q; :=(0,I),Q, := (I, T) where I is the interface

vif — (vd? + 1)yf +9 =0, vyy — (vd? + 1)ys +§ =0,
¥£(0) = yo, vyK(T) + (vdi +7)y&(T) = v9(T),
yi(r) =y (), 5 (1) = yf ().

* Test: d;=051v=017y=03 T=1,T=3 y=1
y(t) = sin(t), y°(T) = 0.
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Dirichlet-Neumann

Exact solution:

0.94

0.8

0.74
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Dirichlet-Neumann

First iteration:
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Dirichlet-Neumann

Second iteration:
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Dirichlet-Neumann

Third iteration:

0.8
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Dirichlet-Neumann

Fourth iteration:

0.8

0.64
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Error Analysis

véf — (vd? + 1)6‘{( =0, vés — (vd? + 1)ef =0,
ef(0) =0, vé(T) + (vd; +7)es(T) =0,
el () = ex7(n), ek(r) = ().

Liu-Di LU (UNIGE) GdT ANGE April 13, 2022 14 /35



Error Analysis

véf — (vd? + 1)6‘{( =0, vék — (vd? +1)ef =0,
ef(0) =0, vé(T) + (vd; +7)es(T) =0,
ek (M) = ek71(n), ek(r) = ().

» Solution:
ef(t) = Aksinh(at), ek(t) = B¥(cosh (a(T — t)) + Bsinh (a(T — t))),

. vd? +1 vdi+y
with a := and ——=r
V b= Jean
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Error Analysis

véf — (vd? + 1)6‘{( =0, vék — (vd? +1)ef =0,
ef(0) =0, vé(T) + (vd; +7)es(T) =0,
ek (M) = ek71(n), ek(r) = ().

» Solution:
ef(t) = Aksinh(at), ek(t) = B¥(cosh (a(T — t)) + Bsinh (a(T — t))),
. L lz/d +1 vd;

» Coefficients:

K e P ef=1(T") coth(ar)
A = si%lh(ar)’ B = _sinh(a(7’2—r))+ﬁcosh(a(T—F))'
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Error Analysis

» Error equation for e =y yjk
vék — (vd? +1)ef =0, vék — (vd? +1)ek =0,
ef(0) =0, ves(T) + (vd; +7)ef(T) =0,
ef(N =es1(N), k() = ek(n).
» Solution:

ef(t) = Aksinh(at), ek(t) = B¥(cosh (a(T — t)) + Bsinh (a(T — t))),

. d? +1 vdi+
with o ==/ % and 3 := 2L
\/? di2+l’
» Coefficients:

K e P ef=1(T") coth(ar)
A = si%lh(ar)’ B* = _sinh(a(7’2—r))+ﬁcosh(a(T—F))'

» Convergence factor:

() = —& (N SR seostarr—r) coth(an):
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Error Analysis
k

) vék — (vd? +1)eX =0,
) =0, vés(T) + (vd; +7)es(T) =0,
ef(N) = &7 1(N), & () = &(n).
» Solution:
el (t) = Aksinh(at), ek(t) = B¥(cosh (a(T — t)) + Bsinh (a(T — t))),

. d? +1 vdi+
with o == /% and = —~S21 .
V2 d?4v
» Coefficients:

Ak = e.é‘_l(r) Bk — __ eX (") coth(al’)
sinh(al)’ sinh(a(T —T))+Bcosh(a(T—T)) "

» Convergence factor:
cosh (a(T —T)) + Bsinh (a( T —T))
sinh (a(T —T)) + Bcosh (a(T —T))

PDN = coth(al).
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Dirichlet-Neumann with relaxation

% Domain: Q; :=(0,1),Q2 := (I, T) where I is the interface

vy — (vd? + 1)yf +9 =0, vik — (vd? + 1)ys +9 =0,
yE(0) = yo, vys(T)+ (vd; +)y5(T) = v9(T),
yi(N) =yi v () = yf ().

with yf == (1 — 0)yF 1 + 0yf(T).
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Dirichlet-Neumann with relaxation

% Domain: Q; :=(0,1),Q2 := (I, T) where I is the interface

vy — (vd? + 1)yf +9 =0, vik — (vd? + 1)ys +9 =0,
yE(0) = yo, vys(T)+ (vd; +)y5(T) = v9(T),
yi(N) =yi v () = yf ().

with yf == (1 — 0)yF 1 + 0yf(T).
* Test: d;=050v=01,7=03T=1T=2 y=0y=0,

yozl,G:%.
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Dirichlet-Neumann with relaxation

First iteration:

0.54

0.2 0.4 0.6 0.8 1

—0.54
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Dirichlet-Neumann with relaxation

Second iteration:

0.54
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—0.54
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Dirichlet-Neumann with relaxation

Third iteration:

0.54

0.2 0.4 0.6 0.8 1

—0.54
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Dirichlet-Neumann with relaxation

Fourth iteration:

0.54

0.2 0.4 0.6 0.8 1

—0.54
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Dirichlet-Neumann with relaxation

Fourth iteration:
6.% 107
4. %1074

2.%x 1074

02 04 06 08 1
~2.x 10771

—4. %1071

-6. %1071
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» Error equation for &

Liu-Di LU (UNIGE)

Kimy —yk
k
1 07
) =0, l/éé
(r):eﬁ_la
+9e§(r)
GdT ANGE

=0,

+ (vd; +’Y)62(T) =0,
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» Error equation for ek =y- yJ-k
véf — (vd? + 1)ef =0, vés — (vd} +1)es =0,
ef(0)=0,  v&(T)+ (vdi+7)es(T) =0,
ex(N =ef 1, & () =é(N
with ef := (1 — 0)ef "t + dek(IN).
» Solution:

el (t) = Aksinh(at), ek(t) = B¥(cosh (a(T — t)) + Bsinh (a(T — t))),

. I/d -‘r]. vdi+vy
with o := 1/ and = ——TL_
B Vv d?4v
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» Error equation for ek =y- yJ-k
véf — (vd? + 1)ef =0, vés — (vd} +1)es =0,
ef(0)=0,  v&(T)+ (vdi+7)es(T) =0,
ex(N =ef 1, & () =é(N
with ef := (1 — 0)ef "t + dek(IN).
» Solution:

el (t) = Aksinh(at), ek(t) = B¥(cosh (a(T — t)) + Bsinh (a(T — t))),

. I/d -‘r]. vdi+vy
with o := 1/ and = ——TL_
B Vv d?4v

» Coefficients:

K et B ef ! coth(al)

= Sinh(an)’ ° = sinh (a(T = 1)) + Beosh (a(T —T))
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» Error equation for ef := y — yf
véf — (vd? +1)ef =0, vék — (vd? + 1)ek =0,
ef(0)=0,  ve§(T)+ (vdi+7)e5(T) =0,
er(N) =ef ', &5(M) = &(N).
with ef := (1—0)ef ™ + 0k ().

» Solution:
el (t) = Aksinh(at), ek(t) = B¥(cosh (a(T — t)) + Bsinh (a(T — t))),
. L /yd +1 vdi+
with o := and B = \/T%
» Coefficients:
K et gk ef ! coth(al)
~ sinh(al)’ ~ sinh(a(T —=T)) + Bcosh (o T —T))

» Convergence factor:

= (1= 0)ef " + Oef SR Feosntacr—r) oth(al):
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» Error equation for ef‘ =y — yjk

véf — (vd? +1)ef =0, vék — (vd? +1)ek =0,
ef(0) =0,  vé(T)+ (vdi +7)e5(T) =0,
ef (M) = ef 1, &(I) = éf(N)
with eff == (1 — 9)e|lf*1 + 0ek(I).

» Solution:
el (t) = Aksinh(at), ek(t) = B¥(cosh (a(T — t)) + Bsinh (a(T — t))),

d?+1 )
vditl dfB:= vdity

v o \/l/2dl-2+l/.

with o :=
» Coefficients:
K ef ! K ef ! coth(al)

~ sinh(al)’ 5= G (T —=T)) + Bcosh (T —T))

» Convergence factor:

—1_yg cosh (aT) + Bsinh (aT)
PONR == = =V inh(al) (sinh (a(T — 1)) + Bcosh (a(T — 1))’
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Convergence factor

Dirichlet-Neumann

1
0.8
0.6} —e—Random
—»— Optimized
DN no relax

04 1
0.2+ b

0 1 1 Nyt 1

1072 107" 10° 10" 102
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Neumann-Neumann (Bourgat, Glowinski, Tallec, Vidrascu

1989)

* Domain: Q; :=(0,I),Q, := (I, T) where I is the interface, for
j=1,2

l/j/'jk — (vd? + 1)yjk +y=0, mﬁj‘ — (vd? + 1)%* =0,

¥ (0) = yo, ¥¥(0) =0,
vys(T) + (vd; +9)y5(T) = v9(T), P5(T) =0,
yi() =y, OV = Om¥t + Omyys-

with ylf‘ = yé(fl -0 (¢f(r) + ¢§(r))
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Neumann-Neumann (Bourgat, Glowinski, Tallec, Vidrascu

1989)

* Domain: Q; :=(0,I),Q, := (I, T) where I is the interface, for
j=1,2

l/j/'jk — (vd? + 1)yjk +y=0, mﬁj‘ — (vd? + 1)%* =0,

¥1(0) = yo, ¥1(0) =
vy (T) + (vdi +7)y3(T) = 49(T), ¥3(T) =0,
yi() =y, OV = Om¥t + Omyys-
with yX =y, —9(¢1 ) + k().
* Test: d_05 v=01+7y=03T=1T=3 =0 7y=0
Y(ry=1,0=1%.
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Neumann-Neumann

First iteration:

0.84
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Neumann-Neumann

Second iteration:

0.84

0.6
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Neumann-Neumann

Third iteration:
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Neumann-Neumann

Fourth iteration:

0.84
0.6
0.4

0.2
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Neumann-Neumann

Fourth iteration:

0.00006

0.00005 4

0.00004 1

0.00003

0.00002 4

0.00001 A
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» Error equation for e =y — yJ

véj (Vd2+1)ejk =0, vipf — (vd? + 1)yf =0,
ef(0) = v1(0) =
vés(T) + (vd; +7)62(T): Y5(T)=0
e (M) = ¢, Onbf = Onef + Onye5.

with er = e (¢1( )+ 3 (r))
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» Error equation for e =y — yJ

véf — (vd? + 1)e1k vibf = (vd? +1)yf =0,
el (0) = ¥ (0) =
vés(T) + (vd, +7)62(T): Y5(T) =0
ef (N = e, OV = Oy f + Opy 5.
with eff := e — 0 (Y(T) + ¥4 (r))
» Solution:
ef(t) = ef Mo, eh(t) = ef ! ST el
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» Error equation for e =y — yJ

Vel — (vd? + 1)ef vl — (vd? + 1)yf =0,
ef (0) = i (0) =
vés(T) + (vd; +v)e2(T): ¢5(T)=0
ef (M) =ef 1, Onbf = Onef + Onye5.
with eff := e — 0 (Y(T) + ¥4 (r))
» Solution:
) = e, b0 = o R,

» Correction:

Y&(t) = CKsinh(at), 4(t) = D¥sinh (a(T —t))e T,
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» Error equation for e =y — yJ

véf — (vd? + 1)eJk vibf = (vd? +1)yf =0,
el (0) = ¥ (0) =
vés(T) + (vd, +7)62(T): Y5(T) =0
ef (N = e, OV = Oy f + Opy 5.
with eff := e — 0 (Y(T) + ¥4 (r))
» Solution:
ef(t) = ef Mo, eh(t) = ef ! ST el

» Correction:
Y&(t) = CKsinh(at), 4(t) = D¥sinh (a(T —t))e T,

» Convergence factor:

0 sinh(aT) cosh(aT)+Bsinh(aT)

PNN = 1 = O ooy cosh(a(T=T)) sinh(aT)(cosh(a(T—T)) F B Sinh(a(T=T))) "
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Convergence factor

Neumann-Neumann

3 . L
T
25} 1
ol
15 = Optimisea]
.| 1
0.5 :
o dmara e
102 107" 10° 10" 10?
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Overview

© Elliptic optimal control
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Poisson’s equation

* Model:
—Ay=u in€,

y=0 on 9Q,
with Q CR", n=1,2,3.
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Poisson’s equation

% Model:
—Ay=u in€,
- (4)
y=0 on 99,
with Q CR", n=1,2,3.
% Problem:
=5 [ Iy = 9G0P dx+ Sl (5)
with v > 0.
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Poisson’s equation

% Model:
—Ay=u in€,
_ (4)
y=0 on 99,
with Q CR", n=1,2,3.
% Problem:
=5 [ Iy = 9G0P dx+ Sl (5)
with v > 0.
% Goal: Find
min J(y, u),

subject to the PDE constraint (2).
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L? Regularization

» Lagrange multiplier approach:
L(ya )\a U) = J(.y7 U) + <>‘7 _Ay - U>,

A is the Lagrange multiplier or adjoint state.
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L? Regularization

» Lagrange multiplier approach:
L(ya )\a U) = J(.y7 U) + <>‘7 _Ay - U>,

A is the Lagrange multiplier or adjoint state.

» Derive first-order optimality system formally.
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L? Regularization

» Lagrange multiplier approach:
L(ya >\a U) = J(.y7 U) + <>‘7 _Ay - U>,

A is the Lagrange multiplier or adjoint state.
» Derive first-order optimality system formally.

» Primal problem:
Ahl(y,\,u)=0 = (4).

Liu-Di LU (UNIGE) GdT ANGE April 13, 2022



L? Regularization

» Lagrange multiplier approach:
L(ya >\a U) = J(.y7 U) + <>‘7 _Ay - U>,

A is the Lagrange multiplier or adjoint state.
» Derive first-order optimality system formally.
» Primal problem:
Ahl(y,\,u)=0 = (4).

» Adjoint problem:
OyL(y, A\, u) =0.
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L? Regularization

» Lagrange multiplier approach:
L(ya>\a U) = J(.y7 U) + <)‘7_Ay - U>,

A is the Lagrange multiplier or adjoint state.
» Derive first-order optimality system formally.

» Primal problem:
Ahl(y,\,u)=0 = (4).

» Adjoint problem:
OyL(y, A\, u) =0.

» Integration by parts

=By —u) ==BAy) = [ o+ [ yan- ().
o0 15)9]
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L? Regularization

» Lagrange multiplier approach:

Lly, \u) = J(y,u) + (N, Ay — u)

A is the Lagrange multiplier or adjoint state.
» Derive first-order optimality system formally.
» Primal problem:

MWLl(y,\,u)=0 = (4).
» Adjoint problem:

—AN=y—y inQ,

oLy \u)=0 =
yLy: A u) A= on 99,
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L? Regularization

» Lagrange multiplier approach:
Ly, A u) = J(y,u) + (A, —Ay — u)

A is the Lagrange multiplier or adjoint state.
» Derive first-order optimality system formally.

» Primal problem:
MWLl(y,\,u)=0 = (4).
» Adjoint problem:
» Optimality condition:
Oul(y,\,uy=0 = —A+vu=0.

with Uyg := L2(Q).
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Optimality system

% First-order optimality system (forward-backward):

“Ay=v"INinQ —-Ax=y—-y inQ,
y =0 o0n 09 A=0 on 0.
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Optimality system

% First-order optimality system (forward-backward):

“Ay=v"INinQ —-Ax=y—-y inQ,
y =0 o0n 09 A=0 on 0.
% Bi-Laplacian:
v’y =y —§in Q
y =0o0n 09
Ay =0, on 09
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H~! Regularization

» Lagrange multiplier approach:
L(ya A: U) = J(y7 U) - <)\7 _Ay - U>,

A is the Lagrange multiplier or adjoint state.
» Derive first-order optimality system formally.

» Primal problem:
Ahl(y,\,u)=0 = (4).

» Adjoint problem:
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H~! Regularization

» Lagrange multiplier approach:
L(ya A: U) = J(y7 U) - <)\7 _Ay - U>,

A is the Lagrange multiplier or adjoint state.
» Derive first-order optimality system formally.

» Primal problem:
Ahl(y,\,u)=0 = (4).

» Adjoint problem:

A=y—§ inQ
O,L(y, A\ u)=0 = yoyo m

» Optimality condition:
Oul(y,\,u) =0,
. .. 2
definition of HuHH_l(Q).
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» A linear operator H : H71(Q) — H}(Q) C L?(Q) such that Hu is the
unique solution of the variational problem related to (4)

/ VHu(x) - Vv(x) dx = (u, v) 1) i) YV € H3 (), (6)
Q
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» A linear operator H : H71(Q) — H}(Q) C L?(Q) such that Hu is the
unique solution of the variational problem related to (4)

/ VHu(x) - Vv(x) dx = (u, v) 1) i) YV € H3 (), (6)
Q
» The norm in H=1(Q) which is equivalent to the energy norm

lullfi-1@) = {us Hid s i@ = VY Iz2(0)- (7)
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» A linear operator H : H71(Q) — H}(Q) C L?(Q) such that Hu is the
unique solution of the variational problem related to (4)

/ VHu(x) - Vv(x) dx = (u, v) 1) i) YV € H3 (), (6)
Q
» The norm in H=1(Q) which is equivalent to the energy norm

lullFi-s(q) = (u Hud @y my@) = IV I 0)- (7)

> His self-adjoint: (u, Hu) 1) i) = (HU; 4) yi(a),H-1(0), Where
H*: L2(Q) € HY(Q) — HE(Q) is the adjoint of H.
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» A linear operator H : H71(Q) — H}(Q) C L?(Q) such that Hu is the
unique solution of the variational problem related to (4)

/ VHu(x) - Vv(x) dx = (u, v) 1) i) YV € H3 (), (6)
Q
» The norm in H=1(Q) which is equivalent to the energy norm

lullFi-s(q) = (u Hud @y my@) = IV I 0)- (7)

> His self-adjoint: (u, Hu) 1) i) = (HU; 4) yi(a),H-1(0), Where
H*: L2(Q) € HY(Q) — HE(Q) is the adjoint of H.
» ldentity: y = Hu.
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» A linear operator H : H71(Q) — H}(Q) C L?(Q) such that Hu is the
unique solution of the variational problem related to (4)

/ VHu(x) - Vv(x) dx = (u, v) 1) i) YV € H3 (), (6)
Q
» The norm in H=1(Q) which is equivalent to the energy norm

lullFi-s(q) = (u Hud @y my@) = IV I 0)- (7)

> His self-adjoint: (u, Hu) 1) i) = (HU; 4) yi(a),H-1(0), Where
H*: L2(Q) € HY(Q) — HE(Q) is the adjoint of H.
» ldentity: y = Hu.

» Reduced cost functional:

J(u) = 3(H*Hu, u @@ — (9 0 @) i@ + 3191170 + 5 (Hu, 1) o) v
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H~! Regularization

» Lagrange multiplier approach:
Ly, \,u) = J(y,u) — (\, Ay + u),

A is the Lagrange multiplier or adjoint state.
» Derive first-order optimality system formally.

» Primal problem:
Mhl(y,\,u)=0 = (4).
» Adjoint problem:
» Optimality condition:
Oul(y,\,u)=0, = X+vHu=0.
using the definition of ||u||f_,_1(m.
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Optimality system

% First-order optimality system (forward-backward):

—Ay=uinQ —AA=y—y inQ,
y =0 o0n 09 A=0 on 092.

coupled with A + vHu = 0.
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Optimality system

% First-order optimality system (forward-backward):

—Ay=uinQ —AA=y—y inQ,
y =0 o0n 09 A=0 on 092.

coupled with A + vHu = 0.
% Reduction:
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Optimality system

% First-order optimality system (forward-backward):

—Ay=uinQ —AA=y—y inQ,
y =0 o0n 09 A=0 on 092.
coupled with A + vHu = 0.
% Reduction:
» y=Hu,
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Optimality system

% First-order optimality system (forward-backward):

—Ay=uinQ —AA=y—y inQ,
y =0 o0n 09 A=0 on 092.
coupled with A + vHu = 0.
% Reduction:
» y=Hu,
» N\ -vHu=0,
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Optimality system

% First-order optimality system (forward-backward):

—Ay=uinQ —AA=y—y inQ,
y =0 o0n 09 A=0 on 092.
coupled with A + vHu = 0.
% Reduction:
» y=Hu,
» N\ -vHu=0,

» —vAy+y=yinQ, y=0o0n09Q.
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Error Analysis (DN)

» Error equation for ef‘ =y — yjk

vek— ek =0, e(0) =

vék —ek =0, eX(1)=
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Error Analysis (DN)

» Error equation for ef‘ =y — yjk
=0, eb(0) =
vék —ek =0, ef(1)=0, &) =ekn).

» Solution:

ek(x) = Afsinh(Vv—1x), e5(x) = B¥sinh (\/F(l - x)) e VT
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Error Analysis (DN)

» Error equation for ef‘ =y — yjk

Véf_e{( :07 e{((o) :07 el(r) = eé(il(r)v
vés —e5 =0, e5(1)=0, &(I)=ef(Nn).

» Solution:
ef(x) = Afsinh(Vr—1x), eX(x) = B¥sinh (\/ v1(1- x)) e Vv

» Coefficients:

k_ e 1(I) kK _ e 1(I) COth(\/VTlr)em
sinh(V~1T)’ cosh <\/F(1 - r))
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Error Analysis (DN)

» Error equation for ef‘ =y — yjk

véf —ef =0,

véx —ek =0,
» Solution:

el (x) = Ak sinh(\/ﬁx),

» Coefficients:

A= %2 U)
sinh(vVv~1T)’

» Convergence factor:

e (0) =
e5(1) =0, &5(I) =éf(n).

eX(x) = BXsinh (\/F(l _X)) VT

gk _ eé‘_l(l') coth(vv=1T) VT

cosh <\/F(1 - r))

eX(M) = —es(IM tanh (\/F(l - F)) coth <\/FF) .
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Error Analysis (DNR)

» Error equation for e =y - yJ
ue{‘—el =0, ef(0)=0, e (F)—er ,

k
1
Veé( - eé( = 07 eé((]') = 07 eé((r) = el( )

with ef := (1 —0)ef~* + gek(T), 6 € (0,1).
» Solution:

ek(x) = A¥sinh(Vi1x), ek(x) = BXsinh (mu - x)) e Vv

» Coefficients:

Ak — e ! Bk — ef ' coth(v¥1T) o
5'”h(\/7r) cosh <\/F(l — F))
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Error Analysis (DNR)

» Error equation for e =y - yJ
Ve{‘—el =0, &f(0)=0, ef(N=¢""

k
1
Veé( - eé( = 07 eé((]') = 07 eé((r) = el( )

with ef := (1 —0)ef~* + gek(T), 6 € (0,1).
» Solution:

ek(x) = A¥sinh(Vi1x), ek(x) = BXsinh (mu - x)) e Vv

» Coefficients:

Ak — k 1 gk _ F‘ ! coth(v/1T) N
smh(\/ir) cosh <\/F(1 — r))

» Convergence factor:

PDNR (= 1—10 [1 + tanh (\/F(l — r)) coth (\/Fr)} )
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Error Analysis (NN)

» Error equation for ef‘ =y - yjk:

I/é‘j‘ — ej‘ =0, (0) 0, eé‘(l) =0, ejk(r) _ eﬁ 17
vif —f =0, $f(0)=0, ¥5(1)=0, Onbf = el +Ines.

with ef 1= ef ™1 — 0 (v (T) + ¥4(N), 0 € (0,1).
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Error Analysis (NN)

» Error equation for ej‘ =y - yjk:

vék — e =0, ef(0)=0, ek(1)=0, ef()=¢e"",

J J
vif —yf =0, ¢5(0)=0, ¥5(1)=0, Ontf = Omef + Ones.
with ef 1= ef ™1 — 0 (v (T) + ¥4(N), 0 € (0,1).
» Solution:
ot () = o M. b0 = R
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Error Analysis (NN)

» Error equation for ej‘ =y — yjk:

vef —ef =0, ef(0)=0, ef(1)=0. () =e"

i TS j
vif —f =0, $f(0)=0, ¥5(1)=0, Onbf = el +Ines.
with ef 1= ef ™1 — 0 (v (T) + ¥4(N), 0 € (0,1).
» Solution:
ot () = o M. b0 = R

» Correction:

YE(x) = ! sm:((\/\/;;)) (coth(\/ﬁr) + coth(vVr—1(1 — F))) ,
sinh (Vi1 - )

U5 (x) = ef m(coth(mr)ﬂoth(m(l—r)))
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Error Analysis (NN)

» Error equation for ej‘ =y — yjk:

vek ek =0, ef(0)=0, ek(1)=0, ek(I)= el

J J j )
vif —f =0, $f(0)=0, ¥5(1)=0, Onbf = el +Ines.
with ef 1= ef ™1 — 0 (v (T) + ¥4(N), 0 € (0,1).
» Solution:

_1sinh(vVo—T; _1sinh(Vr—1(1-x)
eb) = et TS o) = & i)

» Correction:

sinh(Vr—1x) _ _
YE(x) = ef~ ICOSh(\/jF) (COth(\/’ﬁr)+coth(\/ﬁ(1,r))>7
sinh (\/F(l ,X))
Kiy) = k1o B T) - . _— |
Y3 (x) = er cosh(VoI(1—T)) ( th(vVv—1T) + coth(V—1(1 r)))

» Convergence factor:

oNN =1 — O(tanh(\/ujr) + tanh (\/J/j(l - F)) ) (coth(\/l/jr) + coth(vr=1(1 — F))) .
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Overview

@ Conclusion
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Conclusion

% Parabolic optimal control under L2 regularization

[ Gander and Kwok, Schwarz Methods for the Time-Parallel
Solution of Parabolic Control Problems, 2016.
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Conclusion

% Parabolic optimal control under L2 regularization
[ Gander and Kwok, Schwarz Methods for the Time-Parallel
Solution of Parabolic Control Problems, 2016.
% Elliptic optimal control under H=1 regularization
[§ Langer, Steinbach, Trdltzsch and Yang, Space-time finite element

discretization of parabolic optimal control problems with energy
regularization, 2021

ﬁ Neumiiller and Steinbach, Regularization error estimates for
distributed control problems in energy spaces, 2021

[§ Gander, Kwok and Mandal, Convergence of Substructuring
Methods for Elliptic Optimal Control Problems, 2018
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Conclusion

% Parabolic optimal control under L2 regularization

[ Gander and Kwok, Schwarz Methods for the Time-Parallel
Solution of Parabolic Control Problems, 2016.

% Elliptic optimal control under H=1 regularization

[§ Langer, Steinbach, Trdltzsch and Yang, Space-time finite element
discretization of parabolic optimal control problems with energy
regularization, 2021

@ Neumiiller and Steinbach, Regularization error estimates for
distributed control problems in energy spaces, 2021

[§ Gander, Kwok and Mandal, Convergence of Substructuring
Methods for Elliptic Optimal Control Problems, 2018

% Dirichlet-Neumann method and Neumann-Neumann method

% Error analysis and convergence factor
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