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Application: microalgae production
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Application: microalgae production

Photobioreactors:

e technology: chemostats, raceway, tubular, etc
e position: indoor / outdoor
e scale: lab / industrial

e purpose: wastewater treatment, biomass
production, etc
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Application: microalgae production

Photobioreactors:

e technology: chemostats, raceway, tubular, etc
e position: indoor / outdoor
e scale: lab / industrial

e purpose: wastewater treatment, biomass
production, etc

Challenges:

e both physical and biological behavior
e coupled models

e different timescales

e macro / micro levels

e uncertainties: environment, measurement, etc
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Example: optimize productivity in chemostats

Maximize biomass productivity P(X)

Governing equation: reaction-diffusion

9 X — KAX + R(X) = f
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Example: optimize productivity in chemostats

Maximize biomass productivity P(X)

Governing equation: reaction-diffusion

9 X — KAX + R(X) = f

e.g., control with the dilution rate R(X) = D(X)
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Example: optimize growth in raceway ponds

Paddle wheel

Water tank
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Example: optimize growth in raceway ponds

Maximize average growth rate i(X)

Governing physics: hydrodynamics

Navier-Stokes, Shallow water, etc Paddle wheel

Microalgae movement: advection-diffusion

Water tank
X +u-VX—rsAX=f
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Example: optimize growth in raceway ponds

Maximize average growth rate i(X)

Governing physics: hydrodynamics

Navier-Stokes, Shallow water, etc Paddle wheel

Microalgae movement: advection-diffusion

Water tank
X +u-VX—rsAX=f

Time: 7365
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Example: optimize growth in raceway ponds

Maximize average growth rate i(X)

Governing physics: hydrodynamics

Navier-Stokes, Shallow water, etc Paddle wheel

Microalgae movement: advection-diffusion

Water tank
X +u-VX—rsAX=f

e.g., design best shape of the topography

Tter=10, i =1.0685, logy, (|| Val|) =-10.379

Time: 7365
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Example: optimize temperature distribution in tubular bioreactor

Minimize temperature distribution w.r.t. target y
)= Sly =9I+ 2 ul?
y,u)= > y—=y 5

Governing equation: heat equation

Oty — KAy = u
Surface: Temperature: (K) 231281 S
431009 325
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PDE-constrained optimization problems

Optimize some functional of interest J(y, u)
Problem constrained by a PDE (or PDE-ODE coupled) system F(y,u) =0

Find optimal solutions (y*, u*)
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PDE-constrained optimization problems

Optimize some functional of interest J(y, u)
Problem constrained by a PDE (or PDE-ODE coupled) system F(y,u) =0
Find optimal solutions (y*, u*)

Lagrange multiplier A
L(y, A, u) = J(y,u) + (X F(y,u))

Derive first-order optimality system (necessary condition !)

Ly(y", A", u") =0, Lxr(y" S\, u")=0, Ly(y" A\, u")=0
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PDE-constrained optimization problems

Optimize some functional of interest J(y, u)
Problem constrained by a PDE (or PDE-ODE coupled) system F(y,u) =0
Find optimal solutions (y*, u*)

Lagrange multiplier A
L(y, A, u) = J(y,u) + (X F(y,u))

Derive first-order optimality system (necessary condition !)
Ly(y", A", u") =0, Lxr(y" S\, u")=0, Ly(y" A\, u")=0
Challenge: Solve can be time consuming, e.g., complex systems, higher dimension

Goal: solve it in parallel using domain decomposition
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Model problem

Temperature control w.r.t. a target:
minimize the functional J(y,u) := 3|y — )7”%2((;)) + §||u||f2(Q), yel2(Q)vr>0
constrained by O;y — Ay =uin Q. =Q x (0, T)
completed with initial condition yo and boundary condition y =0 on X := 9Q x (0, T)
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Model problem

Temperature control w.r.t. a target:
minimize the functional J(y,u) := 3|y — )7”%2((;)) + §||u||f2(Q), yel2(Q)vr>0
constrained by O;y — Ay =uin Q. =Q x (0, T)
completed with initial condition yo and boundary condition y =0 on X := 9Q x (0, T)

Lagrange multiplier \:
Ly, A u) = J(y,u) + (X, 0y — Ay — u)
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Model problem

Temperature control w.r.t. a target:

minimize the functional J(y,u) := 3|y — y||L2 @ T 2||u||f2(Q), yeLl2(Q),v>0
constrained by O;y — Ay =uin Q. =Q x (0, T)
completed with initial condition yo and boundary condition y =0 on X := 9Q x (0, T)
Lagrange multiplier \:
Ly, A\ u) = Iy, u) + (X, 0y — Ay — )

Derive first-order optimality system

Oy —Ay=u inQ oA+ AN=y—9y inQ
y=0 onX A=0 on ¥,
Y=Y onYXg A=0 on Xt

vu—A=0 inQ
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Model problem

Reduced optimality system (forward-backward)

Oy — Ay =v7I\ inQ OA+AN=y—9 inQ
y=0 on ¥ A=0 on X
Y=Y on X A=0 on Xt
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Model problem

Reduced optimality system (forward-backward)

ey — Ay = v\
y=0
Y=Y

Apply domain decomposition methods

space decomposition

Q1

in @
on *

OA+AN=y—7

on ZO

Liu-Di LU
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Space decomposition (Waveform method)

t

7::——————-------; ------------- 1 Subdomains: @, = (0.) x (0, T) and
| X @ = (o, L) x (0, T)
| | Oy — 0oy = v OA+ DA =y
; I 0,t)=0 A(0,t) =0

o | % | ¥(0,1) (0,1)

| - y(L,t)=0 A(L,t) =0
| ; Y0 =p() Ak T)=0

03 o L x
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Space decomposition (Waveform method)

t

7::——————-------; ------------- 1 Subdomains: @, = (0.) x (0, T) and
: X Q= (a’ L) X (07 T)
| | Oy — 0oy = v OA+ DA =y
; I 0,t)=0 A(0,t) =0

o et 0 | (0, t) (0,1)
(v,!A) . y(L,t) =0 ML, t) =0

: y(x,0) = yo(x) Ax, T)=0

% a L’ x
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Alternating Schwarz waveform

In @ =(0,a) x (0, 7)

¢ at.)/f - axx}’f = V_l)‘{ 81‘)‘{ + 8><><)‘{ = Y1€ -
4T . yi(0,1)=0 A(0,t)=0
yi(x,0) = y1.0(x) MN(x, T)=0
@ Q2 !
0% a I x
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Alternating Schwarz waveform

In @ =(0,a) x (0, 7)

. Oeyf — 0oyl =VIANL M+ O =Y — D1
4T . yi(0,1) = A(0,t)=0
| P =y Hat) (e t) = 3 a0
; y£(:0) = y1.0(x) M(x. T)=0
@ Q2 !
0% @ I x
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Alternating Schwarz waveform

Q1

@

Liu-Di LU

X

In @ =(0,a) x (0, 7)

Oyt — Oyt =V N DN + 0N =y — N1

yi(0,t) = A(0,t) =0
vi(a,t) = yi Ha,t) Ao, t) =2 (o, t)
¥i(x,0) = y10(x) AN(x,T)=0

In Q = (o, L) x (0, 7)

athe - axxyg = V_lAg at}‘g + aXx>‘g = Y2e -

M(L,t) =0
No(x, T)=0

Yi(L,t)=0
y2e(Xa O) = }’2,0(X)
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Alternating Schwarz waveform

Q1

@

+

Liu-Di LU

In @ =(0,a) x (0, 7)

Oyt — Oyt =V N DN + 0N =y — N1

yi(0,t) = A(0,t) =0
vi(a,t) = yi Ha,t) Ao, t) =2 (o, t)
¥i(x,0) = y10(x) AN(x,T)=0

In Q = (o, L) x (0, 7)

at}‘g + axx}‘g = Y2e -

)\g(a, t) = )\{(a, t)
M(L,t) =0
No(x, T)=0

Orys — Oys = V1A
v5(a,t) = yi (o, t)
»(Lt)=0
¥5(x,0) = y20(x)

RICAM 2025 10/1



Parallel Schwarz waveform

In Q1 = (0,0é) X (07 T)

; Dyl = Doyt =v7'A DN+ 0N =y — 1
e . ¥(0,£)=0 A(0,)=0
| | et =y ety A1) = X o)
| | Y (x,0) = y1,0(x) N(x, T) =0
o o M@= ()X (0.7)
| B TR .
| | plat) =y e N(at) =X (o)
o) a L ) yf(L, £)=0 AS(L,£) =0
¥5(x,0) = y20(x) XN, T) =0
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Convergence of alternating Schwarz waveform

In Q. =(0,a) x (0, T)

t
7 a Oevi — Oyt =V T O + O =y — 1
| | y(0,8)=0 M(0,t) =0
E : )/IE(O" t) = yzl—l(a’ t) )‘[i(o" t) = /\g_l(a7 t)
! ¢ ¢
! | y1(x,0) = y1.0(x Ai(x, T)=0
o | o | 1(x,0) = y1,0(x) 1(x, T)
! X In Q= (a,L) x (0, 7)
: E 61’}/2Z - 6xxy2e = V_l)‘g at}‘g + 6)0(/\% - Y2e - }72
0% a > v (a,t) = yi(a, t) Xs(a, ) = Ai(a, t)
X
v(Lt)=0 A5(L,t) =0
¥2(x,0) = y2,0(x) Xa(x, T) =0
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Convergence of alternating Schwarz waveform

In Q. =(0,a) x (0, T)

t
Th-m e a Oevi — Oyt =V T O + O =y — 1
| | yi(0,8)=0 M(0,)=0
E X )/IE(O" t) = yzl—l(a’ t) )‘[i(o" t) = /\g_l(a7 t)
! ‘ ‘
! | y1(x,0) = y1.0(x Ai(x, T)=0
o« o {(x,0) = y10(x) (. T)
! : In Q= (a,L) x (0, 7)
| L Ouh - duri =N AN 0N =y
0% a - y3(a,t) = yi(a, t) My(a, ) = (o, t)
X
ys(Lt)=0 Aa(L, 1) =0
¢ ¢
The algorithm does not converge without ¥2(x,0) = y20(x) A(x, T) =0
overlap !
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Convergence of alternating Schwarz waveform

In Ql - (Ovﬁ) X (07 T)

7:: ___________________________ ; 3:)’;{ - axxyf - V_l)\{ 6t>\€ + axx/\{ = .yf - .)71
o : yi(0,8) =0 X(0,8) =0
| | ABD=r7610 XD =X7(61)
o 5 Y1(x,0) = y1,0(x) M, T)=0
Q o Q !
' L ’ LI Q= (a,L) x (0, T)
i i ! 8ty2[ - 8xxy2€ = u—l)\ﬁ 8t)\§ + 3XXX§ = yf —
0 . :\ Yo, 1) = yi(.1) No(e, ) = M (e 1)
0 ap L’ x (L) =0 (L £) =0
¥5(x,0) = y2.0(x) X5(x, T)=0

The algorithm now converges with overlap !
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Time decomposition

t

Th--mmmmmmmm e -
Q2 |

S I 3
e |

% L

<

Subdomains: Q; = (0,L) x (0,«) and

@ =(0,L) x (o, T)

Oty — Oy = viA
y(0,t) =0
y(L,t)=0
y(x,0) = yo(x)

ON+ O A=y — 9

A0,t) =0
AL, t)=0
Ax, T)=0
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Time decomposition

t
T ___________________ r—-——>—=>==77 a
AL !
Q2 |
S I 3
e |
0 L

<

Subdomains: Q; = (0,L) x (0,«) and

@ =(0,L) x (o, T)

Oty — Oy = viA
y(0,t) =0
y(L,t)=0
y(x,0) = yo(x)

ON+ O A=y — 9

A0,t) =0
AL, t)=0
Ax, T)=0
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Time decomposition

t
T ___________________ r-——=>-===== l
AL !
Q2 |
T2 :
afF-------- P F---=-=-=-=-- J
7! |
e |

0 [

Subdomains: Q; = (0,L) x (0,«) and

@ =(0,L) x (o, T)

Oty — Oy = viA
y(0,t) =0
y(L,t)=0
y(x,0) = yo(x)

ON+ O A=y — 9

A0,t) =0
AL, t)=0
Ax, T)=0
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Alternating Schwarz in time

In Q = (0,L) x (0, )

at}/f - 8XXY2€ = V_1>‘€ 8,_»)\{ + 8)0()\{ = Yf -

t
& e ; y1(0,£) =0 Xi(0,8) =0
A2, | V(L) =0 M(Lt)=0
@ E yf(x, 0) = yo(x)
T2 :
Q 1 .
’,
o
0 TY1
0 L7 x
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Alternating Schwarz in time

In Q = (0,L) x (0, )

at}/f - 8XXY2€ = V_1>‘€ 8,_»)\{ + 8)0()\{ = Yf -

t
& peee : yi(0,t)=0 A(0,t)=0
A2, | V(L) =0 M(Lt)=0
@ y1(x,0) = yo(x) A (x, @) = A7 (x, a)
T2 :
(6% 1 T
)\1:
o
0 TY1
0 L7 x
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Alternating Schwarz in time

In Q = (0,L) x (0, )

at}/f - 8XXY2€ = V_lAg 8,_»)\{ + a><><)‘{ = Yf -

t
74 , y1(0,£)=0 A (0,8) =0
Az YL t) =0 M(Lt)=0
@ yf(x, 0) = yo(x) )\f(x, a) = )\gfl(x, a)
N ' ? . In @ =(0,L) x (a, T)
)\1: |
v : Oeys —Ooys =V A5 0N+ 0uXs=ys — P
@ | y4(0,8) =0 X5(0,¢) =0
0 S ' YL ) =0 Mo(L,£) =0
0 L7 x ¢
A(x, T) =0
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Alternating Schwarz in time

In Q = (0,L) x (0, )

at}/f - 8XXY2€ = V_lAg 8,_»)\{ + a><><)‘{ = Yf -

t
74 , y1(0,£)=0 A (0,8) =0
A Yi(Lt)=0 X(Lt)=0
Q@2 yf(x, 0) = yo(x) )\f(x, a) = )\gfl(x, a)
a :y2 In Q2 = (Oa L) X (Oé, T)
)\1: :
v : Oeys — Oy =V A OM5+ 0Ny = y5 — P2
@ | y4(0,8) =0 X5(0,6) =0
0 S ' YL ) =0 No(L,£) =0
0 Eox Vi ) = vi(x,a)  M(x,T)=0
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Parallel Schwarz in time

In @ =(0,L) x (0,a)

8t}’f - 8XXY1E = V_l)‘g 81“)\{ + 8XX)‘{ = )’1£ - }71

t
Ao o . yi(0,2) = 0 (0,4) = 0
A2, | Yi(Lt)=0 M(Lt)=0
@ | ¥ (x,0) = yo(x) M (x,0) = 27N (x,0)
ol Kz"'""f ________ In @ =(0,L) x (a, T)
1 | . )
v : Orys — Oxys = V1A OeXs + oo = y3 — P2
@ | y5(0,6) =0 X5(0,) =0
0 % S YL ) =0 N(L,t) =0
’ EX Ya)=y ) Mo T)=0
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Convergence of alternating Schwarz in time

In @ =(0,L) x (0,c)

t
R I . Oeyf — Oyf =V IAL O M+ 0 Al = yf — 1
2, | y£(0,1) =0 A(0,5) =0
Q@ yi(L,t)=0 M(Lt)=0
B2 | ¥1(x,0) = yo(x) A (x, @) = A7 (x,q)
i A . J
My I Q=(01)x(a,T)
@ L dvi—owd =N o =y
o) 1 L ¥(0,6) =0 X5(0,1) =0
yi(Lt) =0 No(L, t) =0
How about the convergence 7 }’22(’(7“) = Yf(xa @) )\g(x, T)=0
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Convergence of alternating Schwarz in time

In @ =(0,L) x (0,c)

t
R I . Oeyf — Oyf =V IAL O M+ 0 Al = yf — 1
2, | y£(0,1) =0 A(0,5) =0
Q@ yi(L,t)=0 M(Lt)=0
B2 | ¥1(x,0) = yo(x) A (x, @) = A7 (x,q)
i A . J
My I Q=(01)x(a,T)
@ L dvi—owd =N o =y
o) 1 L ¥(0,6) =0 X5(0,1) =0
yi(Lt) =0 No(L, t) =0
How about the convergence 7 yf(x,a) = Yf(xa @) )\g(x, T)=0

It does converge without overlap !
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In Q. = (0,L) x (0, )

Relations Oyl — Oy = v I\ 0N + 0N =y — 1
X = v(Beyf — Oy)) ¥ 0,£)=0 M(0,8)=0
vl = O+ DAL + 3 YL t) =0 M(Lt)=0
, y1(x,0) = yo(x)
Ao S ;
A2y :
Q Q= (0, L) x (e, T)
. | Oevh — Doys = VTINS DS+ O s = y5 — o
pN alo . sreomeooe- . vA(0,t) =0 25(0,t) =0
v YE(Lt) =0 Aa(L,t) =0
) (@] E No(x, T)=0
. Y1 N
0 L x
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In @ =(0,L) x (0,)
at}/f - 8xx)’f = V_1>‘§ at)‘{ + aXx)‘{ = Y1e -

Relations

)\f = V(@tyje - 8xxyf)

¥{(0,£) =0 A(0,£) =0
yi(L,t)=0 A(L,t)=0
¢ y1(x,0) = yo(x) A(x,0) = A (x,q)
o R .
A2, |
@ b InQ=(0,L) x (a, T)
T : Beyy = Oy =VIN; 0Ny + By = s — P2
« I )\1: )/2[(0, t) =0 )\5(0, t) =0
0 v ys(L,t)=0 Ms(L,t) =0
L Ns(x, T) =0
0 Y1
0 [ x
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In Q. = (0,L) x (0,a)

Relations
, . , at}/f - 8xx)’f = V_1>‘§ at)‘{ + aXx)‘{ = Y1e -
Aj = (0 — Onyj) ¥ (0,8) =0 X(0,8) =0
yi(Lt) =0 M(Lt)=0
; y1(x,0) = yo(x)
T)\r -------- y (9 — D)yt (x, @) = (3¢ — D)y (x, )
2 |
Q v In@=(0,L) x(a, T)
T? ! 6t)’2£ - 8><XY22 = V_l)‘g 3t)\§ =+ 8XX/\§ = yf -
a ! . i _ ¢ _
R(Y1): Y (Oa t) 0 )‘2(03 t) 0
0 v yi(L,t)=0 Ay(L,t) =0
N ! MN(x, T)=0
0 Y1
0 [ x
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Relations In @y 7 0.0) ; (O’C_yz ' p ' P
Otyr — Oyt =V AL OA 01 =y — N1
¥{(0,£) =0 Af(0,£) =0
Y/ YA Y/ ~
Yj = 0Xj + Onckj £ YL t) =0 N(L,t) =0
" y1(x,0) = yo(x)
T] :
)\2:
Q In @ =(0,L) x (a, T)
2 Deys = Oxcys = VTIN5 0edg + 0ncds = 5 = 92
* ' . : y;(0,£) =0 25(0,t) =0
0 v : yi(L,t)=0 A(Lt) =0
1 1
N : yf(x,a) :)/IE(Xﬂa) )\g(X, T) =0
0 41 :
0 [ x
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In Q. = (0,L) x (0, )

Relations
at}/f - 8xx)’f = V_1>‘§ at)‘{ + aXx)‘{ = Y1e -
) ) ) y{(0,t) =0 2(0,t)=0
Yj = 0edj + 0o + YE(L £) =0 ML t) =0
" y1(x,0) = yo(x)
T] :
)\2:
@ In Q= (0,L) x (e, T)
R(M2) Beyy = Oy =VIN; 0Ny + By = s — P2
* ' . : y;(0,£) =0 25(0,t) =0
0 v : yi(L,t)=0 M(Lt)=0
R ! ; Ao(x, T) =0
OJ :}/1 IL > (0 + 8XX))\§(X, a) = (0 + 8XX))\{(X, «@)

Liu-Di LU RICAM 2025 17/1



t In @ = (0,L) x (0,a)
T ___________________ r—-——>—=>==77 A
AL : Oyt = Doyt =V IAL N 4+ 00X =y — D1
Q : y1(0,8) =0 A1(0,£) =0
T? 5 yi(Lt)=0 (L t)=0
S I B ST [ y1(x,0) = yo(x)
a ! In Q= (0,L) x (a, T)
. Ty i Oeys = Doys =V N OeAs + D5 = 5 — P
0 L™ x y2(0,£) =0 X5(0,8) =0
y(Lt)=0 A5(L,t) =0

e Dirichlet condition transform to Robin type
condition ! No(x, T)=0
e Forward-backward might be less important ?
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Variants of alternating Schwarz in time

Exchange A and y In @ =(0,L) x (0,c)
at}/:lz - aXXYf = V_l)‘{ (9,3)\{ —+ 8XX)‘{ = Y1€ -
t
N y1(0,£) =0 X1(0,8) =0
Ay, : yi(Lt)=0 A(Lt)=0
Q@ ! Y1(x,0) = yo(x) yi(xa) =y (x,a)
Mo v In@Q=(0,L) x (a, T)
oaF-------- e 4
& : Doyt — Doy =VINs DN+ Duhs = ¥5 —
& ! y3(0,£) =0 A5(0,£) =0
. i | (L) =0 M(L,t) =0
0 L" x )\g(x,a) = )\f(x, a) )\g(x, T)=0
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Variants of alternating Schwarz in time

Only with y In @ =(0,L) x (0,c)
at}/:lz - aXXYf = V_l)‘{ (9,3)\{ + 8XX)‘{ = Y1€ -
t
N y1(0,£) =0 X1(0,8) =0
Aay : yi(Lt)=0 (L t)=0
Q@ ! y1(x,0) = yo(x) vi(x.0) = y; M(x, )
T}Q : In Q@ =(0,L) x (o, T)
oaF-------- U J
ny : ey — Oucys =V7IAE DN+ Ouds = v5 — P
Q : 5(0,6)=0 A5(0,8) =0
. i i Yi(Lt) =0 AS(L,t) =0
0 L™ x yZZ(Xva):yf(X’a) Ag(X7 T):OX
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Variants of alternating Schwarz in time

Only with A In Q1 =(0,L) x (0,)
Oyt = Doyi =V IAL N +0uA =y — 11
P o 1 y(0,8) =0 X(0,8) = 0
Al ! yi(L,t)=0 M(Lt)=0
@ | ¥{(x,0) = yo(x) N(x0) = 257 (x,a)
. B In @ = (0,L) x (a, T)
My Oyt — Doyl = N BN+ DA = yE — 5y
Q ; y4(0,£) =0 25(0,t) =0
. W R YL 1) =0 M(L,t) =0
0 L™ x MAs(x, @) = M(x, a) M, T)=0
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Convergence of Dirichlet variants

Dirichlet type transmission condition:

name | SD; | SDy | SD3 | SD4
(1 A y y A
Q> y A y A
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Convergence of Dirichlet variants

Dirichlet type transmission condition:
name | SD; | SDy | SD3 | SD4
(1 A y y A
Q> y A y A

Analysis: semi-discretization in space

1+ ’}/(O',' COth(b,') — d,') ‘
v(oj coth(a,-) + d,')((f,' COth(b,') + d; + ’YI/71)
)I/(O’,’ coth(a;) + d;)(o; coth(b;) + d; +yv~1) ’

PsD, _LneD) v(

psp, = max

dieD 1+ v(oj coth(b;) — d;)
psp; =1
psp, =1
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Convergence of Dirichlet variants

Dirichlet type transmission condition:
name | SD; | SDy | SD3 | SD4
(1 A y y A
Q> y A y A

Analysis: semi-discretization in space

1+ ’}/(O',' COth(b,') — d,') ‘
v(oj coth(a,-) + d,')((f,' COth(b,') + d; + ’YI/71)
v(o; coth(a;) + d;)(o; coth(b;) + d; +~yv~1) ’

PsD, _zrfneD) v(

psp, = maX)

d;eD 1+ v(oj coth(b;) — d;)
psp; =1
psp, =1

Relaxation: e.g., \{(x,a) = A\57(x, @) to M{(x,a) = f¢(x) with
FE(x) = (1= 0)F (x) + 0X5(x, @) 0€(0,1)
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How about Neumann condition ?

Neumann type transmission condition:

Liu-Di LU

name | SN; | SN> | SN3 | SN,
Q1 OtA | Ory | Oty | OeA
Q2 a1.‘}/ 81')\ 8ty 8t)\

RICAM 2025




How about Neumann condition ?

Neumann type transmission condition:

name | SN; | SN> | SN3 | SN,
Q1 OtA | Ory | Oty | OeA
QZ a1.‘}/ at>\ 8:}/ 8t)\

Analysis: semi-discretization in space:

1+ (o tanh(b;) — d;)

Pshy = 33 ‘ v(ojtanh(a;) + d;)(o; tanh(b;) + d; + yv—1) ’
v(o;tanh(a;) + d;)(o; tanh(b;) + d; +yv 1)
PSN, = max‘ ‘
dieD 1+ ~(ojtanh(b;) — di)
psns =1
psn, =1

Relaxation: e.g., 9:\{(x,a) = d: M5 (x, a) to 9 \{(x, a) = F(x) with
F(x) = (1 - 0)f'(x) + 00:M\5(x,) 6 €(0,1)
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Convergence factor

1.5

—
n T

o
3

Convergence factor (p)

102 10° 102
Eigenvalues (d;)
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Numerical experiments

Test case: consider the target function y(x, t) = sin(mx)(2t% + 2)

P
=
1 R

0.5 ==

Liu-Di LU
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Numerical experiments

Numerical solutions: Crank-Nicolson with mesh size h; = h, = % and penalization parameters:
v=20.1 v=0.1
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Numerical experiments

Two subdomains:

Iteration = 5 Iteration = 5

~ RS R
g = 1 RS 1
/ 5 LT ~$§%¥
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Convergence behavior

10° : —3 : :

10%@

8
t 10-5 T 15
£a)
= |
F
1010 ] £
5
. )
o P § 0.5
——P—=—g=——8 é Shee
-15 L L L
10 -
2 4 6 8 10 - N .
Iteration 1 Eigenvli?ues (d;) "
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and penalization parameters:
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Numerical solutions: Crank-Nicolson with mesh size h;
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Weak scalability test

Two subdomains:
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Weak scalability test

Two subdomains:
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Weak scalability test

Two subdomains:

Iteration = 5 Iteration = 5
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Weak scalability test

Four subdomains:

Iteration = 1 Iteration = 1
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Weak scalability test

Four subdomains:
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Weak scalability test

Four subdomains:

Iteration = 5 Iteration = 5
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Weak scalability test

Eight subdomains:

Iteration = 1
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Weak scalability test

Eight subdomains:

Iteration = 2
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Weak scalability test

Eight subdomains:

Iteration = 5
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Error decay

Error

10°

10—10 L

10718

Each time window length = 1

—%—2 sub J
— 4 sub
~t+-8 sub
—-©-16 sub
2 4 6 8 10
Iteration
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Error decay

Each time window length = 1

105 — :

Error

10—10 I|[—=%2 sub
— 4 sub
~t+-8 sub
—-©-16 sub

-15 n . .
10 2 4 6

Iteration
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Each time window length = 1
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Error decay

Each time window length = 1

105 — :

Error

10—10 I|[—=%2 sub
— 4 sub
~t+-8 sub
—-©-16 sub

-15 n . .
10 2 4 6

Iteration
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Each time window length = 1

——128 sub ]
— 256 sub
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—-©-1024 sub
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Extension to Navier-Stokes problems

Flow control w.r.t. some targets y € L2(0 T; [2(Q)?)

minimize the functional J(y, u) := 3|y — y||L2 0.7:12(0)) T §||u||f2(0’T;L2(Q)2)
constrained by
Oy —kAy+(y-V)y+Vp=uinQ, divy=0inQ

completed with initial condition y, and boundary condition y =0 on
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Extension to Navier-Stokes problems

Flow control w.r.t. some targets y € L2(0 T; [2(Q)?)

minimize the functional J(y, u) := 3|y — y||L2 0.7:12(0)) T §||u||f2(0’T;L2(Q)2)
constrained by
Oy —kAy+(y-V)y+Vp=uinQ, divy=0inQ
completed with initial condition y, and boundary condition y =0 on
Lagrange multipliers (A, q):

L(y,p, A, q,u) =J(y,u) + (X 0y +(y-V)y — Ay + Vp—u) +(q,divy)
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Extension to Navier-Stokes problems

Flow control w.r.t. some targets y € L2(0 T; [2(Q)?)
minimize the functional J(y, u) :=

v 2
slly - Y20, 7120002y + 520, 702092
constrained by

Oy —kAy+(y-V)y+Vp=uinQ, divy=0inQ
completed with initial condition y, and boundary condition y =0 on
Lagrange multipliers (A, q):

L(y,p, A, q,u) =J(y,u) + (X 0y +(y-V)y — Ay + Vp—u) +(q,divy)

Derive first-order optimality system
oy —kAy +(y - V)y+Vp=u inQ dA+rAX—(VY)"A+(y V)IA+Vg=y—-y inQ
divy =0 in Q divA =0 in Q
y=yY, onZXg A=0 on Xt
vu—A=0 inQ
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Apply time decomposition

In @ :=Q x (0,a)

t |

4 X 'A>

T : 7 Oeyt — kYL + (y1 - V)yi + Vol = u
@ divyt =0
?A ———————————— yilo = Yo

ok 2 DXy + 5AX = (VyD) AL+ (1 V)AL + Ve = yi - §
! 0 divAf =0
Lox2 ! A (-1 361
,z/:____’l\_ ____________ 7—1(y17>‘1)|a_7-1(y2 y A2 )|a

Y1 vl — A =0
oLz ;

,X1
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Apply time decomposition

t ! |

A 1 A
| 1\2

T | 3
1
! Q2
Lo O
I i

RO

a /, I |?
T 0
| v
|
. Q
. X2 !
A S
22 o ____
4 1

/// Y1,
oLz >

Liu-Di LU

X1

In @ :=Qx (a, T)

Deys — kAY5 +(¥5 V)Ys +Vps = uj

BNy + KAXS — (Vys) A5 + (5

RICAM 2025

divy =0

divAs =0
Aglr =0

vub — A5 =0

To(y5 M) e = Ty AT ) s
VA + Vg =y5 -y

/1



Simplify to Stokes problems

X1

t | |
A 1
T A2
v
1
! Q2
Lo Y.
Rt 7.
. ! ' 1
P | e
o ; :
| v
1
: X Ql
A *
T T T T T T T T T~
e - yl 1
oL s
Liu-Di LU

In Q1 =Q x(0,q)
Oryt — KAY; +Vpl =ul X +EAX +Vaf =y{ -y
divyt =0 divAl =0
yilo=yo TiyiADla =Ti(y5 " A la
VU{ - Xf =0
In Q=Qx(a, T)
Orys — KAYS +Vps=uh 95+ kAN +Vas=yh—§
divys =0 dival =0
Ta(y5 M)la = To(yi AT Dla Aslr =0

vuh— A5 =0
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Leray projection

For a vector field v : R — R¢

P(v) := v — VA7 (divv)
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Leray projection

For a vector field v : R — R¢

P(v) := v — VA7 (divv)

Properties:
e dvv=0 = P(v)=v
o divP(v) =0
e P(Vp)=0
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Leray projection

For a vector field v : R — R? In@=Qx(0,T)
P(v) = v — VA~ (divv) Oy — kDAY +Vp=v"'A OAN+KAXN+Vg=y—y
divy =0 divA=0
Properties: Yo = ¥o Alr =0
e divk=0 = P(v)=v
e divP(v) =0

e P(Vp)=0
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Leray projection

For a vector field v : RY — R? In Q=0Qx(0,T)
P(v) = v — VA~ (divv) Oy — kDAY +Vp=v"'A OAN+KAXN+Vg=y—y
divy =0 divA=0
Properties: Yo = ¥o Alr =0
e divk=0 = P(v)=v
o divP(v) =0 After projection
e P(Vp)=0 Oy — KPAYy = v A 9N+ kPAX =y — P(§)

Yo =P(yo) Alr=0
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Leray projection

For a vector field v : RY — R? InQ=0Qx(0,T)
P(v) = v — VA~ (divv) Oy — KAy +Vp=v"'A OAN+KkAX+Vg=y—y
divy =0 divA =0
Properties: V0o = ¥o Alr =0
e divk=0 = P(v)=v
o divP(v) =0 After projection
e P(Vp)=0 Oy — KPAYy = v A 9N+ kPAX = y — P(§)
Ylo =P(yo) Alr=0

Careful with the boundary conditions !
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Leray projection

For a vector field v : RY — R? InQ=0Qx(0,T)
P(v) = v — VA~ (divv) Oy — KAy +Vp=v"'A OAN+KkAX+Vg=y—y
divy =0 divA =0
Properties: V0o = ¥o Alr =0
e divk=0 = P(v)=v
o divP(v) =0 After projection
e P(Vp)=0 Oy — KPAYy = v A 9N+ kPAX = y — P(§)
Ylo =P(yo) Alr=0

Careful with the boundary conditions !
e Define projector P : L2(Q)? — H and Hilbert space H
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Leray projection

For a vector field v : RY — R? InQ=0Qx(0,T)
P(v) = v — VA~ (divv) Oy — KAy +Vp=v"'A OAN+KkAX+Vg=y—y
divy =0 divA =0
Properties: V0o = ¥o Alr =0
e divk=0 = P(v)=v
o divP(v) =0 After projection
e P(Vp)=0 Oy — KPAYy = v A 9N+ kPAX = y — P(§)
Ylo =P(yo) Alr=0

Careful with the boundary conditions !

e Define projector P : L2(Q)? — H and Hilbert space H
o Define Stokes operator S := —PA and domain D(S)
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Leray projection

For a vector field v : RY — R? InQ=0Qx(0,T)
P(v) = v — VA~ (divv) Oy — KAy +Vp=v"'A OAN+KkAX+Vg=y—y
divy =0 divA =0
Properties: V0o = ¥o Alr =0
e divk=0 = P(v)=v
o divP(v) =0 After projection
e P(Vp)=0 Oy — KPAYy = v A 9N+ kPAX = y — P(§)
Ylo =P(yo) Alr=0

Careful with the boundary conditions !

e Define projector P : L2(Q)? — H and Hilbert space H
o Define Stokes operator S := —PA and domain D(S)
e Check (S, D(S)) closed self-adjoint operator with compact resolvent
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Leray projection

For a vector field v : RY — R? InQ=0Qx(0,T)
P(v) = v — VA~ (divv) Oy — KAy +Vp=v"'A OAN+KkAX+Vg=y—y
divy =0 divA =0
Properties: V0o = ¥o Alr =0
e divk=0 = P(v)=v
o divP(v) =0 After projection
e P(Vp)=0 Oy — KPAYy = v A 9N+ kPAX = y — P(§)
Ylo =P(yo) Alr=0

Careful with the boundary conditions !

e Define projector P : L2(Q)? — H and Hilbert space H

o Define Stokes operator S := —PA and domain D(S)

e Check (S, D(S)) closed self-adjoint operator with compact resolvent
o Apply the spectral theorem to get {1, ;(x)};
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Convergence Stokes problems

t |
'S 1 !
T o
I
! @
Lo R B
< 1
7 : Y2, N
z I
a . 1
| v
I
: Xo Ql
L7 0
s T T T T T " N~
/// Y1
oLs 5

X1

Alternating Schwarz in time does
converge !

Liu-Di LU

In @ :=Q x (0,a)
DN+ KAX + Vgl =yl — ¥
divAi =0

>‘€|a = Ag_1|a

dry1 — kDY] + Vpi = uj
divyt =0
y{|0 =Yo
vul — A =0
In Q:=Qx(a,T)

O + KON + Ve = ¥ — §

divay =0

AT =0

dey — KAYS + Vps = ub
divys =0
yg|a :yliilla

Vué—)\gzo
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Conclusion

Some observations:

e Time decomposition is different from space decomposition

e Forward-backward structure is important for alternating Schwarz to converge without overlap
e Relaxation can improve the convergence, but is not necessary for the method to converge

e Alternating Schwarz in time is weak scalable (for heat problems)

e It can be applied as long as the first-order optimality system is available

e Be careful with the boundary conditions in the analysis
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Conclusion

Some observations:

e Time decomposition is different from space decomposition

e Forward-backward structure is important for alternating Schwarz to converge without overlap
e Relaxation can improve the convergence, but is not necessary for the method to converge

e Alternating Schwarz in time is weak scalable (for heat problems)

e It can be applied as long as the first-order optimality system is available

e Be careful with the boundary conditions in the analysis

Thank you for your attention !
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