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Model problem

For ŷ ∈ L2(Q), γ ≥ 0 and ν > 0, minimize the cost functional

J(y , u) :=
1

2
‖y − ŷ‖2

L2(Q) +
γ

2
‖y(T )− ŷ(T )‖2

L2(Ω) +
ν

2
‖u‖2

L2(Ω),

subject to
∂ty −∆y = u in Q := (0,T )× Ω,

y = 0 on Σ := (0,T )× ∂Ω,

y = y0 on Σ0 := {0} × Ω,

with Ω ⊂ Rn.

Lagrange multipliers method

L(y , u, λ) = J(y , u) + 〈∂ty −∆y − u, λ〉.

First-order optimality system:

∂ty −∆y = u in Q,

y = 0 in Σ,

y = y0 in Σ0,

∂tλ+ ∆λ = y − ŷ in Q,

λ = 0 in Σ,

λ = −γ(y − ŷ) in ΣT := {T} × Ω,

−λ+ νu = 0 in Q.
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For ŷ ∈ L2(Q), γ ≥ 0 and ν > 0, minimize the cost functional

J(y , u) :=
1

2
‖y − ŷ‖2
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Dirichlet-Neumann Waveform Relaxation

x

t

L0
0

T

Q

Space-time domain: Q = (0, L)× (0,T ),

∂ty − ∂xxy = ν−1λ,

y(0, t) = 0,

y(L, t) = 0,

y(x , 0) = y0(x),

∂tλ+ ∂xxλ = y − ŷ ,

λ(0, t) = 0,

λ(L, t) = 0,

λ(x ,T ) + γy(x ,T ) = γŷ(x ,T ),
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Dirichlet-Neumann Waveform Relaxation

x

t

L0
0

T

Q1 Q2

α
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λ(0, t) = 0,

λ(L, t) = 0,

λ(x ,T ) + γy(x ,T ) = γŷ(x ,T ),
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Dirichlet-Neumann Waveform Relaxation

x

t

Lα0
0

T

Q1 Q2

Subdomain: Q1 = (0, α)× (0,T ),

∂ty
`
1 − ∂xxy `1 = ν−1λ`1,

y `1 (0, t) = 0,

y `1 (α, t) = y `−1
2 (α, t),

y `1 (x , 0) = y1,0(x),

∂tλ
`
1 + ∂xxλ

`
1 = y `1 − ŷ1,

λ`1(0, t) = 0,

λ`1(α, t) = λ`−1
2 (α, t),

λ`1(x ,T ) + γy `1 (x ,T ) = γŷ1(x ,T ).
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Dirichlet-Neumann Waveform Relaxation

x

t

Lα0
0

T

Q1 Q2

Subdomains: Q2 = (α, 1)× (0,T ),

∂ty
`
2 − ∂xxy `2 = ν−1λ`2,

∂xy
`
2 (α, t) = ∂xy

`
1 (α, t),

y `2 (L, t) = 0,

y `2 (x , 0) = y2,0(x),

∂tλ
`
2 + ∂xxλ

`
2 = y `2 − ŷ2,

∂xλ
`
2(α, t) = ∂xλ

`
1(α, t),

λ`2(L, t) = 0,

λ`2(x ,T ) + γy `2 (x ,T ) = γŷ2(x ,T ).
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Time domain decomposition

x

t

L0
0

T

Q

y

λ

Space-time domain: Q = (0, L)× (0,T ),

∂ty − ∂xxy = ν−1λ,

y(0, t) = 0,

y(L, t) = 0,

y(x , 0) = y0(x),

∂tλ+ ∂xxλ = y − ŷ ,

λ(0, t) = 0,

λ(L, t) = 0,

λ(x ,T ) + γy(x ,T ) = γŷ(x ,T ).
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Time domain decomposition

x

t

L0
0

T

y1

λ2

α
?

λ1

Q1

Q2

Subdomain: Q1 = (0, L)× (0, α),

∂ty
`
1 − ∂xxy `1 = ν−1λ`1,

y `1 (0, t) = 0,

y `1 (L, t) = 0,

y `1 (x , 0) = y0(x),

∂tλ
`
1 + ∂xxλ

`
1 = y `1 − ŷ1,

λ`1(0, t) = 0,

λ`1(L, t) = 0,

λ`1(x , α) = λ`−1
2 (x , α),
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Time domain decomposition

x

t

L0
0

T

y1

λ2

α
y2

λ1

Q1

Q2

Subdomain: Q2 = (0, L)× (α,T ),

∂ty
`
2 − ∂xxy `2 = ν−1λ`2,

y `2 (0, t) = 0,

y `2 (L, t) = 0,

∂ty
`
2 (x , α) = ∂ty

`
1 (x , α),

∂tλ
`
2 + ∂xxλ

`
2 = y `2 − ŷ2,

λ`2(0, t) = 0,

λ`2(L, t) = 0,

λ`2(x ,T ) + γy `2 (x ,T ) = γŷ2(x ,T ).
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Semi-discretization

Reduced optimality system:
∂t

(
y
λ

)
+

(
−∂xxy − ν−1λ
−y + ∂xxλ

)
=

(
0
−ŷ

)
,

y(·, 0) = y0(·),
λ(·,T ) + γy(·,T ) = γŷ(·,T ),

in (0, L)× (0,T )

A = PDP−1 and D = diag(d1, . . . , dn),
(
żi
µ̇i

)
+

(
di −ν−1

−1 −di

)(
zi
µi

)
=

(
0
−ẑi

)
in (0,T ),

zi (0) = z0,i ,

µi (T ) + γzi (T ) = γẑi (T ),

with z = P−1Y , ẑ = P−1Ŷ and µ = P−1Λ. n independent 2× 2 systems.

Second-order ODE:
z̈i − σ2

i zi = −ν−1ẑi in (0,T ),

zi (0) = z0,i ,

żi (T ) + ωizi (T ) = ν−1γẑi (T ),

or


µ̈i − σ2

i µi = −( ˙̂zi + di ẑi ) in (0,T ),

µi (0)− diµi (0) = z0,i − ẑi (0),

γµi (T ) + βiµi (T ) = 0,

with σi :=
√

d2
i + ν−1, ωi := ν−1γ + di and βi := 1− γdi .
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Semi-discretization

Finite difference discretization: −∂xx ≈ A ∈ Rn×n,
(

ẏ
λ̇

)
+

(
A −ν−1I
−I −A

)(
y
λ

)
=

(
0
−ŷ

)
in (0,T ),

y(0) = y 0,

λ(T ) + γy(T ) = γŷ(T ),

Diagonalization: A = PDP−1 and D = diag(d1, . . . , dn),
(
żi
µ̇i

)
+

(
di −ν−1

−1 −di

)(
zi
µi

)
=

(
0
−ẑi

)
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Transformation

0 T
α

Ω1
Ω2

z1,i z2,i

µ2,iµ1,i

Dirichlet: 

(
ż`1,i
µ̇`1,i

)
+

(
di −ν−1

−1 −di

)(
z`1,i
µ`1,i

)
=

(
0
0

)
in Ω1,

z`1,i (0) = 0,

µ`1,i (α) = f `−1
α,i ,

Neumann: 

(
ż`2,i
µ̇`2,i

)
+

(
di −ν−1

−1 −di

)(
z`2,i
µ`2,i

)
=

(
0
0

)
in Ω2,

ż`2,i (α) = ż`1,i (α),

µ`2,i (T ) + γz`2,i (T ) = 0,

Update:
f `α,i := (1− θ)f `−1

α,i + θµ`2,i (α), θ ∈ (0, 1).
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Transformation

0 T
α

Ω1
Ω2

z1,i z2,i

µi,2µi,1

Dirichlet: 
z̈`1,i − σ2

i z
`
1,i = 0 in Ω1,

z`1,i (0) = 0,

ż`1,i (α) + diz
`
1,i (α) = f `−1

α,i ,

Neumann: 
z̈`2,i − σ2

i z
`
2,i = 0 in Ω2,

ż`2,i (α) = ż`1,i (α),

ż`2,i (T ) + ωiz
`
2,i (T ) = 0,

Update:
f `α,i = (1− θ)f `−1

α,i + θ
(
ż`2,i (α) + diz

`
2,i (α)

)
, θ ∈ (0, 1)
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Transformation

0 T
α

Ω1
Ω2

z1,i z2,i

µi,2µi,1

Dirichlet: 
µ̈`1,i − σ2

i µ
`
1,i = 0 in Ω1,

µ̇i (0)− diµi (0) = 0,

µ`1,i (α) = f `−1
α,i ,

Neumann: 
µ̈`2,i − σ2

i µ
`
2,i = 0 in Ω2,

µ̈`2,i (α)− di µ̇
`
2,i (α) = µ̈`1,i (α)− di µ̇

`
1,i (α),

γµ̇`i (T ) + βiµ
`
i (T ) = 0,

Update:
f `α,i = (1− θ)f `−1

α,i + θµ`2,i (α), θ ∈ (0, 1).
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Transformation



(
ż`1,i
µ̇`1,i

)
+

(
di −ν−1

−1 −di

)(
z`1,i
µ`1,i

)
=

(
0
0

)
in Ω1,

z`1,i (0) = 0,

µ`1,i (α) = f `−1
α,i ,

(
ż`2,i
µ̇`2,i

)
+

(
di −ν−1

−1 −di

)(
z`2,i
µ`2,i

)
=

(
0
0

)
in Ω2,

ż`2,i (α) = ż`1,i (α),

µ`2,i (T ) + γz`2,i (T ) = 0,

f `α,i := (1− θ)f `−1
α,i + θµ`2,i (α), θ ∈ (0, 1).

Two observations:

(1) Three systems are equivalent, so same convergence using z or µ;

(2) Not anymore a ”DN” algorithm, and forward-backward structure is less important.
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Variants

x

t

L0
0

T

y

λ

α
?

?

Q1

Q2

Space-time domain: Q = (0, L)× (0,T ),

∂ty −∆y = ν−1λ,

y(0, t) = 0,

y(L, t) = 0,

y(x , 0) = y0(x),

∂tλ+ ∆λ = y − ŷ ,

λ(0, t) = 0,

λ(L, t) = 0,

λ(x ,T ) + γy(x ,T ) = γŷ(x ,T ).
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Variants

Dirichlet–Neumann variants (y ∼ zi and λ ∼ µi )

name Ω1 Ω2 type

DN1
µi żi (DN)

żi + dizi żi (RN)

DN2
zi żi (DN)
zi żi (DN)

DN3
µi µ̇i (DN)

żi + dizi z̈i + di żi (RR)

Liu-Di LU (UNIGE) SIAM CSE 2025 7 / 10



Variants

Neumann–Dirichlet variants (y ∼ zi and λ ∼ µi )

name Ω1 Ω2 type

ND1
µ̇i zi (ND)

z̈i + di żi zi (RD)

ND2
żi zi (ND)
żi zi (ND)

ND3
µ̇i µi (ND)

z̈i + di żi żi + dizi (RR)
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Comparaison of two DN variants

Natural Dirichlet–Neumann (DN1):



(
ż`1,i

µ̇`1,i

)
+

(
di −ν−1

−1 −di

)(
z`1,i

µ`1,i

)
=

(
0

0

)
in Ω1,

z`1,i (0) = 0,

µ
`
1,i (α) = f `−1

α,i ,



(
ż`2,i

µ̇`2,i

)
+

(
di −ν−1

−1 −di

)(
z`2,i

µ`2,i

)
=

(
0

0

)
in Ω2,

ż`2,i (α) = ż`1,i (α),

µ
`
2,i (T ) + γz`2,i (T ) = 0,

f `α,i := (1− θ)f `−1
α,i + θµ

`
2,i (α).

Dirichlet–Neumann at two levels (DN2):



(
ż`1,i

µ̇`1,i

)
+

(
di −ν−1

−1 −di

)(
z`1,i

µ`1,i

)
=

(
0

0

)
in Ω1,

z`1,i (0) = 0,

z`1,i (α) = f `−1
α,i ,



(
ż`2,i

µ̇`2,i

)
+

(
di −ν−1

−1 −di

)(
z`2,i

µ`2,i

)
=

(
0

0

)
in Ω2,

ż`2,i (α) = ż`1,i (α),

µ
`
2,i (T ) + γz`2,i (T ) = 0,

f `α,i := (1− θ)f `−1
α,i + θz`2,i (α).

Forward–backward structure can always be recovered !

z`1,i (α) = f `−1
α,i ⇒ µ̇

`
1,i (α)− diµ

`
1,i (α) = f `−1

α,i .
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Comparaison of two DN variants

Natural Dirichlet–Neumann (DN1):
z̈`1,i − σ

2
i z
`
1,i = 0 in Ω1,

z`1,i (0) = 0,

ż`1,i (α) + di z
`
1,i (α) = f `−1

α,i ,


z̈`2,i − σ

2
i z
`
2,i = 0 in Ω2,

ż`2,i (α) = ż`1,i (α),

ż`2,i (T ) + ωi z
`
2,i (T ) = 0,

f `α,i := (1− θ)f `−1
α,i + θ

(
ż`2,i (α) + di z

`
2,i (α)

)
, θ ∈ (0, 1).

Dirichlet–Neumann at two levels (DN2):
z̈`1,i − σ

2
i z
`
1,i = 0 in Ω1,

z`1,i (0) = 0,

z`1,i (α) = f `−1
α,i ,


z̈`2,i − σ

2
i z
`
2,i = 0 in Ω2,

ż`2,i (α) = ż`1,i (α),

ż`2,i (T ) + ωi z
`
2,i (T ) = 0,

f `α,i := (1− θ)f `−1
α,i + θz`2,i (α), θ ∈ (0, 1).
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Comparaison of two DN variants

Solve the problem and find

f `α,i = ρ(α, di , ν, γ, θ) f `−1
α,i .

Convergence factor with analytical form

ρDN1 := max
di∈λ(A)

∣∣∣1− θ(1− ν−1 σiγ + βi tanh(bi )(
σi + di tanh(ai )

)(
ωi + σi tanh(bi )

))∣∣∣,
ρND1 := max

di∈λ(A)

∣∣∣1− θ(1− ν−1 σiγ + βi coth(bi )(
σi + di coth(ai )

)(
ωi + σi coth(bi )

))∣∣∣.
”Optimal” relaxation parameter with equioscillation

θ∗DN2
=

2

3 + coth(
√
ν−1α)

coth
(√

ν−1(T−α)
)

+γ
√
ν−1

1+γ
√
ν−1 coth

(√
ν−1(T−α)

) ,
θ∗ND2

=
2

3 + tanh(
√
ν−1α)

tanh(
√
ν−1(T−α))+γ

√
ν−1

1+γ
√
ν−1 tanh(

√
ν−1(T−α))

,

θ∗DN2
= θ∗ND3

and θ∗ND2
= θ∗DN3

.
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Numerical experiments

Convergence factor of different DN and ND variants, with penalization parameters:
ν = 0.1, γ = 0, interface: α = T

2
, and relaxation parameter: θ = 1.
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Numerical experiments

Optimal convergence factors with penalization parameters: ν = 0.1, γ = 10 and
interface: α = 7

10
T .

θ?DN2
= θ∗DN2

and θ?ND2
= θ∗ND2

.
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Numerical experiments

Numerical tests with penalization parameters: ν = 0.1, γ = 10, final time: T = 1, and a
target function ŷ(t, x) = sin(πx)(2t2 + t).
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Numerical experiments

Numerical scheme: Crank-Nicolson, and mesh size: ht = hx = 1
32

.

Liu-Di LU (UNIGE) SIAM CSE 2025 9 / 10



Numerical experiments

With an interface α = 7
10
T .
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Conclusion

• Time domain decomposition is different from space domain decomposition.

• Forward-backward structure is less important for Dirichlet–Neumann method.

Gander and Lu, New time domain decomposition methods for parabolic optimal
control problems I: Dirichlet–Neumann and Neumann–Dirichlet algorithms, SIAM J.
Numer. Anal., 62(4):2048–2070 (2024)
Gander and Lu, New time domain decomposition methods for parabolic optimal
control problems II: Neumann–Neumann algorithms, SIAM J. Numer. Anal.,
62(6):2588–2610 (2024)
Gander and Lu, Non-overlapping Schwarz methods in time for parabolic optimal
control problems, Submitted (2024)

• This analysis can be used for higher dimension and for other constraint equations, e.g.,
Stokes.

• Like always, there are a lot of interesting things to be further discovered ;)

Thanks for your attention !
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