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Model problem

For y € L*(@), v > 0 and v > 0, minimize the cost functional

1 N ¥ N v
J(y,u) = §||y - Y||i2(o) + §||)’(T) - }’(T)Hiz(sz) + §||U||z2(n),

subject to
Oy—Ay=u inQ:=(0,T)xQ,
y=0 onX:=(0,T)x 99,
y=xy onXg:={0}xQ,
with Q C R".
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Model problem

For y € L*(@), v > 0 and v > 0, minimize the cost functional

1 N ¥ N v
J(y,u) = §||y - Y||i2(o) + §||)’(T) - }’(T)Hiz(sz) + §||U||z2(n),

subject to
Oy—Ay=u inQ:=(0,T)xQ,
y=0 onX:=(0,T)x 99,
y=xy onXg:={0}xQ,
with Q C R".

Lagrange multipliers method
‘C(y>ua)‘) = J(yvu) + <8ty - Ay - u’)\>'

First-order optimality system:

Oy —Ay=u inQ, N+ AN=y — ¥ in Q,
y=0 in X, A=0 in X,
Y=y in X, A=—(y—y) inXr:={T}xQ,

—A4+vu=0 inQ.
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Model problem
For y € L*(Q), v > 0 and v > 0, minimize the cost functional

1 R ¥ N v
J,u) = Sl = 9l + TIT) = HT) ey + el

subject to
Oy — Ay =u inQ:=(0,T) xQ,
y=0 onX:=(0,T)x0Q,
y=yo onXy:={0}xQ,
with Q C R".

Lagrange multipliers method
Ly, u,A) = Iy, u) + (Ory — Ay — u, A).

Reduced optimality system (forward-backward):

By — Ay =v A in Q, IN+AAX=y—§ in Q,
y=0 in X, A=0 in X,
Y= in Xo, A=—(y—-y) inZXr.
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Dirichlet-Neumann Waveform Relaxation
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Space-time domain: Q@ = (0,L) x (0, T),
Oty — Oy = V1N, O+ OuA =y — 9,
y(0,t) =0, A(0,t) =0,

}/(La t) =0, ( )
y(x,0) =y(x), AL T)+w(x, T)= ’Y)’(X 7),
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Dirichlet-Neumann Waveform Relaxation
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Subdomains: Q1 = (0,«) x (0, T) and Q = («, L) x (0, T),
dey — Oy = v I, DN+ A=y — 9,
y(0,t) =0, A0, t) =0,
y(L,t) =0, A(L, 1) =0,

y(x,0) =y(x), Al T)+y(x, T) =79(x, T),
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Dirichlet-Neumann Waveform Relaxation
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Subdomain: Q; = (0,«a) x (0, T),
Oeyi — Bayi =V AL, DML + Dol = yi — 1,
y(0,t) =0, A0, 1) =0,
yf(oz, t) = yffl(oz, t), /\f(a, t) = /\gfl(a, t),
¥1(x,0) = y1,0(x), A(G T) +9yi (x, T) = y9(x, T).

Liu-Di LU (UNIGE) SIAM CSE 2025



Dirichlet-Neumann Waveform Relaxation

Q1 @

0

0 « L x
Subdomains: @ = («a,1) x (0, T),

Deys — Oxeys =V A, DeNs + Dods = ya — 9o,
Byi(a, t) = duyl(on t), ANs(a, t) = DN (a, t),
v (L) =0, X(L,t) =0,
Y2 (x,0) = y2.0(x), X306, T) 4+ 7y2 (x, T) = 792(x, T).
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Time domain decomposition
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Space-time domain: Q@ = (0,L) x (0, T),
Oty — Oy = V1N, O+ OuA =y — 9,
y(0,t) =0, A(0,t) =0,

}/(La t) =0, ( )
y(x,0) =y(x), AL T)+w(x, T)= ’Y)’(X 7).
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Time domain decomposition
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Subdomains: Q; = (0,L) x (0,a) and @ = (0,L) x (a, T),

Oty — Oy =1 1A, IN+ A=y — 9,

y(0,t) =0, A(0,t) =0,

y(L,t) =0, A(L, t) =0,

}/(X>0):}/O(X)7 A(X7 T)+7y(xv T):’Yy()@ T)
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Time domain decomposition
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Subdomain: @ = (0, L) x (0, «),
Oeyi — Doyt =V AL, OeA] 4 Ol = y1 — 1,

yi(0,t) =0, A (0,t) =0,
yi(L,t) =0, M(L, t) =0,
¥1(x,0) = yo(x), M(x, a) = A5 (x, @),
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Time domain decomposition
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Subdomain: Q> = (0,L) x («, T),
afy2£ - 8xxy2e = Vﬁl)\g, at)\g + 8XX/\§ = yQE — _)'}2,
%2(0,t) =0, A5(0,t) =0,
ys(L,t) =0, As(L, t) =0,

deys (x, @) = Doyl (x, @), As(x, T) +ys(x, T) = va(x, T).
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Semi-discretization

Reduced optimality system:

o () + (5 5n) = (%),
Y('vo) = yo('),
MG T)+y(, T) =9(, T),

in (0,L) x (0, T)
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Semi-discretization
Finite difference discretization: —8 ~ A € R"*",
y A N (y\ _[0) .
) 7)) =(5) mem

y(O) = yOa
A(T) +yy(T) =~59(T7),
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Semi-discretization

Finite difference discretization: —8 ~ A € R"*",

0 Q) -(3) o
¥(0) = o,
A(T) +y(T) =9(T),
Diagonalization: A= PDP~' and D = diag(ch, ..., d,),
)+ (4 ) ()= (%) mem
wi(T) + vzz(TO; _ 'ZYOZ(T)

with z= P~ 'y, 2= P!y and u = P7'X. So n independent 2 x 2 systems.

Liu-Di LU (UNIGE) SIAM CSE 2025



Semi-discretization

Finite difference discretization: —8 ~ A € R"*",

() )R- (5) ren
y(0) = yo,
A(T) +yy(T) =~9(T),
Diagonalization: A= PDP~! and D = diag(d, . .., dn),

)+ (4 ) G)= (%) men
z(0) = 2,i,
pi(T) +~zi(T) = 72(T),
with z= P~ 'y, 2= P!y and u = P7'X. So n independent 2 x 2 systems.
Second-order ODE:

% —otzi=—v 1% in (0, T),
zi(0) = zo,,
#(T) +wiz(T) = v 'y2(T),
with o; := W wj = V_l"y +di and Bi :=1 — vd;.
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Semi-discretization

Finite difference discretization: —8, ~ A € R"*",

y A —v N\ [y (0.
()4 7)) = (5) men
y(o) = yOa
A(T) +vy(T) =~¥(T),
Diagonalization: A= PDP~! and D = diag(d, ..., dn),

. 1
£ )0 - (2 wen
zi(0) = z,i,
ni(T) +~zi(T) = v2(T),

with z= P~ ly, 2= P71y and u = P7'X. So n independent 2 x 2 systems.
Second-order ODE:
jii — oF i = —(2 + diz) in (0, T),

1i(0) — dipi(0) = z0,i — 2(0),
Vii(T) + Bini(T) =0,

with oj == /d? + v~1, wj == v iy +diand B :==1—~d:.
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Transformation

0

I Q
z1 122,
— S
0 : T
__4 PR
Hi,i! H2,i
Dirichlet: ) ) )
Zl’, d, —v 217,'
(uf,,) * (—1 —dj ) (uﬁ) a (0) n
zle,i(o) )
/‘f,i(a) = fof;la
Update:

foi=1—0)fi " +0us,(a), 6¢€(0,1)
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Transformation

o | o8
z1 122,
— S
0 : T
__4 PR
Hi,i! H2,i
Dirichlet: ) )
2 d v~ i .
(uf,,) * (—1 —dj ) (uf:) a (0) n
zf’,-(O) = 07
/‘f,i(a) = fof,_fla
Neumann: . ) )
22,:‘ di —v- 227,' _ 0 .
(o) (% 20) (i) = (0) e
Z.ZZ,i(a) = Zf,i(a)v
115,/(T) +72,(T) =0,
Update:

foi=1—0)fi " +0us,(a), 6¢€(0,1)
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Transformation

Q .
1 : Q2
z1,i 122,
. LN -
0 . T
——-d -
Hi1! Hi,2
Dirichlet:
Zf,- — U,?zf,; =0in Q,
¢
zl,i(o) = 0)
3 i(a) + dizi (o) = £,
Neumann:
fzz,i - U,?Zzz,i =0in o,
¥4 .
Zila) = Zf,i(a)7
2 (T) +wizp (T) =0,
Update:

foi=1—-0)fi' +0(2,(a)+dizi(a), 0€(0,1)
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Transformation

Q |
: | Q2
2 22
0 : T
——-d -
it i2
Dirichlet:
ﬂf,i - 0':'2/1'{,:' =0in,
12i(0) — dipi(0) =0,
/J‘f,i(a) = f(f;l7
Neumann:
fis,; — ofps; = 0in Qo,
fiz,i(@) = difig,i( ) = jiri(@) = dijiz (@),
it (T) + Bisf (T) = 0,
Update:

fii=@Q -0 +0us(a), 6€(0,1)
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Transformation

)+ (5 ) ()= () mee
z(0)=0,
pii(a) = f;l,
() (% 2) Ci) = () oo
#i(@) = (),
/'Lg,i(T) + ’YZzZ,i(T) =0,

foi=1—0)fi " +0us,(a), 6€(0,1)
Two observations:
(1) Three systems are equivalent, so same convergence using z or u;

(2) Not anymore a "DN" algorithm, and forward-backward structure is less important.
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Space-time domain: Q@ = (0,L) x (0, T),
Oy — Ay = v, ON+AA=y—7,
y(0,t) =0, A0, t) =0,
y(L,t) =0, A(L, t) =0,

y(x,0) =yo(x), A T)+y(x, T) =9(x, T).
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Dirichlet-Neumann variants (y ~ z and X ~ ;)

name | Q1 | Q| type
P I B
on | 2| 2 | ow
DNs | 5, f id,-z,- % f id,-z',- (([I;g))
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Neumann—Dirichlet variants (y ~ z and X ~ ;)

name | Q1 | Q| type
ND: | 5 f id,-z',- i 8\%‘35
wo: |3 D o)
NDs | 5 f id,-z',- % f id,-z,- ((Ilig))
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Comparaison of two DN variants

Natural Dirichlet—=Neumann (DN, ):

zli’ A
Hy i -1
27, ,(0) =0,

_f-£1

o, )

0
Hl,i(a)

fo=q

a,i

Dirichlet—-Neumann at two levels (DN,):

(Z£I> i (di

A -1
€ 0y
2 ;(0) =0,

_fll

‘
7 (@) a,i o

0
fo,it=

Forward—backward structure can always be recovered !

¢ -1 e
z (@) =1, = iy i(a) —

_ -1 0
v 214" _ 0 in Qi
7(?/,' }111,,- 0

-1 ‘)
v ZI[' _ 0 in Q1
—d; My 0

()= () oo

2, d v~
.0 +
Ha, i -1 —d;
Zz i(a) = f

/J‘g,i( )+ 'Yzz,i(T) =0,

(),

—0)fL T+ 05 ().

)h)-

Z{) + (d‘ v
Ha, i -1 —d;
2i(a

l‘z (T) + ’Yzz (T

0\ .
<0) in Q,
30

21,

(@),

)
)=

(1= 0+ 02 (o).

13 o—
dfl‘l,i(o‘) = fa,il'
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Comparaison of two DN variants

Natural Dirichlet—Neumann (DN,):

#,—olz ;=0 inQ, %, —0iz; =0 in,
.0
zl,i(o) =0, Zz,i(a) = 21 ,(0‘)
¢ e -1 ¢ ‘
4 (@) +dizy (o) = 1,57, 4 (T) +wiz  (T) =

fei= =0t +0(2 () + dizy (), 0€(0,1).

a,i

Dirichlet-Neumann at two levels (DN,):

i, —oiz; =0 inQ, #H,—olz, =0 inQ,
N .0
zl,i(o) 3 i(a) = 2 ;(a),
. -1 N ‘
2 (@) =1 2 (T) +wiz  (T) =0,

fl= (=0 + 0z ,(a), 6€(0,1)

a,i
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Comparaison of two DN variants

Solve the problem and find

f(f,i - p(Oé, di7 v, 7, 9) fe_'l'

a,i
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Comparaison of two DN variants

Solve the problem and find

f(f,i - p(Oé, di7 v, 7, 9) feTI'

«,

Convergence factor with analytical form

= 1-6(1- -1 Ui’)’+ﬂ,'tanh(b,-) ‘
PDN; d;rgf()»(‘\) ‘ ( v (o7 + dj tanh(a;)) (wi + oi tanh(b;)) ) ’

= 1-0(1-0v71 oy + Bi coth(bi) '
PND; d,-rgg()i\) ’ ( v (a,‘ + d; coth(a,-)) (w; + o; Coth(b;)) ) ‘
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Comparaison of two DN variants

Solve the problem and find

f(f,i - p(O@ di7 v, 7, 9) feTI'

«,

Convergence factor with analytical form

= 1-6(1- -1 Ui7+ﬂitanh(b;) ‘
PDN; d;rgf()i\) ‘ ( v (o7 + dj tanh(a;)) (wi + oi tanh(b;)) ) ’

= 1-0(1-0v71 oy + Bi coth(bi) '
PND; d,-rgf()i\) ’ ( v (Ui + di coth(a,-)) (w; + o Coth(b;)) ) ‘

"Optimal” relaxation parameter with equioscillation

2

fon, = 34 coth(v7Ta) coth (Vo=T(T—a)) +9o1
1+vyVrv—1 coth (\/V*l(T—a))

B, = 2

ND2 = tanh(VV_l(T—a))+'yVV_1 ’

3 + tanh(Vr—1ta)

149V~ Ttanh (Vv —1(T—q))

* _n* * _n*
Opn, = Onp, and Op, = o, -
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Numerical experiments

Convergence factor of different DN and ND variants, with penalization parameters:
v =0.1, v =0, interface: o = % and relaxation parameter: 6 = 1.

1 T T T o oo g ‘
s

&

0.4

0.2

0 . _
1072 107 10° 10’ 102
Eigenvalues (d)
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Numerical experiments

Convergence factor of different DNy, with penalization parameters
interface: o = T

:v=0.1~v=0,
-

(d)

PDN,

Eigenvalues (d)
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Numerical experiments

Optimal convergence factors with penalization parameters: v = 0.1, v = 10 and
interface: o = 5 T.

0.25 T T
- ez” =~ 0. 530

0.2 —9—9'\«5 ~ 0 575 b

p(d)

1072 107 10° 10’ 102
Eigenvalues (d)

* _ n* * _*
DN, = 0DN2 and 9N02 = 9NDQ-
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Numerical experiments

Numerical tests with penalization parameters: v = 0.1, v = 10, final time: T =1, and a
target function §(t,x) = sin(7x)(2t* + t).
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Numerical experiments

Numerical scheme: Crank-Nicolson, and mesh size: hy = hy =

i LU (UNIGE)



Numerical experiments

With an interface a = 5 T.

105 — - - -

Error

Iteration
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Conclusion

e Time domain decomposition is different from space domain decomposition.

e Forward-backward structure is less important for Dirichlet—Neumann method.
Gander and Lu, New time domain decomposition methods for parabolic optimal
control problems I: Dirichlet—Neumann and Neumann—Dirichlet algorithms, SIAM J.
Numer. Anal., 62(4):2048-2070 (2024)

Gander and Lu, New time domain decomposition methods for parabolic optimal
control problems II: Neumann—Neumann algorithms, SIAM J. Numer. Anal.,
62(6):2588-2610 (2024)

Gander and Lu, Non-overlapping Schwarz methods in time for parabolic optimal
control problems, Submitted (2024)
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Gander and Lu, New time domain decomposition methods for parabolic optimal
control problems I: Dirichlet—Neumann and Neumann—Dirichlet algorithms, SIAM J.
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Gander and Lu, New time domain decomposition methods for parabolic optimal
control problems II: Neumann—Neumann algorithms, SIAM J. Numer. Anal.,
62(6):2588-2610 (2024)

Gander and Lu, Non-overlapping Schwarz methods in time for parabolic optimal
control problems, Submitted (2024)

e This analysis can be used for higher dimension and for other constraint equations, e.g.,
Stokes.
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Conclusion

e Time domain decomposition is different from space domain decomposition.
e Forward-backward structure is less important for Dirichlet—Neumann method.

Gander and Lu, New time domain decomposition methods for parabolic optimal
control problems I: Dirichlet—Neumann and Neumann—Dirichlet algorithms, SIAM J.
Numer. Anal., 62(4):2048-2070 (2024)

Gander and Lu, New time domain decomposition methods for parabolic optimal
control problems II: Neumann—Neumann algorithms, SIAM J. Numer. Anal.,
62(6):2588-2610 (2024)

Gander and Lu, Non-overlapping Schwarz methods in time for parabolic optimal
control problems, Submitted (2024)

e This analysis can be used for higher dimension and for other constraint equations, e.g.,
Stokes.
e Like always, there are a lot of interesting things to be further discovered ;)

Thanks for your attention !
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