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Model problem

For y € L*(Q), v > 0 and v > 0, minimize the cost functional

1 . ¥ N v
J(y,u) = §||y — Y||i2(a) + EHY(T) - }/(T)”%?(Q) + EHUHiz(Q)v

subject to
Oy —Ay=u inQ:=(0,T)xQ,
y=0 on X :=(0,T) x 909,
y=x onXo:={0} xQ,
with Q C R".
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Model problem

For y € L*(Q), v > 0 and v > 0, minimize the cost functional

1 . ¥ N v
J(y,u) = §||y — Y||i2(a) + EHY(T) - }/(T)”%?(Q) + EHUHiz(Q)v

subject to
Oy —Ay=u inQ:=(0,T)xQ,
y=0 on X :=(0,T) x 909,
y=x onXo:={0} xQ,
with Q C R".

Lagrange multipliers method

L(y,u,\) = J(y,u) + (Ory — Ay — u, \).
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Model problem

For y € L*(Q), v > 0 and v > 0, minimize the cost functional

1 . ¥ N v
J(y,u) = 5”)’ — Y||i2(a) + EHY(T) - }/(T)”%Z(Q) + EHUHiz(Q)v

subject to
Oy —Ay=u inQ:=(0,T)xQ,
y=0 on X :=(0,T) x 909,
y=x onXo:={0} xQ,
with Q C R".

Lagrange multipliers method
Ly, u,A) = Iy, u) + (Ory — Ay — u, A).

First-order optimality system:

Oy —Ay=u inQ, ON+AXN=y—y in Q,
y=0 in X, A=0 in X,
Y=y inXo, A=—(y—y9) inXr:={T}xQ

—A4+vu=0 inQ.
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Model problem

For € L*(Q), v > 0 and v > 0, minimize the cost functional

1 A2 Y N 2 v 2
J(y,u) = 5”}’ = Yz + EHY(T) =Mz + EHUHLQ(Q)v

subject to
Oy —Ay=u inQ:=(0,T)xQ,
y=0 onX:=(0,T)x 09,
y=yyo onXy:={0}xQ,
with Q C R".

Lagrange multipliers method
Ly, u,A) = Iy, u) + (Ory — Ay — u, A).

Reduced optimality system (forward-backward):

By — Ay =v A in Q, IN+AX=y—§ in Q,
y=0 in X, A=0 in X,
Y=o in Yo, A=—(y—-9) inZXr.
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Dirichlet-Neumann Waveform Relaxation
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Q=(0,L) x (0, T),

Oy — Ay = v 1A, ON+AA=y—7,

y(0,t) =0, A0,t) =0,

y(L,t) =0, A(L, t) =0,

.V(Xa 0) = yO(X)7 )\(X, T) +’7y(xv T) = FY.)I}(Xv T)
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Dirichlet-Neumann Waveform Relaxation

t
ka*f*fi*f*fi*fT 7777777777777 A
| |
| |
| |
| |
| |
| |
Q | @ !
| |
| |
| |
|
| |
! |
0O a L" x
Q= (an‘) X (07 T) and @ = (aa L) X (0’ T),
Oy — Ay = v 1A, ON+AA=y—7,
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Dirichlet-Neumann Waveform Relaxation
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Ql = (0,0é) X (07 T)a
8tylk+l _ Ay1k+1 _ V71A11<+1’ at)\llerl + A)\11<+1 — y1k+1 _ )71’
yi(0,t) =0, AFPH0,t) =0,
i (a, t) = y5 (e, t), A a, t) = Ms(a, t),
Y%, 0) = y10(x), NG T) + ™ (x, T) = via(x, T).
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Dirichlet-Neumann Waveform Relaxation

t
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Q @
0O a L" x
Q= ( 1) X (07 T)a
atykﬂ Ay2k+1 _ 1/71>\I2<+17 o )\k+1 + A)\kﬂ _ 2k+1 .
Oxys (e t) = By (e 1), 0xAs (@, t) = 9N (o, 1),
v (L t) =0, ML t) =0,
¥ (%, 0) = y2.0(x), N TY + 9y (%, T) = yia(x, T).
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Time domain decomposition
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Time domain decomposition
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Time domain decomposition
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Qi = (0,L) x (0,a),
atyll(+1 _ AylkJrl — U71A§<+1, at)\}l(+l + A)\lerl _ ylk+1 _ 5}1’

yi(0,t) =0, AFPH0,t) =0,
(L t) =0, AL, ) =0,
y1k+1(><7 0) = wo(x), )\,1<+1(X, a) = /\é(x, a).
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Time domain decomposition

Q=
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(0,L) X (a, T),
atyk+1 Ay2k+l — 7/71)\}2(+1 a >\k+1 + A)\k+l — y2k+1
v (0, 1) =0, Ast(0,8) =0,
v (L) =0, AL ) =0,
dfykJrl( ) ) = af}/1k+l(xf a): k+1(X T) + 7yk+1(x7 T) = ’Y_}?Q(X, T)
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Semi-discretization
Reduced optimality system:
y Ay —v'A\ _ [0
() (5a7)-(5)
y('? 0) = }’0('),
AC T+ T) =9(, T).
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Semi-discretization

Ex: finite difference —A ~ A

(X) + <_A/ _:\1/) (X) = (70?) in (0, T),
Y(0) = Yo,
A(T) 7Y (T) =4 9(T).
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Semi-discretization

Ex: finite difference —A ~ A

C\/) i (—A/ _:\1/) (X) - (70{/) in (0.7).

A= PDP™! and D = diag(di, ..., d),

(;) + (:11 7_11;) (Z) = (_02) in (0, T),

with z=P71Y, 2 =P~ 'Y and u = P"*A. n independent 2 x 2 systems.
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Semi-discretization

Ex: finite difference —A ~ A

C\/) i (—A/ _:\1/) (X) - (70{/) in (0.7).

A= PDP™! and D = diag(di, ..., d),

(;) + (:11 7_11;) (Z) = (_02) in (0, T),

with z=P71Y, 2 =P~ 'Y and u = P"*A. n independent 2 x 2 systems.
Second-order ODE:

5 —otzi=—v"'5in (0, T), jii — o = —(5 + di%) in (0, T),
z(0) = z,, or pi(0) — dipi(0) = z0,i — 2(0),
#(T) +wizi(T) = v 'v2(T), Yui(T) + Bipi(T) =0,

with o; := \/d,-2 +v-l wii= y_lnyr di and B; :==1 — vd,.
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Transformation

Ql l Q2
z1 |22,
0 — I T
a\
o -
Hi,i! H2,i
Dirichlet: . ) .
Z‘l,i d, -V 217,' _ 0
() (5 ) ()= (o) men
z]‘.(,i(o) = 07
Mll(,i(a) = 015;17
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Transformation

931

: Q
z1 |22,
—_— oo
0 o T
-__4 PR
Hi,i! H2,i
Dirichlet: . ) .
' d v~ zii\ _ (0
(uh) * (-1 —dj ) (uf,,) a (0) n
z]‘.(,i(o) = 07
Mll(,i(a) = 015;17
Update:

faii=1—0)fi " +0usi(e), 0€(0,1).
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Transformation

931

: Q
Z1,i 122,,
— -
0 ! T
o -
Hi1! i 2
Dirichlet: . L .
' d v~ zii\ _ (0
() + (% 70) (i) = (@) o
z]‘.(,i(o) = 07
le,i(a) = 015,717
Neumann: . L P
Z3 ; di —v 20\ _ 0
()« (4 %) Gi) = (6) mee
zi(a) = #i(a),
w3, (T) +72z2:(T) =0,
Update:
faii=1—0)fi " +0usi(e), 0€(0,1).
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Transformation

Q
1 : Q2
Z1,i 122,
L LN P
0 ‘ T
- -
Hiat Hi2
Dirichlet:
Z{(, - U?Zf,i =0in Q,
z(0) =0,
# () + dizfi(a) = £177,
Neumann:
Zé(, - U?Z;,i =0in Q,
Z.2k¢i(a) = Z{(,(O(),
Z(T) +wiz (T) =0,
Update:

fii =1 -0 +0(2(e) + dizsi(a)).
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Transformation

Ql | Q
Z1,i |22,
— -
0 } T
- -
Hi1! Hi,2
Dirichlet:
Hlf, - Uizll/{,i =0in Q,
£i(0) — dipi(0) =0,
ull(,i(a) = fo‘j,:_'lv
Neumann:
ﬂz,i - U?N‘Z(,i =0in 927
fiz (@) = difiz (@) = jin (@) — difun (@),
YAf(T) + Biuf (T) =0,
Update:

fai = (L= 0)f5 " + 0pz,i().

Liu-Di LU (UNIGE) SNADay 2024



Transformation

z(0) =0,

/Li,‘(a) = f:,1_17
Z5 i d —vt ng,, (0
() (4 2) i) = () mee

fai= 1 —0)fi 7 +0usi(e), 6€(0,1).
Observations:
¢ three systems are equivalent,
© same convergence using z or y,
¢ not anymore a "DN" algorithm,

¢ forward-backward structure less important.
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Variants of DN and ND algorithms
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Variants of DN and ND algorithms

Category [ (931 [ Q, [ type
i % (DN)

o zi + diz; Zi (RN)
(21, pi) L Z; (N D)
Zi + diz; Zi (RD)

z Zi (DN)

- Zj 2{ (DN)

! 2,‘ Zj (N D)

2,‘ Zj (N D)

Hi i (DN)

‘ zi+diz | Z+dz | (RR)

H fai i (ND)
Zi+diz; zi + diz; (RR)
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Comparaison of two DN variants

Natural Dirichlet-Neumann (DN;):

-k —1 k -k -1 k
i di - i i d - i .
(?]’ZI> + ( § > (Z];I) N <0> in Ql’ (ZZkYI> + ( § ) <22k’,) N <0) " QZ,
Hy,i -1 —d Ha,i 0 Ha,i -1 -d H2,i 0
2,(0) =0, i(0) = 4
mile) = £ w3 /(T) +72,(T) =0,
o= (L= ORT + 0013 (0).
Dirichlet-Neumann on both level (DN,):
s k —1 k sk —
. d - ] ) d -
(f]j(yl> + ( § ) (Z];I> N <0> in Ql’ ($2‘(11> + ( § ) <22 l) <0> In Qz’
K -1 —d; i 0 M2, i -1 —d; K2, 0
2,(0) =0, 23i(0) = &1(c
2 i(0) = 157, 13, (T) +72,(T) =0,
f == Ot + 0z (o).

Forward-backward can always be recovered !

K k—1 Lk K k—1
zy (@) = 3 = g (@) — dipy () = £
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Comparaison of two DN variants

Natural Dirichlet-Neumann (DN;):

zf, - Uizzlk,i =0in £y, z;, - U,.sz,,v =0in Qy,
z;(0) =0, 2 (0) = & j(a),
Z‘lk,i(a) + dlek,i(a) = fzi(,711 2'2‘(,,'(7—) + W/'Z;,i(T) =0,

£ =1 =0 +0(Z () + dizg ().

Dirichlet-Neumann on both level (DN,):

zf, - U,'sz,- =0inQ, zzk, — cr,-zz;,- =0in Q,
K -k .k
Zl,i(o) =0, Zz,;(a) = 21,,'(04)7
K k—1 .k K
21,,'(04) = fa,/' ’ Zz,i(T) + Wizz,i(T) =0,

fi =1 =0 + 02 (a).

o4
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Dirichlet-Neumann convergence analysis

Solve the problem and find
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Dirichlet-Neumann convergence analysis

Solve the problem and find

Convergence factor with analytical form

— 1-0(1-p! oiy + Bitanh(b;)

PDN; drgf)ja) ’ ( v (o7 + ditanh(a;)) (wi + oi tanh(b;)) ) "
— 1— -1 oy + Bi coth(b;) ‘

PNDy drgi)i\) ’ ( v (g,- + d; coth(a,-)) (w,- + o; coth(b;)) )

Liu-Di LU (UNIGE) SNADay 2024



Dirichlet-Neumann convergence analysis

Solve the problem and find

Convergence factor with analytical form

_ i i h(b,‘)
— 1—0(1— " oiy + Bitan
PONy d,-rgfé) ’ ( v (O’,‘ + d; tanh(a;)) (w; + o tanh(b,-)) ) "

Ui'y+5;coth(b;) )‘
(0,- + d; coth(a,-)) (w,- + o; coth(b;)) '

"Optimal” relaxation parameter with equioscillation

2

= 1-o(1-v
o = o [1 =01 =

fon, = 3+ coth(v/yTa) coth (Vi 1(T—a)) 44V T
147V =1 coth (\/Iﬁ(T*Dé))
9* — 2
ND> tanh(\/F(Tfa))Jr’y\/F ’

3 + tanh(vVv—1a) 147V T tanh (Vo —1(T—a))

* _ p* * _ p*
0DN2 = 0ND3 and 9ND2 = 0DN3'
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Numerical experiments

v=01y=0a=7and =1

12T T e .

2—6—6—6—6—6—9

0.8 g
— —8—-DN;
Z 06 % ND,
< DN,
O ND,
~—+— DNy ||
0.4 O NDj
0.2 g
0 . . _
1072 107 10° 10’ 102

Eigenvalues (d)
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Numerical experiments

_ _ _T
v=01~y=0and a= 5.
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Numerical experiments

v=01~y=10and a = 5 T.

0.25 T
== 0py, ~ 0.530
—O— Oy p, ~ 0.466
Op, ~ 0.393
0.2 =6~ 03p, ~ 0.575

Eigenvalues (d)

GBNZ = 96N2 # GKID3 and 9&02 = aﬁoz # 96N3~
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Numerical experiments

v=0.1,y=10and T =1, y(t,x) = sin(mx)(2t> + t).
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Numerical experiments

1

Crank-Nicolson h: = hy = 55.




Numerical experiments

Error

Iteration
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Numerical experiments

10

Error

10710

1071®

Iteration

Thanks for your attention !
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