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Application: biomass production

Microalgae: photosynthetic micro-organisms 2-50 pum in acquatic environment
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Photobioreactors:

e technology: chemostats, raceway, tubular, etc
e position: indoor/outdoor

e scale: lab/industrial

e purpose: wastewater treatment, biofuel
production, etc
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Application: biomass production

Microalgae: photosynthetic micro-organisms 2-50 pum in acquatic environment

Photobioreactors: Challenges:
e technology: chemostats, raceway, tubular, etc e both physical and biological behavior
e position: indoor/outdoor e coupled models
e scale: lab/industrial o different timescales
e purpose: wastewater treatment, biofuel e macro/micro levels

production, etc

uncertainties: environment, measurement, etc
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Example: tubular photobioreactor

Surface: Temperature (K)

(a)

Liu-Di LU PinT for parabolic OCPs SciCADE 2026 3/20



Example: tubular photobioreactor

Minimize temperature distribution w.r.t. target y

1 R v
Sy, u) = Slly = Iiaq) + EHU”%Z(Q)

Governing equation: heat equation

Oy — KAy = u

Surface: Temperature: (K) 231281 S
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Optimal control problems

Idea: Find the optimal strategy to pilot the system to behave as we wish

Ingredients:
e A cost functional: J(y,u) = %|ly — Y22y + 5llulliz o)
e A system governed by an ODE/PDE: 0;y — Ay = uin Q :=Q x (0, T)
e A control function v as an input to the system
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Optimal control problems

Idea: Find the optimal strategy to pilot the system to behave as we wish

Ingredients:
e A cost functional: J(y,u) = %|ly — Y22y + 5llulliz o)
e A system governed by an ODE/PDE: 0;y — Ay = uin Q :=Q x (0, T)
e A control function v as an input to the system

Approach: Lagrange multiplier p
‘C(y7p7u) :J(y7u)+ <pa8ty_Ay_ U>
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Optimal control problems

Idea: Find the optimal strategy to pilot the system to behave as we wish

Ingredients:
e A cost functional: J(y,u) = %|ly — f/Hfz(Q) + §||u||%2(Q)
e A system governed by an ODE/PDE: 0;y — Ay = uin Q :=Q x (0, T)
e A control function v as an input to the system
Approach: Lagrange multiplier p
‘C(y7p7u) = J(y7u)+ <paaty_Ay_ U>

Derive first-order optimality system: 0,L[0p] = 0, 0, L[0y] =0, 9,L[0u] =0
Oy —Ay=u inQ op+Ap=y—y inQ
y=0 onX p=0 on X

Y=Y onZXg p=20 on X1

vu—p=0 inQ
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Summary of PinT for OCPs

e Accelerator for gradient or Newton iterations: Parareal, PFASST, MGRIT, ...
(inner solver, no intrusive, natural fit for legacy solvers, easy to generalize, ...)
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Apply domain decomposition

Reduced optimality system (forward-backward)

Oy —Ay=v7lp inQ oep+Ap=y—9y inQ
y=0 on X p=0 on ¥
Y=% on ¥g p=0 on X1
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Apply domain decomposition

Reduced optimality system (forward-backward)

Oy —Ay=v7lp inQ oep+Ap=y—9y inQ

y=0 on X p=0 on ¥
Y=% on ¥g p=0 on X1
Two ways of decomposition
t t
T L o k
1 1 L S Ty — 4
space decomposition : : : | time decomposition
Ql | | QN 1 1
I I 1 1
| A Qa h
. . Ly X s X
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Space decomposition (Waveform method)

t

11 e PEEEEEEREREE 1 Subdomains: Q; = (0.a) x (0, T) and
: : Q2 - (Oé, L) X (07 T)
| | Oty — Oy = V_lp Op+0up=y—§
| [ 0,t)=0 0,t)=0

0 s, : (0, 1t) p(0, t)
(v.p) : y(L,t)=0 p(L,t)=0

E ! y(x,0) = yo(x) p(x, T)=0

03 o L x
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Alternating Schwarz waveform

In Q1 = (07a) X (Ov T)

t - A
7} Oeyf — Oyl =V IPL 0Pl + 0Pl = yi — 1
) y1(0,£) =0 pi(0,1) =0
| yf(xa 0) = )’1,0(X) pf(xa T) =0
@ Q2 X
03 L x

Liu-Di LU
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Alternating Schwarz waveform

In Q1 = (07a) X (Ov T)

t Oeyf — Ouyi =v7'p0 0Pl + 0Pt = ¥ — 1
[ R ’; y(0,8) =0 pL(0.t) = 0
| Vo) =y et pllet) = g Mo
| ¥1(x,0) = y10(x) pi(x, T)=0
@ @ E
0 0 «Q IL ? X
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Alternating Schwarz waveform

]

@

In Q1 = (O7a) X (Ov T)

atyle - axx.yle = V_lpf atpl + axxpl }/1
yf(07 t) =0 pl(O t) =0
Yf(aa t) = yg_l(aa t) pl(a t) = pﬁ l(aa t)
¥1(x,0) = y1,0(x) pi(x, T) =0
In Q= (o, L) x (0, T)

8t_y2 - 8xx_y2 =v Pg 8tP§ + axxpg = y2Z - _)72

ys(L,t)=0
¥a(x,0) = y2,0(x)

ps(L,t) =0
p5(x, T) =0

Liu-Di LU

PinT for parabolic OCPs
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Alternating Schwarz waveform

]

@

Vv

In Q1 = (O7a) X (Ov T)

at)’le - aXXY:le = V_lpf ai?pf + 8X><pf = Y1€ -

yi(0,1)=0 pi(0,t) =0
yi(o,t) = ys Ha,t) pi(e, t) = py Yo, t)
i (x,0) = y1,0(x) pi(x, T) =0

In Q = (o, L) x (0, 7)
Orys — Oys = v ph
(1) = yi(a, t)
»(Lt)=0
Yzf(xa 0) = y2,0(x)

0eps + OuxPs = v — 92
ps(a, t) = pi(a, t)
ps(L,t) =0
py(x, T) =0

Liu-Di LU

PinT for parabolic OCPs
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Alternating Schwarz waveform

In Q1 = (O7a) X (Ov T)

t - .
N at)’le - aXXY:le =V lpf ai?pf + 8X><pf = Y1€ -
T""""""":_ _____________ l y1(0,t) =0 pi(0,£) =0
: yi(a.t) = ys o, t) pi(a,t) = p5Ha,t)
E | ¥1(x,0) = y10(x) pi(x, T) =0
@ | @ Q= () x(0,7)
: E at}/2£ - 8xx}’2e = V_lpg 8tP§ + 3xxP§ = y2£ =9
| | ya(a,t) = yi(a,t) po(on 1) = pi(a )
' I ¢ _ ¢ _
0:) ol L)X YE(Lat)_O l;2(Lat)_O
¥2(x,0) = y20(x) pa(x, T) =0

Does not converge without overlap !
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Alternating Schwarz waveform

In @ =(0,8) x (0, T)

t _ ~
7:\ at}’f Bxx}ﬁ =V lpf 6tpf + axxpf = )/1£ -n
- ) n (0. t)zo pi(0,t) =0
. | (B0 =y N(B8)  PLB ) = ph T (Bo)
o ! yi(x,0) = yl,O( x) pi(x, T) =0
Q o Q Q= (a, L) x (0, T)
. 0w 0w =y skt Ouph =i — 92
Vo E yg(av t) = Yf(a7 t) pf(og t) = Pf(a7 t)
L ' (L t) = L t) =
O:) Y ,6 Lr x YE(L7 t) 0 52(L7 t) 0
¥2(x,0) = y2,0(x) pa(x, T)=0

Now converges with overlap !
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Time decomposition

t
Th-- 1 Subdomains: Q; = (0,L) x (0, ) and
! @ =(0,L) x (o, T)
@ | " B .
. Oy =0y =v_p  Op+tOup=y—J
ab-- oo ___ JI y(oat):O p(oyt):O
: y(L,t) =0 p(L,t)=0
Q ! y(x,0) = yo(x) p(x, T)=0
0 0 L x
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Time decomposition

t
Th--m oottt 1 Subdomains: Q; = (0,L) x (0, ) and
px'/ : Q2 = (Ov L) X (a7 T)
@ | " B .
I Oty — Oy =V 7p Op+0xp=y—y
ab-- oo ___ JI y(oat):O p(oyt):O
: y(L,t)=0 p(L,t) =0
Q ! y(x,0) = yo(x) p(x, T)=0
| e
0 L7 x
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Time decomposition

t
Th--m oottt 1 Subdomains: Q; = (0,L) x (0, ) and
px'/ : Q2 = (Ov L) X (a7 T)
Q2 | " B .
N ! 8ty_axxy_y p atp+axxp—y_y
N R ! y(0,8)=0 p(0,t) =0
7! | y(L,t) =0 p(L,t) =0
Q ! y(x,0) = yo(x) p(x, T)=0
| e
0 L™ x
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Alternating Schwarz in time

In Q1 =(0,L) x (0,)

t
7:: __________________ . : 8t}/1e - 8xxy:f = V_lpf a1.“pf + axxpf = )/1Z -
P2, : y1(0,£)=0 pi(0,t) =0
Q : yi(Lt)=0 pr(L,t) =0
*, ¥1(x,0) = yo(x)
o L .
’.
@
. i
0 L™ x
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Alternating Schwarz in time

In Q1 =(0,L) x (0,)

t
7:: __________________ . : 8t}/1e - 8xxyle = V_lpf a1.‘pf + axxpf = ylZ - 5}1
P2, : y1(0,6)=0 pi(0,t) =0
Q : yi(Lt)=0 pr(L,t) =0
* | W0 =y(x)  pilxa)=px0)
(0% L T
pP1!
Q
. W
0 L7 x
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Alternating Schwarz in time

In Q1 =(0,L) x (0,)

tT» | Oeyf — Oyt =V 'pL Oepl + Dbt = Vi — 1
P2, y1(0,8) =0 pi(0,1) =0
Q yi(Lt)=0 pi(L,t) =0
., ¥{(x,0) = yo(x) pr(x, @) = pyH(x, )
o ' o C @ =(0,L) % (a, T)
o Oeys —Ooys =V 'ps  Oeps+ 05 = y5 — P2
., | y3(0,1) =0 pa(0,) = 0
0§ . ™ YL t)=0 ps(L,t) =0
ps(x, T) =0
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Alternating Schwarz in time

In Q1 =(0,L) x (0,)

tT» | Oeyf — Oyt =V 'pL Oepl + Dbt = Vi — 1
P2, y1(0,8) =0 pi(0,1) =0
Q yi(Lt)=0 pi(L,t) =0
% ¥{(x,0) = yo(x) pr(x, @) = pyH(x, )
o ' o C @ =(0,L) % (a, T)
o Oeys —Ooys =V 'ps  Oeps+ 05 = y5 — P2
., | y3(0,1) =0 pa(0,) = 0
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Alternating Schwarz in time

t
Tl .
p2)
@
B
(0% 1 T ’
P1 ! \
e |
0 % |
0 L’

How about the convergence ?

Liu-Di LU

In Q1 =(0,L) x (0,)

8:}’1e - 8xxy:f = V_lpf
yi(0,t) =0
yi(L,t)=0

Y1 (x,0) = yo(x)
In @ =(0,L) x (o, T)
Oeys — Ocys = v P
%2(0,8) =0
N »(Lt)=0
%5 (x,a) = yi(x, )

PinT for parabolic OCPs

a1.‘pf + axxpf = Yf -
pi(0,£) =0
pr(L,t)=0

pi(x.a) = py H(x, )

6tpg + axxpg = Y2€ -

p5(0,£) =0
p5(L,t) =0
p5(x, T) =0
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Alternating Schwarz in time

t
Tl .
p2)
@
B
(0% 1 T ’
P1 ! \
e |
0 % |
0 L’

How about the convergence ?
It does converge without overlap !

Liu-Di LU

In Q1 =(0,L) x (0,)

8:}’1e - 8xxy:f = V_lpf
yi(0,t) =0
yi(L,t)=0

Y1 (x,0) = yo(x)
In @ =(0,L) x (o, T)
Deys — Oys = v 'ph
%(0,8) =0
»(Lt)=0
5 (x, @) = y{(x, )

PinT for parabolic OCPs

a1.‘pf + axxpf = Yf -
pi(0,£) =0
pr(L,t)=0

pi(x.a) = py H(x, )

6tpg + axxpg = Y2€ -

p5(0,£) =0
p5(L,t) =0
p5(x, T) =0
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Alternating Schwarz in time - Intuition

Relations In @1 =(0,L) x (0,)
Oyt — Oyt =V Py 0Py + Dbt = ¥i — 1

v} = 0epj + Oucp] + 5

t
T ___________________ r~——~~>~==== i
p2) |
@2 : In @ = (07 L) X (O" T)
5 : Oeys — Ouys = v 'ps Oeps + OxxPs = s — 92
p S I )
7! |
o E
0 B2 !
0 [ x
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Alternating Schwarz in time - Intuition

Relations In @, =(0,L) x (0,)
V4 (0 L9 z) at)’f - 3xx}’1z = Vﬁlpf 5'tPf + axfo = }/f -
pi = v(0y — Oy
g i / ¥{(0,t) =0 pi(0,t) =0
yi(Lt)=0 pi(L,t) =0
t Yi(x,0) = yo(x) pi(x,a) = py ' (x, @)
T ___________________ r-——=>-===== l
p2) |
@ : In @ = (07 L) X (O" T)
5 ! Oeys — Oxys =V 'p5 Oeps + OxxPs = va — P2
a L .
P1!
o
. W
0 [ x
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Alternating Schwarz in time - Intuition

Relations In @, =(0,L) x (0,)
Oy — D) Deyf — Oy = v p{ Oepl + Dbl = i — 11
7 p ox
S y(0,1) = 0 pi(0,6) = 0
yi(Lt)=0 pi(L,t)=0
t ¥1(x,0) = yo(x)
T"""""""""p'z:' """" 0 (0 — D)Vt (x, ) = (0 — Oux)ys H(x, )
@ : In @ = (07 L) X (O" T)
5 ! Orys — Oxxys =V ps Oips + Ol = Y5 — 92
«a L :
R(y1)!
o
. "
0 [ x
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Alternating Schwarz in time - Intuition

Relations In @, =(0,L) x (0,)
Oeyi — Doyt =V 'pL 0Pl + 0Pl = yi — 1
£0,t) =0 £0,t) =0
) = O] O] 15 ){EEL, f; =0 Z%EL, t; =0
t Y1 (x,0) = yo(x)
7] :
P2,
@, In @ =(0,L) x (a, T)
T Orys — Oys = v 'Ps Oeps + Oy = Y5 — 92
o : . . %5(0,£) =0 p3(0,£) =0
R | (L) =0 ps(L,t) =0
@ 5 Yilea) = i) pix T) =0
0 e R
0 L7 x
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Alternating Schwarz in time - Intuition

Relations In @, =(0,L) x (0,)
Oy — Oyt =V Py 0Py + Dbt = ¥i — 1
0 4
YI(Oa t)IO pl(oa t):O
0 4 4 A
yi = 0p; + Oxxpi + Jj
J i e yi(L,t)=0 pi(L,t)=0
t Yi(x,0) = yo(x)
T .
p2)
Q> In @ =(0,L) x (a, T)
R(pa) Orys — Oxxys =V ps Oips + Ol = Y5 — 92
« ' > T | Y2€(Ov t) =0 pg(o, t) =0
v 5 Yi(Lt)=0 pi(Lt) =0
@ ; Ph(x. T) =0
0 1 L (0: + O )P5(x, @) = (Or + D) P (X, ¥)
0 [ x
Liu-Di LU PinT for parabolic OCPs
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Alternating Schwarz in time - Observation

4 R In Qu = (0,1) x (0,a)
P, : Oeyf — Oyt =V 'PL 0PI + 0Pl = yi — 1
@ | ¥ (0.1) =0 pi(0,£) =0
8 5 V(L) =0 (L 1) =0
N R prTTTTTT y1(x,0) = yo(x) pr(x, @) = pyH(x, )
o | In @ = (0, 1) x (o, T)
%, Oeys = Oxcys =v7'05  OePs+ O = 5 = 92
% ' T x (0,£) =0 ps(0,t) =0
- N _ »(Lt)=0 pa(L,t) =0
° (?C:;E?,I:; !condltlon transform to Robin type yzé(x,a) _ yf(x7 o) pﬁ(x, T) =0
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Alternating Schwarz in time - Observation

t In Q = (0,L) x (0,a)
T _____________ ,;?,_(_)_l' _______ a
Y, | _ 1.
v . —Ouyi + D%yi +v Ny = v
@ | YE(x,0) = yo(x)
le _: (at - axx)yf(xa a) = (81’ - axx)YZZ_l(X’ a)
Qf--------Jd--------- Fo-------
R(y)! | + B.C.
e | In Q= (0,L) x (a, T)
0 Ty E —att}’f + Az)’f + V_l)/f = V_l}?2
0 L™ x 5 (x, @) = yi (x, )

_ £—1 _
e Dirichlet condition transform to Robin type (0 = Dudys ™ (x, T) =0
condition ! + B.C.

e Forward-backward might be less important ?

Liu-Di LU PinT for parabolic OCPs SciCADE 2026



Alternating Schwarz in time - Variants

Exchange p and y In Q = (0, L) x (0, )
, Oeyf — Oyi =V 'PL 0Py + OPt = yi — 1
Ao . ] y1(0,£) =0 pi(0,t) =0
P2, : yi(Lt)=0 pr(L,t) =0
Q ¥1(x,0) = yo(x) vi(x,0) =y t(x,q)
Tpg E In Q =(0,L) x (a, T)
S A R R S I R I
v | ty2 2 2 2 2 2
Q : y2(0,£) =0 p3(0,£) =0
+, | V(L t)=0 p5(L,t) =0
05 : . ps(x, @) = pi(x, ) py(x, T) =0
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Alternating Schwarz in time - Variants

Only with y In Q = (0,L) x (0, )
, Oeyi — Doyt =V 'PL Ol + 0Pl = ¥i — 1
Ao . ] y1(0,£) =0 pi(0,t) =0
P2, : yi(Lt)=0 pr(L,t) =0
Q ¥1(x,0) = yo(x) vi(x,0) =y t(x,q)
2 Qe (0,L) x (a, T)
T I JI Ocys — Oxys =V Ips  Opp5+ OxxPs = ya — o
v | ty2 2 2 2 2 2
Q : y2(0,£) =0 p3(0,£) =0
+, i y(Lt)=0 pi(L.t) =0
05 ' . v (x, @) = yi(x, ) pa(x, T) = Ox
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Alternating Schwarz in time - Variants

Only with p In Q = (0,L) x (0, )
, Oeyt — Oyt = v 1Pl 0Py + 0Pt = ¥i — 1
Ao . ] y1(0,£) =0 pi(0,t) =0
P2, : yi(Lt)=0 pi(L,t) =0
@ | y{(x,0) = yo(x) pi(x.a) = ps*(x,)
Tpg E In @ =(0,L) x (e, T)
T BT [ R R P T I
v | ty2 2 2 2 2 2
Q : ¥2(0,£) =0 p3(0,£) =0
+, | V(L t)=0 p5(L,t) =0
05 : . ps(x, @) = pi(x, ) py(x, T) =0
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Alternating Schwarz in time - Convergence

Dirichlet type transmission condition:

name | SD; | SD, | SD3 | SD4

Q1 p y y P
Q@ y p y p
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Alternating Schwarz in time - Convergence

Dirichlet type transmission condition:

name | SD; | SD, | SD3 | SD4

Q1 p y y P
Q@ y p y p

Analysis: eigendecomposition in space

1
P = N L (om Coth(am) + Am)(@m coth(bm) + Am)

psp, = max v(omcoth(an) + Am)(om coth(by) + )

psp; =1
psp, =1
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Alternating Schwarz in time - Convergence

Only with y In Q = (0,L) x (0, )
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| ty2 2 2 2 2 2
Q : y2(0,£) =0 p3(0,£) =0
1, | yi(Lt)=0 pa(L,t) =0
05 ' . v (x, @) = yi(x, ) po(x, T) =0
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Alternating Schwarz in time - Convergence

Dirichlet type transmission condition:

name | SD; | SD, | SD3 | SDs

Q1 p y y P
@ y p y p

Analysis: eigendecomposition in space

1
P = R U(@m cOth(am) + Am)(@m cOth(Bm) + Am)

psp, = max v(omcoth(an) + Am)(om coth(by) + )

psp, =1
psp, =1

Relaxation: e.g., p{(x,a) = ps(x, ) to p{(x,a) = f*(x) with

FH(x) = (1= 0)f(x) + Opy(x,a)  6€(0,1)
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Alternating Schwarz in time - Contraction

1.5 T . .
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Numerical experiments

Target function: y(x, t) = sin(7x)(2t? + t)

3_
=27
)
9

1
-
0.5 00
t X
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Numerical experiments

Numerical solutions: Crank-Nicolson with mesh size h; = h, = 3l2 and penalization parameter:
r=20.1

0.3 - | 3

—~ 0.2+

y(z,t

0.1+
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Numerical experiments

Iteration = 1 Iteration =1
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Numerical experiments

Iteration = 2
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Numerical experiments

Iteration = 5 Iteration = 5
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Numerical experiments - Convergence behavior

5
1 T T T 1.5 T T 1
0 —¥=psp,
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< PSD,
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What we learned

Three main messages:

e Time decomposition is different from space decomposition
e Forward-backward structure is important for alternating Schwarz to converge without overlap

e Relaxation can improve the convergence, but is not necessary for the method to converge

Many other variants: 3 Dirichlet-Neumann, 9 Neumann—Neumann, 36 Optimized Schwarz, ...

Gander, L., SINUM, 62(4):2048-2070, 2024  Gander, L., SINUM, 62(6):2588-2610, 2024
Gander, L., Domain Decomposition Methods in Science and Engineering XXVIII, 155:367-374, 2026
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Excellent weak scalability
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What we learned

Three main messages:

e Time decomposition is different from space decomposition
e Forward-backward structure is important for alternating Schwarz to converge without overlap
e Relaxation can improve the convergence, but is not necessary for the method to converge

Many other variants: 3 Dirichlet—-Neumann, 9 Neumann—Neumann, 36 Optimized Schwarz, ...

Gander, L., SIAM Journal on Numerical Analysis, 62(4):2048-2070, 2024
Gander, L., SIAM Journal on Numerical Analysis, 62(6):2588-2610, 2024
Gander, L., Domain Decomposition Methods in Science and Engineering XXVIII, 155:367-374, 2026

Excellent weak scalability: Detailed analysis in L., Vanzan, arXiv:2603.07768

Thank you for your attention !
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