Time domain decomposition for PDE-constrained optimization

Liu-Di LU

Matematikcentrums
Lunds Universitet

International Workshop on PDE-constrained Optimization: Theory, Numerics and Applications

Tianyuan Mathematics Research Center
June 18, 2026

LUNDS

UNIVERSITET

Liu-Di LU Time DD for PDE-constrained optimization Kunming 2026



Application: biomass production

Microalgae: photosynthetic micro-organisms 2-50 um in acquatic environment
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Application: biomass production

Microalgae: photosynthetic micro-organisms 2-50 um in acquatic environment

Photobioreactors:

= technology: chemostats, raceway, tubular, etc
= position: indoor/outdoor

= scale: lab/industrial

= purpose: wastewater treatment, biofuel
production, etc
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Application: biomass production

Microalgae: photosynthetic micro-organisms 2-50 um in acquatic environment

Photobioreactors: Challenges:

= technology: chemostats, raceway, tubular, etc =
= position: indoor/outdoor "
= scale: lab/industrial .

= purpose: wastewater treatment, biofuel ]
production, etc .

both physical and biological behavior
coupled models

different timescales

macro/micro levels

uncertainties: environment, measurement, etc
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Example: chemostats

Maximize biomass productivity P(X)
Governing equation: reaction-diffusion

O:X — KAX+ R(X) = f
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Example: chemostats

Maximize biomass productivity P(X)

Governing equation: reaction-diffusion
X — KAX+ RX)=f

e.g., control with the dilution rate R(X) = D(X)
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Example: raceway ponds

Paddle wheel

Water tank
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Example: raceway ponds

Maximize average growth rate ji(X)

Governing physics: hydrodynamics

Navier-Stokes, Shallow water, etc Paddle wheel

Water tank

Time: 7365

Velcry Magpuce ()
o o1 0z 03 5t T 08 00
—— L m—
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Example: raceway ponds

Maximize average growth rate ji(X)

Governing physics: hydrodynamics

Navier-Stokes, Shallow water, etc Paddle wheel

Microalgae movement: advection-diffusion

Water tank
OX+u-VX—rAX=Tf

Time: 7365

Velcry Magpuce ()
o o1 0z 03 5t T 08 00
—— L m—
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Example: raceway ponds

Maximize average growth rate ji(X)

Governing physics: hydrodynamics

Navier-Stokes, Shallow water, etc Paddle wheel

Microalgae movement: advection-diffusion
Water tank
OeX+u-VX—rAX=f

e.g., design best shape of the topography

Tter=10, fi =1.0685, logyo (|| Vl|) =-10.379

Time: 7365

-0.6
0 20 40 60 80 100 Velocty Magnftude (mfs)

o o1 0z 03 5t T 08 00
—— L m—

Liu-Di LU Time DD for PDE-constrained optimization Kunming 2026 4/32



Example: tubular photobioreactor

Surface; Temperature (K) 431281 bl
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Example: tubular photobioreactor

Minimize temperature distribution w.r.t. target y

1 . v
Sy, u) = §||y— iz(q) + 5”“”%2(0)

Governing equation: heat equation

Oty — KAy =u

Surface: Temperature (K}
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Model problem

Temperature control w.r.t. a target:
minimize the functional J(y, u) := 5|y — ¥72() + 5llullf2(q) ¥ € L*(Q), v > 0
constrained by 0,y — Ay=uin Q:=Q x (0, T)

completed with initial condition yy and boundary condition y =0 on X := 9Q x (0, T)

Liu-Di LU Time DD for PDE-constrained optimization Kunming 2026 6/32



Model problem

Temperature control w.r.t. a target:
minimize the functional J(y, u) := 5|y — ¥72() + 5llullf2(q) ¥ € L*(Q), v > 0
constrained by 0,y — Ay=uin Q:=Q x (0, T)
completed with initial condition yy and boundary condition y =0 on X := 9Q x (0, T)
Lagrange multiplier p:
L(y, p,u) = Iy, u) + (p, Oy — Ay — u)

Derive first-order optimality system

Oy—Ay=u inQ Op+Ap=y—y inQ
y=0 onX p=20 on X,
Y=Y onXg p=20 on Xt

vu—p=0 inQ
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Model problem

Reduced optimality system (forward-backward)

dy—Ay=v7lp inQ op+Ap=y—y inQ
y=0 on X p=0 on X
Y=% on X p=20 onXr
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Model problem

Reduced optimality system (forward-backward)

dy—Ay=v7lp inQ op+Ap=y—y inQ
y=0 on X p=0 on X
Y=% on X p=20 onXr

Apply domain decomposition methods

space decomposition time decomposition

Q1E

____5____
=2

x
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Space decomposition (Waveform method)

t
Thoommm 2 Subdomains: @, = (0,a) x (0, T) and
: v Q@ =(a, L) x(0,7)
E : aty—axxyzlj_lp atp‘{‘axxp_y_y
: | Oat =0 O t)=0
QO e-tos Q | (0, 1) p(0, 1)
(v,'p) | YL, t)=0 p(L) =0
| | YD) =yl pxT)=0
03 a I x
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Alternating Schwarz waveform

In Q1 = (O,CY) X (07 T)

t - .
7:~ 61-‘)4 - aXxyi =v 1Pli 8tp{ + axxpli = yli N
| ¥1(0,5) =0 P05 =0
| yg(Xa 0) = yl,O(X) pf(xa T) =0
Q1 Q2 !
00 o [ x
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Alternating Schwarz waveform

In Q1 = (O,CY) X (07 T)

t Doy — Oy = v Pl 0Pl + Ol = Y1 — 1
L } Y0, =0 pL(0,8) =0
E Yila, ) =y a, 1) pi(a,t) = py " (a, 1)
: Y1(%0) = y1,0(x) pi(xT)=0
Q1 Q2 E
00 IL) X
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Alternating Schwarz waveform

In Q1 = (O,CY) X (07 T)

;:\ 8tyli - axx.yli = V_lp{ 8tp{ + axxpli = yli - 5/1
i(0,1) = Pi(0,5)=0
yg (Oé, t) = yg_l(av t) pti(av t) = pg_l(av t)
yli(xv 0) = }/1,0(X) pf(xa T) =0
@ @ In Q= (0, L) x (0, T)
6t}’g - 8xxyg = V_lpg 3tpg + axxpg = yg — ¥
_ L _
00 a L)X }é(at)—o pQ(Lat)_O
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Alternating Schwarz waveform

In Q1 = (O,CY) X (07 T)

;:\ 8tyli - axx.yli = V_lp{ 8tp{ + axxpli = yli - 5/1
Yi(0,t) = pi(0,) =0
y{ (aa t) = yg_l(av t) pﬁ(aa t) = pg_l(av t)
yli(xv 0) = }/1,0(X) pf(xa T) =0
@ @2 In Q= (a,L) x (0, T
Oeyy — Doys = vIph  Ouph + Dps = V5 — 2
Yala, t) = yi(a.t) pi (e, t) = pi(a, t)
_ 0 _
0f ! b ¥o(L£) =0 pa(Lt) =0

Y5(x,0) = yo.0(x) ph(x, T) =0
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Alternating Schwarz waveform

In Q1 = (O,CY) X (07 T)

;:\ 8tyli - axx.yli = V_lp{ 8tp{ + axxpli = yli - 5/1
| | y1(0,1) = pi(0,1) =0
| E y{ (aa t) = yg_l(av t) pﬁ(aa t) = pg_l(av t)
5 : Yi(%,0) = y10(%) Pl T)=0

@ : Q2 Q= (0, L) x (0,T)

: 5 Duy — Oty = VD5 Oepl + Doy = Yo — I
: : Ys(a, t) = i (a, 1) ph(ar, t) = pi(a. 1)
! | _ ¢ _

0 4 . ¥o(L£) =0 pa(Lt) =0

Y5(%,0) = y2,0(x) ps(x, T) =0
Does not converge without overlap !
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Alternating Schwarz waveform

In @ =(0,8) x (0,7

tT»: ___________________________ Oy — i =v7'pL 0Pl + Dbl = Vi —

- ; %Otzo pi(0,1) =0

- | A=A 60  plB =6 (80

. ; x0) = o) P ) =0

@ @ Q= (L) x(0,T)

ey — Oy =V Py Oepy + Oy = Yo — ¥

- | hlot) =via ) phla,t) = pi(at)
0f aﬂ o yf(L,t)zo ph(L, ) =0

Y2(%,0) = y2,0(x) py(x, T) =0

Now converges with overlap !
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Time decomposition

t

T .
Q2 |

ok . 3
@ |

03 T

x

Subdomains: Q; = (0, L) x (0,«) and
Q= (07 L) x (av T)
a1.‘}/_8><)<y:7/_1p at’p‘i'axxp_y_y
¥(0,t) =0 p(0,1) =0
¥(L, 1) =0 p(L,t) =0
¥(x,0) = yo(x) plx, T) =0
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Time decomposition

t
T ___________________ r—-——>—=>==77 A
3 |
Q2 |
ol o J
@ |
. Ty !

0 T

x

Subdomains: Q; = (0, L) x (0,«) and
Q= (07 L) x (av T)
a1.‘}/_8><)<y:7/_1p at’p‘i'axxp_y_y
¥(0,t) =0 p(0,1) =0
¥(L, 1) =0 p(L,t) =0
¥(x,0) = yo(x) plx, T) =0
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Time decomposition

t
T ___________________ r~——~~>~==== il
p |
\I/ 1
1
Q2 |
1
17 |
ok -------- J . J
71 |
¥ |
Q i
A |
. % !
0 r

x

Subdomains: Q; = (0, L) x (0,«) and
Q= (07 L) x (av T)
a1.‘}/_8><)<y:7/_1p at’p‘i'axxp_y_y
¥(0,t) =0 p(0,1) =0
¥(L, 1) =0 p(L,t) =0
¥(x,0) = yo(x) plx, T) =0
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Alternating Schwarz in time

In @ =(0,L) x (0,)

t ~
7:: __________________ . 3 81‘}/5 - axxY{ = V_IP{ atpf + 8><><p€ = )/f -
P2, : ¥i(0,6) =0 pi(0,t) =0
Q ! Yi(L,t) =0 pi(L,t)=0
o 5 Y4 (x,0) = yo(x)
o L .
7!
Q
. ™
0 L x
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Alternating Schwarz in time

In @ =(0,L) x (0,)

Oy — O =P 0Pl + 0Pl = Y — 1

t
T """""""""" r-——=>-===== i
P2, : Y(0,8) =0
Q ! Yi(L,t)=0
o 5 Yi(x%,0) = yo(x)
Q@ L .
p1!
Q
. B
0 L x

pi(0,8) =0
pi(L,t)=0

Pilxa) =py ' (x )
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Alternating Schwarz in time

In @ =(0,L) x (0,)

; | 01 — Oui = v PL Ol + 0Pl = y1 —
P2, 10,6 =0 PL(0,5) =0
Q V(L) =0 Pi(Lt)=0
, K0 =y pilxa) =p(xa)
« | b L N Q=(0,0) x (o, T)
Q Oy — Oy =17 'P5  OePy + Oy = 5 — ¥
., | Y50, =0 P5(0,8) =0
05 - ™ Yo(L,t) =0 ps(L,t) =0
po(x, T) =0
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Alternating Schwarz in time

In @ =(0,L) x (0,)

;‘ . Oyh — Otk = vl 0Pl + OuPl = Vi — 11
P2y, %10, =0 pi(0,8) =0
Q V(L) =0 p(Lt)=0
Ty2 y{(x, 0) = yo(x) PIf (x,a) = pg_l(x, @)
* | pli | In Q2 = (0,L) x (a, T)
Q Oy — Oy =17 'P5  OePy + Oy = 5 — ¥
W E Y5(0,) =0 p5(0,) =0
% ' Iy YilL,t) =0 oL 6) =0
Yo(x @) = i (x a) pa(x, T) =0
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Alternating Schwarz in time

In @ =(0,L) x (0,)

tT . Oyi — O = v PL 0Pl + 0Pl = Vi — 1
P y1(0,6) =0 Pi(0,1) =0
Q V(L) =0 p(Lt)=0
o Yi(x,0) = yo(x) ph(x a) = pst(x a)
* | P1i | In @ =(0,L) x (a, T)
@ ) E Oryh — Oy = v ph  Oeph + Dby = V5 — ¥
W E Y5(0,) =0 p5(0,) =0
% ' T VAL ) =0 P(L ) = 0
How about the convergence ? Ys(x,a) = ¥i(x,q) p5(x, T) =0
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Alternating Schwarz in time

In @ =(0,L) x (0,)

tT . Oyi — O = v PL 0Pl + 0Pl = Vi — 1
P y1(0,6) =0 Pi(0,1) =0
Q V(L) =0 p(Lt)=0
o Yi(x,0) = yo(x) ph(x a) = pst(x a)
* | P1i | In @ =(0,L) x (a, T)
@ ) E Oryh — Oy = v ph  Oeph + Dby = V5 — ¥
W E Y5(0,) =0 p5(0,) =0
% ' T VAL ) =0 P(L ) = 0
How about the convergence ? Ys(x,a) = ¥i(x,q) p5(x, T) =0

It does converge without overlap !
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Alternating Schwarz in time - Intuition

Relations In Qr =(0,L) x (0,)
Pl = u( 8y£ Oy Oyt — O =V PL OePl + Ot = Y1 — 1
J t. xxJj

_y-,lf = atpj + axxpj + yj

t
T """""""""" r-———====° a
P2, :
Q, ! In Q= (0,L) x (cr, T)
5 | Oy — Oy = V™'Y Oeply + Oy = v — I
P S I 3
7! |
e |
. B2 |
0 L x
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Alternating Schwarz in time - Intuition

Relations In @ = (0,L) x (0,)
B — o) Byl — O = v Oupf + Oupl = Vi — 1
Y %1(0,8) =0 pi(0,8) =0
YLt =0 pi(L,t) =0
t Yi(x,0) = yo(x) pi(x ) = pyt(xa)
1 S .
P2, !
Q LI Q=(0,L) x (o, T)
. | Oy — Oy = V™'Y Oeply + Oy = v — I
« 1 T
P1\:/
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Alternating Schwarz in time - Intuition

Relations In Q1 =(0,L) x (0,)
_— 8yg o at}/i - axxyli = V_lpi a1.*P§ + axxpli = }/f -
= t. XX-y_] %(07 t) :0 pli(()’ t) :0
V(L) =0 pi(Lt)=0
t Y(x,0) = yo(x)
Themmo o 1 (O — DV (x.0) = (B — By (x.0)
Q, LI Q=(0,L) x (o, T)
/I\? : at}é - BXX}é = V_lpg 81-‘/-’2 + 8xxpg = }/g -2
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Alternating Schwarz in time - Intuition

Relations In Q. = (0,L) x (0,)
0 — Do =P, Pl + Dbl = Vo — 1
Yi(0,8) =0 pi(0,t) =0
;=0 i Ox C
y.ll tpj+ p; +Yy; y{(L,t):O P{(L,t):o
' YA (.0) = yo ()
T T
p2!
Q2 In Q2 = (0,L) x (e, T)
/I\y2 at,yé - axx}/é = V_lpg 3tpg =+ 8xxpg = }/g — 5/2
* ' 7 . %4(0,8) =0 ph(0,8) = 0
v E Yo(Lit) =0 p5(Lt) =0
Y i Vo) =vi(ca) AT =0
0 :)/1 :
0 T
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Alternating Schwarz in time - Intuition

Relations In Q. = (0,L) x (0,)
Ofs — Dok = vlpl Ol + Ol = i — 1
Yi(0,8) =0 pi(0,t) =0
;=0 i Ox C
y.ll tpj+ P; +yj y{(L,t):O P{(L,t):o
' YA (.0) = yo ()
T T
p2!
Q2 In Q= (0,L) x (o, T)
R(p2) Oyl — Oy = v Py Oeph + Ol = Y5 — 32
: I 71 ! ¥5(0,8) =0 pa(0,8) =0
v E Yo(Lit) =0 p5(Lt) =0
O Ql E Pg(X, T) =0
% - L S (O + D) P (%, @) = (D¢ + D) i (x, )
X
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Alternating Schwarz in time - Observation

;: __________________ R ] In Q= (0,L) x (0,a)
Py ! Oyh — Oy =711 Oepl + Ol = Y5 — 1
Q | 0,6 =0 pL0,2) =0
Ty Yi(Lt)=0 pi(Lt) =0
. Y prTTTTTT I Y1 (%,0) = yo(x) pilxa) = py(x )
o | In Q= (0,1) x (o, T)
o Ouys = OoVs = v 1Py Ol + Dby = vs — I
05 ' T ¥4(0.6) =0 p(0,8) = 0
. iy . Ys(L, ) =0 p5(L,t) =0
. (I;_)c:r:gzlilll:; !condltlon transform to Robin type V(% a) = o (x ) phx T) = 0
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Alternating Schwarz in time - Observation

t In Q. = (0,L) x (0,a)
T ___________________ r-—=—====-- a
R(y): ! <
v ! 0w/ + AN v =
@ | Yi(x.0) = yo(x)
ab - __ _:f/ ________ . ] (0 — 3XX)}/§ (x, ) = (0 — axx)yg_l(x, @)
R(y)! | + B.C.
Q@ E In Q= (0,L) x (, T)
0 T)/ E —3tty§ + A2y§ + V_l}é =v 'y
0 L™ x Yo% a) = i (x )

r—1 _
= Dirichlet condition transform to Robin type (0= Oy, (% T) =0
condition ! + B.C.

» Forward-backward might be less important ?
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Alternating Schwarz in time - Variants

Exchange p and y In @ = (0,L) x (0,a)
, Oy — Oy = v 'p] 0Pl + 0Pl = Y4 — 1
A Y1(0,8) =0 pi(0,) =0
"""""""""" r—-—=—-====7=17
P2, : Vil t) =0 pi(Lt)=0
Q ! Y1(%0) = yo(x) Y6 a) =y Hx )
P2 L I Q=(0,L) % (a,T)
R R T I 4 1.0 ¢ ¢ :
" | Oeyy — Ot =Py Oeph + Dby = vh — 32
@ : ¥5(0,8) =0 pe(0,8) =0
N ! Ya(L,t) =0 ph(L,t) =0
0:) I L)X pg<x)a>:p{(xva> pg(XﬂT):O
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Alternating Schwarz in time - Variants

Only with y In Q = (0,L) x (0,a)
t Oyt — Bk = v ipt 0pl + 0upl =V —
P o 1 (0,5 =0 pL(0,1) =0
pat | V(L t) =0 pi(L,t) =0
@ | Yi(x.0) = yo(x) hixa) =¥ (xa)
j\yQ _i In @ =(0,L) x (a, T)
I R | Ouh — O =Pk Ouph+ Ol = ¥ — 1
o Y4(0,8) = 0 p5(0,8) =0
. Va(Lt) =0 pa(L, 1) =0
0§ | T o) =Yi(xa)  phlxT)=0x

Liu-Di LU Time DD for PDE-constrained optimization Kunming 2026 14 /32



Alternating Schwarz in time - Variants

Only with p In Q= (0,L) x (0,)
t OV — Ouyh = vl OePi + Ol = Y5 — 31
E) % (0,0 =0 pi(0,1) =0
"""""""""" r—-—=—-====7=17
P2, : V(L) =0 pr(L,t) =0
Qo : }/{(X, 0) = yo(x) Pti (X7 o) = pg_l(xv a)
P2 L InQu=(0,L) % (a, T)
B R T I 4 1.0 ¢ ¢ .
Pl\:/ : at}é - aXX.yQ =V Py ath + 8xpr = }/g — Y2
Q : ¥5(0,8) =0 pa(0,) = 0
N | ya(L,1) =0 py(L,1) =0
OJ I [I_)X pg(x,a):pﬁ(x,a) Pg(X,T)ZO
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Alternating Schwarz in time - Convergence

Dirichlet type transmission condition:

name | SDy | SDy | SD3 | SD4

@ p y y P
Q2 y p y p
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Alternating Schwarz in time - Convergence

Dirichlet type transmission condition:

name | SDy | SDy | SD3 | SD4
Q1 p y y p
@2 y P y P

Analysis: eigendecomposition in space

1
PSD = e V(0 m coth(am) T Am) (0m COLh () £ )

psp, = max v(omcoth(am) + Am)(omcoth(bm) + Am)

psps = 1
psp, =1
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Alternating Schwarz in time - Convergence

Only with y In Q = (0,L) x (0,0)
, Ot — 0yt = v 0l Ot +0upt =Y —
A o ] Yi(0,8) =0 pi(0,1) =0
P, : (Lt =0 pi(L,t) =0
Q, | Yh(x,0) = yo (%) Vil o) = v (x )
N ]\%/ ________ o _i In Q= (0,L) x (v, T)
v OrYs — Oty = v 'Py Ol + Dy = v — 2
Q : ¥5(0,8) =0 p2(0,8) =0
" | (L1 =0 ph(L 1) =0
0f - i hixa)=yi(xa)  phx T)=0x
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Alternating Schwarz in time - Convergence

Only with y In Q. =(0,L) x (0,)
t _att.)/{ + AQY{ + V_l)’f =v
m----------------- );:' """" 0 Y€ (Xv 0) = }’O(X)
v I Yilxa) =y (x )
Q. + B.C.
ab-------_ _:%/ ________ fmmmm o J: In 02:(07L)X(Q7T)
y\:/ | —%yg + Agyg + V_lyg = V_I}A/2
Q ! Ya(x @) = yi(x )
. Ty | (0= 0wy 6, T) =0
0 L™ x + B.C.
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Alternating Schwarz in time - Convergence

Dirichlet type transmission condition:

name | SD; | SDy | SD3 | SD4

Q1 P y y P
(@) y p y p

Analysis: eigendecomposition in space

1
D = R V(0 cOth(am) + Am)(@m cOth(bm) + Am)

psp, = max v(om, coth(am) + Am)(om coth(bm) + Am)

AmEA
psp, =1
psp, =1

Relaxation: e.g., p{(x,a) = p5'(x,a) to pi(x,a) = f(x) with

FH(x) =1 -0)Ff(x) +0p5(x,a) e (0,1)

Liu-Di LU Time DD for PDE-constrained optimization Kunming 2026 15/32



Alternating Schwarz in time - Contraction

1.5 T r .
—¥— png
—~/~PsD,
PSD,
1 - 4

I
o

Contraction factor (p)

107 10° 10
Eigenvalues (\;,)
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Numerical experiments

Target function: y(x,t) = sin(7x)(2t> + t)
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Numerical experiments

L

Numerical solutions: Crank-Nicolson with mesh size h; = h, = 33

and penalization parameter: v = 0.1
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Numerical experiments

Iteration = 1 Iteration = 1

W
W= =
ngyi =

\
L LA NSEEEEas 1 1
N S S s
0L "'l"'""'"n':'.:‘?"}:: e 0- A
& S=— =
1 paa = 1 R e
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Numerical experiments

Iteration = 2 Iteration = 2

LY
A IILZ 1
L ~
0- S B E S S S S
e
1 S 0.5
e ———
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Numerical experiments

Iteration = 5

Iteration = 5

L

E‘,s ==
Z
=

7 /
TN
H # == 1 ? 2>
/7 LR S
""I'Il"%""".".%###&~.\~~ 0 LT
e e SRS > L 775 S eSS
Mgz 0.5 1 Hptrama=" 0.5
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Numerical experiments - Convergence behavior

5
’ : “ : : 15
0 —*¥—psp,
b,
< PSD,
-
2 17
Q
5 E
s g
9 kst
3
E 0.5
3
O Borcrmrmrirrra—ae N\ A AR AAAAA
0 1 X
102 10° 102
Tteration Eigenvalues (\,,)
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How about Neumann condition 7

Neumann type transmission condition:

name | SNy | SNy | SN3 | SNy
o) Op Oy | Oy | Oip
Q: | Oy | Owp | Oy | Oep

Liu-Di LU
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How about Neumann condition 7

Neumann type transmission condition:

name | SNy | SNy | SN3 | SNy
o) Op Oy | Oy | Oip
Q: | Oy | Owp | Oy | Oep

Analysis: eigendecomposition in space:

1
psna = DA v(omtanh(am) + Am)(oitanh(by,) + Am)

PsN, = max v(omtanh(am) + Am)(om tanh(by,) + Am)
€

PsNg = 1
psn, =1

Relaxation: e.g., 9:p%(x, @) = 0:p5~ ' (x, @) to :pt(x, @) = F(x) with

() = (1 - 0)Ff(x) + 00p5(x, )  6€(0,1)
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How about Neumann condition 7

10° - ﬂ - : 15 . . :
—*¥—psp,
2 ¢ -7,
109 — & — =R R R =
o 1
< &
LR == Iz
9 +
= ~7-5Dj 3
10710 H-o-sm ] g N
—A—SN? O WA AEZZAL N\ L AARAATAAAAA va
458Dy
—)(--SD4
1071° : : : 0 P . ¢
2 4 6 8 10 10 10 10

Tteration Eigenvalues (\,,)
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What we learned

Three main messages:

= Time decomposition is different from space decomposition
» Forward-backward structure is important for alternating Schwarz to converge without overlap
= Relaxation can improve the convergence, but is not necessary for the method to converge

Many other variants: 3 DN, 3 ND, 9 NN, 36 OS, ...

Liu-Di LU Time DD for PDE-constrained optimization Kunming 2026 20/32



Many subdomains and scalability

t
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Many subdomains and scalability

In Ql = (0, L) X (fo, fl)
815}4 - axx}’{ = V_lpli

t
tA;: __________________ R . atpi +8xxp€ :ylf -
p*:’ : yli(X, tU) :yO(X)a pﬁ(& tl) :pg_l(xa tl)
1
1
1
1
|
1
]| A fem e A
p! X
, ~y Q1 M E
0 L x
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Many subdomains and scalability

In Ql = (0, L) X (fo, fl)
8ty€ - axx}’{ = V_lpli

t
tA;: __________________ R . 3rpf+3xxpff=yli—5/1
a Qu v l Vil to) = yo(x),  pilxt) =p5 ' (x tr)
|y N !
T
I
I
I
:
I
7] T —— A
P! !
~y Q1 M :
fog - 7 InQu=(0,0) x (ty-—1,T)

at)’fv - axxyfv = V_lpf\l
8tpf\[ + a><><pf\/ = Yﬁl — YN
.yfv(xa tN—l) = yf\[_l(xa tN—l)v pr(X) tN) =0
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Many subdomains and scalability

In Ql = (0, L) X (fo, fl)
8ty€ - axx}’{ = V_lpli

t
7y R . 3rP€ + 8xxp€ = yli -
a Qu v l Vil to) = yo(x),  pilxt) =p5 ' (x tr)
|y N !
tnN-ab - R P
P 5 In Q= (0,L) X (tn_1, tn)
E at}/f, - 8XXY£ = VﬁlPﬁ
Ay | OePp + 0Py = Yo = Vi
I
. R ol ; Yo% tao1) = Yot (X ta1), PR(xtn) = Phi1(x; tn)
sy Q1 v :
togs . T InQu=1(0,L) x (tn-—1, T)

Liu-Di LU

at)’fv - axxyfv = V_lpf\l
8tpf\[ + a><><pf\/ = Yﬁl — YN

.yfv(xv tN—l) = yf\[_l(xa tN—l)v pr(X) tN) =0
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Kunming 2026 21/32



A comment on Decompose-then-optimize

Decompose first optimization
problem

;Iellﬂ ||)/£ yn||L2(Q,,) +35 ”UZ”L?(Q,,
+}/ TPﬁJ& (tn)
s.t.
8tyf, — Ayﬁ uf; in Q,
yf, g on X
Yo=Y onX,

with an extra term y4(t,) " phi1(tn)
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A comment on Decompose-then-optimize

In Q = (0, L) X (to, fl)
0 _ -1
Decompose first optimization 8:)/; 5xxy§ Ve P1
problem Op1 + 01 = Y1 — 51
yg(Xa tU) = yO(X)v pli(x? tl) = Pg 1(Xa tl)
min = ||)/£ yn||L2(Q,,) +35 ”UZ”L?(Q,,

" yz T {— In Qn = (O’ L) X (tn—la tn)
+ p 1 tn) L I
1 Then optimize ey — OV =P
st atpfr + 6><><pn = yﬁ —¥n
o T At = e te) Ao t) = Al )
atyf,_Ayn = u, In Qn n\% tn—1 Yn yth—1)y  PplX ta P,,_H s Ln
}/ﬁ:g on X In QN:(O,L)X(tN_l,T)
0—
yﬁ = yn_ll on En—l 81’%\[ _ 8xx_yf\[ _ Vﬁlpﬁ/

a1.‘P§\I + axxpfv = Yﬁl - N
Y tno1) = Yy txtue1),  pi(x tn) =0

with an extra term y4(t,) " phi1(tn)
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Weak scalability test

Numerical solutions: Same target y(x, t) = sin(7x)(2t> + t) and same parameter settings
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Weak scalability test

Iteration = 1

Two subdomains:

Iteration = 1

104

RIS
s .::2;.
é":i'" g,;;;:{w.... =
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N s ’< =
% I’ .4 s "'
"'":..:'...

e
ul:nf" 9,;"27%' ""'5"",: =

0 0 .

Kunming 202f

Time DD for PDE-constrained optimization




Weak scalability test

Two subdomains:
Iteration = 2

Iteration = 2

104

s
073 '}2.0:&2‘?. =
/7 s
Ity oo
l‘ll%}i’,/,;'ﬁz;'ﬁgnfézézs?
Lz

‘ﬂ.
s
s s
IO
e
1oy ll’l’z"ﬂ?’%’g?ég'
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Weak scalability test

Two subdomains:

Iteration = 5
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Weak scalability test

Four subdomains:
Iteration = 1 Iteration = 1

3
= =
52 520
= S
1
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Weak scalability test

Four subdomains:

Iteration = 2 Iteration = 2

— —~
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g2 5 20
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SN 3

S
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Weak scalability test

Four subdomains:

Iteration = 5

e
i
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Iteration = 5
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Weak scalability test

Eight subdomains:

Iteration = 1 Iteration = 1

150
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Weak scalability test

Eight subdomains:

Iteration = 2 Iteration = 2

150
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Weak scalability test

Eight subdomains:

Iteration = 5 Iteration = 5

150
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Weak scalability test

10%— < I I I

L? error

108+ N =2
3+ N=4

‘10 L 1 L 1
10 2 4 6 8 10

Iteration
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Scalability analysis

::Dzrcaetion matrix: eigendecomposition in _ 0 . Com(AB) 0
bmT0 Gum(AL)| TP T 0 0
T4, T,
Tow Tom T 0 Cim(At)
'm d,m r,m Td,m = e (At) ’ 0
TN,m = . 1,m
Tim Tam Trm Co (D) = —v~tsinh(o,At)
Tim  Tdm Lm " omcosh(opAt) + Ay sinh(o,At)
Om
block Toeplitz matrix with 2 x 2 block Co,m(At) =

omcosh(omAt) + Ay sinh(o,At)
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Scalability analysis

Iteration matrix: eigendecomposition in

|0 0 | Gm(AY) 0
space Tim := [0 CQ,m(Ar)] > Tom = [ 0 0
Ta, T,
Tow Tom T 0 Cim(At)
'm d,m r,m Td,m = e (At) ’ 0
TN,m = . 1,m
Tim Tam Trm Co (D) = —v~tsinh(o,At)
Tim  Tdm Lm " omcosh(opAt) + Ay sinh(o,At)
Om
block Toeplitz matrix with 2 x 2 block Co,m(At) =

omcosh(omAt) + Ay sinh(o,At)

Spectral radius of Ty, p,:
P(TN,m) < ||TN,m||

Goal: find a Cst such that || Ty, m|| < Cst < 1, and independent of N
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Scalability analysis

First attempt: classical matrix norm, e.g.

N Twmlloo = |CLm(AY)| + |G m(AL)], ifO0<v <1,
Ml T v CLm(AD)] + [ Com(AL)], i > 1,
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Scalability analysis

First attempt: classical matrix norm, e.g. Good news: independent of N
Bad news: larger than 1 for small v

| Tamlloo = |CLm(AL)| + |Com(AL)], ifO<v <1, Observation: 5(m) —
N,m||oco l/|C1,m(At)| + |C2,m(At)|, if v>1, y (Cl,m(At))Q i <C2,m(At))2 <1
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Scalability analysis

First attempt: classical matrix norm, e.g.

||TN,m||oo :{

|CLm(AD)] + |Com(AD], fO<v <1,
v[Cim(AL)| + |Com(AD)], ifv>1,

Remedy: a modified infinity norm

I Tnmll] =

Liu-Di LU

max
i=1,...,2(N—1)

2(N—1)

>

=1

N

2

(DflTNva)U.

Good news: independent of N
Bad news: larger than 1 for small v

Observation: p(m) =
v (Crm(AD) 4 (Com(AD)? < 1

Dy
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Scalability analysis

First attempt: classical matrix norm, e.g.

Tl |CLm(AD)| + | Co,m(AL)|, ifO<v <1, 15]
N,m|locc = . —o—p(Tys,
m I/|C17m(At)| + |C27m(At)|, if v > 1, 757‘/‘]%,ml
~a-p(m)
1 L
Remedy: a modified infinity norm
2(N-1) 3 05F | | ‘ | ]
2
T = D YTy ..D)- 5 10 15 20 25 30
I Twmllls= | max ; (D™ TwmD), N
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Scalability result

1OOEE . " " " 0.5 S EESEESEnE CE e
5 0.45}
10° 1
041 - (T},
4 & [Tl
g 10 ] 0.35} )
g
S 4ot ] 031
= N=2 * 0.25}
108 = N=14
N=38 0.21
——Theoretical Bound
10_10 T T " " ) A £ £y 2 £y A £ s £ &
2 4 6 8 10 2 4 6 8 10 12 14 16

Iteration N
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Periodic heating-cooling

2
Target function: ¥(x, t) =10 ZnNzl exp <—50 <(x— %)2 + (t— @"—TUN) ))

Illustration with four periods

—_
o

- N W A~ O OO N © ©
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Periodic heating-cooling

0.3 2 3.5
1.5 2.5
0.2
2
0.15 = 1
1.5
01 1
0.5
0.05 _: 0.5
0 0 0
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

T T

State solution y Optimal control u

w

Liu-Di LU Time DD for PDE-constrained optimization Kunming 2026 28/



Periodic heating-cooling

Liu-Di LU

100‘-\\\‘ . . . . : : :
\\\
102 ho 1
®
o
" 10 L ]
= % N=2
LI A,
R ]
107 H o N=16 S
—% N = 32 *\'
4 N=64
10-8 —= N = 128
7 N =256
= N =512
Theoretical Bound
1010 I I I | | | | |
2 3 4 5 6 7 8 9 10
Tteration
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Box constraint

Unconstrained
Usa = L*(Q)
Optimality condition:

vu—p=20
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Box constraint

Unconstrained Box constraint:

Usg = LQ(Q) Usg := {ve LQ(Q) D oUpin < v< umax}
Optimality condition: Optimality condition:

vu—p=20 u="Py, (l/_lp) := max {umin, min{l/_lp, umax}}
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Box constraint

Unconstrained
Usa = L*(Q)
Optimality condition:

vu—p=20

Reduced optimality system:

Box constraint:
Usg := {VG LQ(Q) D Upin S V< Umax}

Optimality condition:

u="Py, (l/_lp) ‘= max {umin, min{l/_lp, umax}}

Oy —Ay=Pu,(v"'p) InQ dp+Ap=y-y inQ
y=g on X p=20 on X

Y=¥ on X p=20 on Xt

Liu-Di LU
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Box constraint - Two strategies

Key idea: Semismooth Newton for
Flu):=u—Py, (v 'p)=0

and time domain decomposition as inner solver

Liu-Di LU Time DD for PDE-constrained optimization Kunming 2026 30/32



Box constraint - Two strategies

Semismooth Newton step:
it = uF s

with §u* solves G(u*)[6uk] = —F(u¥)
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Box constraint - Two strategies

Semismooth Newton step:

uk+1 _ uk+6uk

with §u* solves G(u*)[6uk] = —F(u¥)
Apply time domain decomposition for correction
ey — NSy = suk in @
Sy =0 on ¥
Sy =0 on Xy
0Pk + Adpk = 6y in Q
opk=0 on X
opk=0 on Xt

Suk — xprtop = —FW¥)  in @
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Box constraint - Two strategies

Semismooth Newton step:

R = R sk Key idea: first decomposing in time into N

subintervals
with 6u* solves G(u¥)[0u¥] = —F(u¥) P P PRI
Apply time domain decomposition for correction OYn = AVn = Pu, (v 'p) i Qn

vi=0 on X
O0yF — ASyF = du* in Q yh= it onY, 1
Zﬁ:g oni 0Py + Appy = Yy — I in Qn
= on
0P + AGpK = byf in QO pé _ Oe—l i
5pF=0 on X Pr = Pot on S
opk=0 on Xt

Suk — xprtop = —FW¥)  in @

Kunming 2026 30/32
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Box constraint - Two strategies

Semismooth Newton step:
R = R sk Key idea: first decomposing in time into N
subintervals

with §uX solves G(uk)[duX] = — F(uk
( )[ ] ( ) atyﬁ _ Ayf, — ]PUad (V—lpﬁ) in Qn

Apply time domain decomposition for correction

yf; =0 on
ey — NSy, = suk in Q yf, _ yﬁj onY, 1
Zﬁzg "> Ot A =-5 G,
= on
0:0p" + ASp* = 5yF in QO pé - Oe_l i
5pF=0 on X Pn = Pnst on =
6pk -0 on o7 then apply semismooth Newton within each time

subinterval.
Suk — xprtop = —FW¥)  in @

Kunming 2026 30/32
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Box constraint - Numerical results

Admissible set: Uy = 1 and upax = 3

0.25 3
0.2
25
0.15
2
0.1
15
C— ”
0 —= == 1
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
x €T
State solution y Optimal control u
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Box constraint - Numerical results

Strategy 1
N Outer SMNewton It.  Total PSM It.  Averaged PSM It.
8 3 35 11.7
16 3 46 15.3
32 3 71 23.6
64 3 77 25.7
128 3 77 25.7
256 3 7 257
512 3 7 257
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Box constraint - Numerical results

Strategy 2
1001\ : : : : : : : :
N
\\
w
N
-2 N
10°F N 3
ﬁ\\
‘\
.10 M % E
g 3
© N=2 K
5o fENS ~
10-6 |- N=4 \\! ]
N=38 s
-o-N=16 ~
% N =32 ‘\
. (> N=64 N
1084 N = 128 RS
7+ N =256
¢+ N =512
Theoretical Bound
10710 T T T . . . . .
1 2 3 4 5 6 7 8 9 10
Iteration
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What we learned

Time domain decomposition:
= Time decomposition is different from space decomposition
= Forward-backward structure is important for alternating Schwarz to converge without overlap

= Relaxation can improve the convergence, but is not necessary for the method to converge

Scalability:
= Time Parallel Schwarz is weak scalable (excellent scalability for heat problems)
= Two different strategies to handle box constraint
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What we learned

Time domain decomposition:
= Time decomposition is different from space decomposition
= Forward-backward structure is important for alternating Schwarz to converge without overlap

= Relaxation can improve the convergence, but is not necessary for the method to converge

Scalability:

= Time Parallel Schwarz is weak scalable (excellent scalability for heat problems)
= Two different strategies to handle box constraint

Conclusion: Domain decomposition provides a framework rather than just a solver !
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What we learned

Time domain decomposition:
= Time decomposition is different from space decomposition
= Forward-backward structure is important for alternating Schwarz to converge without overlap

= Relaxation can improve the convergence, but is not necessary for the method to converge

Scalability:

= Time Parallel Schwarz is weak scalable (excellent scalability for heat problems)
= Two different strategies to handle box constraint

Conclusion: Domain decomposition provides a framework rather than just a solver !

Thank you for your attention ! Bt iRAYESUT!
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