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Model problem

For ŷ ∈ L2(Q), γ ≥ 0 and ν > 0, minimize the cost functional

J(y , u) :=
1

2
‖y − ŷ‖2

L2(Q) +
γ

2
‖y(T )− ŷ(T )‖2

L2(Ω) +
ν

2
‖u‖2

L2(Ω),

subject to
∂ty −∆y = u in Q := (0,T )× Ω,

y = 0 on Σ := (0,T )× ∂Ω,

y = y0 on Σ0 := {0} × Ω,

with Ω ⊂ Rn.

Lagrange multipliers method

L(y , u, λ) = J(y , u) + 〈∂ty −∆y − u, λ〉.

First-order optimality system:

∂ty −∆y = u in Q,

y = 0 in Σ,

y = y0 in Σ0,

∂tλ+ ∆λ = y − ŷ in Q,

λ = 0 in Σ,

λ = −γ(y − ŷ) in ΣT := {T} × Ω,

−λ+ νu = 0 in Q.
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L2(Q) +
γ

2
‖y(T )− ŷ(T )‖2
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Dirichlet-Neumann Waveform Relaxation

x

t

L0
0

T

Q

Q = (0, L)× (0,T ),

∂ty −∆y = ν−1λ,

y(0, t) = 0,

y(L, t) = 0,

y(x , 0) = y0(x),

∂tλ+ ∆λ = y − ŷ ,

λ(0, t) = 0,

λ(L, t) = 0,

λ(x ,T ) + γy(x ,T ) = γŷ(x ,T ),
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Dirichlet-Neumann Waveform Relaxation
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Time domain decomposition
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Semi-discretization

Reduced optimality system:
∂t

(
y
λ

)
+

(
−∆y − ν−1λ
−y + ∆λ

)
=

(
0
−ŷ

)
,

y(·, 0) = y0(·),
λ(·,T ) + γy(·,T ) = γŷ(·,T ).

A = PDP−1 and D = diag(d1, . . . , dn),
(
żi
µ̇i

)
+

(
di −ν−1

−1 −di

)(
zi
µi

)
=

(
0
−ẑi

)
in (0,T ),

zi (0) = z0,i ,

µi (T ) + γzi (T ) = γẑi (T ),

with z = P−1Y , ẑ = P−1Ŷ and µ = P−1Λ.
n independent 2× 2 systems.
Second-order ODE:

z̈i − σ2
i zi = −ν−1ẑi in (0,T ),

zi (0) = z0,i ,

żi (T ) + ωizi (T ) = ν−1γẑi (T ),

or


µ̈i − σ2

i µi = −( ˙̂zi + di ẑi ) in (0,T ),

µi (0)− diµi (0) = z0,i − ẑi (0),

γµi (T ) + βiµi (T ) = 0,

with σi :=
√

d2
i + ν−1, ωi := ν−1γ + di and βi := 1− γdi .
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Semi-discretization

Ex: finite difference −∆ ≈ A
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A = PDP−1 and D = diag(d1, . . . , dn),
(
żi
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Dirichlet-Neumann convergence analysis

0 T
α

Ω1
Ω2

z1,i z2,i

µ2,iµ1,i

Dirichlet: 

(
żk1,i
µ̇k

1,i

)
+

(
di −ν−1

−1 −di

)(
zk1,i
µk

1,i

)
=

(
0
0

)
in Ω1,

zk1,i (0) = 0,

µk
1,i (α) = f k−1

α,i ,

Neumann: 

(
żk2,i
µ̇k

2,i

)
+

(
di −ν−1

−1 −di

)(
zk2,i
µk

2,i

)
=

(
0
0

)
in Ω2,

żk2,i (α) = żk1,i (α),

µk
2,i (T ) + γzk2,i (T ) = 0,

Update:
f kα,i := (1− θ)f k−1

α,i + θµk
2,i (α), θ > 0.
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α,i + θ
(
żk2,i (α) + diz

k
2,i (α)

)
.

Liu-Di LU (UNIGE) Algoritmy 2024 6 / 11



Dirichlet-Neumann convergence analysis
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Dirichlet-Neumann convergence analysis

0 T
α

Ω1
Ω2

z1,i z2,i

µi,2µi,1

Dirichlet: 
µ̈k

1,i − σ2
i µ

k
1,i = 0 in Ω1,

µ̇i (0)− diµi (0) = 0,

µk
1,i (α) = f k−1

α,i ,

Neumann: 

(
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Dirichlet-Neumann convergence analysis

0 T
α

Ω1
Ω2
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i µ
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µ̈k
2,i (α)− di µ̇

k
2,i (α) = µ̈k

1,i (α)− di µ̇
k
1,i (α),

γµ̇k
i (T ) + βiµ

k
i (T ) = 0,

Update:
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Dirichlet-Neumann convergence analysis


z̈k1,i − σ2

i z
k
1,i = 0 in Ω1,

zk1,i (0) = 0,

żk1,i (α) + diz
k
1,i (α) = f k−1

α,i ,
z̈k2,i − σ2

i z
k
2,i = 0 in Ω2,

żk2,i (α) = żk1,i (α),

żk2,i (T ) + ωiz
k
2,i (T ) = 0,

f kα,i = (1− θ)f k−1
α,i + θ

(
żk2,i (α) + diz

k
2,i (α)

)
.

Observations:

� three systems are equivalent,

� same convergence using z or µ,

� not anymore a ”DN” algorithm,

� forward-backward structure less important.
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Variants of DN and ND algorithms1

Category Ω1 Ω2 type

(zi , µi )

µi żi (DN)
żi + dizi żi (RN)
µ̇i zi (ND)

z̈i + di żi zi (RD)

zi

zi żi (DN)
zi żi (DN)
żi zi (ND)
żi zi (ND)

µi

µi µ̇i (DN)
żi + dizi z̈i + di żi (RR)
µ̇i µi (ND)

z̈i + di żi żi + dizi (RR)

1Gander and L. 2023
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Dirichlet-Neumann convergence analysis

Natural Dirichlet-Neumann (DN1):



(
żk1,i

µ̇k
1,i

)
+

(
di −ν−1

−1 −di

)(
zk1,i

µk
1,i

)
=

(
0

0

)
in Ω1,

zk1,i (0) = 0,

µ
k
1,i (α) = f k−1

α,i ,



(
żk2,i

µ̇k
2,i

)
+

(
di −ν−1

−1 −di

)(
zk2,i

µk
2,i

)
=

(
0

0

)
in Ω2,

żk2,i (α) = żk1,i (α),

µ
k
2,i (T ) + γzk2,i (T ) = 0,

f kα,i := (1− θ)f k−1
α,i + θµ

k
2,i (α).

Dirichlet-Neumann on both level (DN2):



(
żk1,i

µ̇k
1,i

)
+

(
di −ν−1

−1 −di

)(
zk1,i

µk
1,i

)
=

(
0

0

)
in Ω1,

zk1,i (0) = 0,

zk1,i (α) = f k−1
α,i ,



(
żk2,i

µ̇k
2,i

)
+

(
di −ν−1

−1 −di

)(
zk2,i

µk
2,i

)
=

(
0

0

)
in Ω2,

żk2,i (α) = żk1,i (α),

µ
k
2,i (T ) + γzk2,i (T ) = 0,

f kα,i := (1− θ)f k−1
α,i + θzk2,i (α).

Forward-backward can always be recovered !

zk1,i (α) = f k−1
α,i ⇒ µ̇

k
1,i (α)− diµ

k
1,i (α) = f k−1

α,i .
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Dirichlet-Neumann convergence analysis

Natural Dirichlet-Neumann (DN1):
z̈k1,i − σ

2
i z

k
1,i = 0 in Ω1,

zk1,i (0) = 0,

żk1,i (α) + di z
k
1,i (α) = f k−1

α,i ,


z̈k2,i − σ

2
i z

k
2,i = 0 in Ω2,

żk2,i (α) = żk1,i (α),

żk2,i (T ) + ωi z
k
2,i (T ) = 0,

f kα,i := (1− θ)f k−1
α,i + θ

(
żk2,i (α) + di z

k
2,i (α)

)
.

Dirichlet-Neumann on both level (DN2):
z̈k1,i − σ

2
i z

k
1,i = 0 in Ω1,

zk1,i (0) = 0,

zk1,i (α) = f k−1
α,i ,


z̈k2,i − σ

2
i z

k
2,i = 0 in Ω2,

żk2,i (α) = żk1,i (α),

żk2,i (T ) + ωi z
k
2,i (T ) = 0,

f kα,i := (1− θ)f k−1
α,i + θzk2,i (α).
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Dirichlet-Neumann convergence analysis

Solve the problem and find
f kα,i := ρ f k−1

α,i .

Convergence factor with analytical form

ρDN1 := max
di∈λ(A)

∣∣∣1− θ(1− ν−1 σiγ + βi tanh(bi )(
σi + di tanh(ai )

)(
ωi + σi tanh(bi )

))∣∣∣,
ρND1 := max

di∈λ(A)

∣∣∣1− θ(1− ν−1 σiγ + βi coth(bi )(
σi + di coth(ai )

)(
ωi + σi coth(bi )

))∣∣∣.
”Optimal” relaxation parameter with equioscillation

θ∗DN2
=

2

3 + coth(
√
ν−1α)

coth
(√

ν−1(T−α)
)

+γ
√
ν−1

1+γ
√
ν−1 coth

(√
ν−1(T−α)

) ,
θ∗ND2

=
2

3 + tanh(
√
ν−1α)

tanh(
√
ν−1(T−α))+γ

√
ν−1

1+γ
√
ν−1 tanh(

√
ν−1(T−α))

,

θ∗DN2
= θ∗ND3

and θ∗ND2
= θ∗DN3

.
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Numerical experiments

ν = 0.1, γ = 0, α = T
2

and θ = 1.

Liu-Di LU (UNIGE) Algoritmy 2024 9 / 11



Numerical experiments

ν = 0.1, γ = 0 and α = T
2

.

Liu-Di LU (UNIGE) Algoritmy 2024 9 / 11



Numerical experiments

ν = 0.1, γ = 10 and α = 7
10
T .

θ?DN2
= θ∗DN2

and θ?ND2
= θ∗ND2

.
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Classical Schwarz

Non-overlap 

(
żk1,i
µ̇k

1,i

)
+

(
di −ν−1

−1 −di

)(
zk1,i
µk

1,i

)
=

(
0
0

)
in Ω1,

zk1,i (0) = 0,

µk
1,i (α) = µk−1

2,i (α),

(
żk2,i
µ̇k

2,i

)
+

(
di −ν−1

−1 −di

)(
zk2,i
µk

2,i

)
=

(
0
0

)
in Ω2,

zk2,i (α) = zk1,i (α),

µk
2,i (T ) + γzk2,i (T ) = 0,

RD instead of DD !

Same classical Schwarz problem

Ω1 Ω2 type

zi zi (DD)
µi µi (DD)
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Classical Schwarz

Non-overlap 
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k
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1,i (α) + diz
k−1
1,i (α),

z̈k2,i − σ2
i z

k
2,i = 0 in Ω2,

zk2,i (α) = zk1,i (α),
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A little bit further

Parallel Schwarz µ+ pz , z + qµ [Gander and Kwok 2016]

”Natrual” Optimized Schwarz (∂n + p)(·), (∂n + q)(·)

(
żk1,i
µ̇k

1,i

)
+

(
di −ν−1

−1 −di

)(
zk1,i
µk

1,i

)
=

(
0
0

)
in Ω1,

zk1,i (0) = 0,

µ̇k
1,i (α) + pµk

1,i (α)= µ̇k−1
2,i (α) + pµk−1

2,i (α),

(
żk2,i
µ̇k

2,i

)
+

(
di −ν−1

−1 −di

)(
zk2,i
µk

2,i

)
=

(
0
0

)
in Ω2,

żk2,i (α) + qzk2,i (α)= żk1,i (α) + qzk1,i (α),

µk
2,i (T ) + γzk2,i (T ) = 0.

36 Variants of OS:

Ω1 Ω2 tran. cond. type

z + pµ

z + qµ (DD)
ż + qµ (DR)
z + qµ̇ (DR)
ż + qµ̇ (DN)
ż + qz (DR)
µ̇+ qµ (DR)

Thanks for your attention !
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żk2,i (α) + qzk2,i (α)= żk1,i (α) + qzk1,i (α),

µk
2,i (T ) + γzk2,i (T ) = 0.

36 Variants of OS:

Ω1 Ω2 tran. cond. type

z + pµ

z + qµ (DD)
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µ̇k

2,i

)
+

(
di −ν−1

−1 −di

)(
zk2,i
µk

2,i

)
=

(
0
0

)
in Ω2,

żk2,i (α) + qzk2,i (α)= żk1,i (α) + qzk1,i (α),

µk
2,i (T ) + γzk2,i (T ) = 0.

36 Variants of OS:

Ω1 Ω2 tran. cond. type

z + pµ

z + qµ (DD)
ż + qµ (DR)
z + qµ̇ (DR)
ż + qµ̇ (DN)
ż + qz (DR)
µ̇+ qµ (DR)

Thanks for your attention !
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