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Optimal control

% lIdea: At a given time horizon we want the system under study to
behave exactly as we wish
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Optimal control

% lIdea: At a given time horizon we want the system under study to
behave exactly as we wish
% Ingredients:
» A system governed by an ODE/PDE (state y),
» A control function u as an input to the system,
» A target state y as the desired state of the system,
» A cost functional J, e.g., cost of u, discrepancy between y and
Vv, etc.

Liu-Di LU (UNIGE) CANUM2020 June 14th, 2022 2/23



Optimal control

% lIdea: At a given time horizon we want the system under study to
behave exactly as we wish
% Ingredients:
» A system governed by an ODE/PDE (state y),
» A control function u as an input to the system,
» A target state y as the desired state of the system,
» A cost functional J, e.g., cost of u, discrepancy between y and
Vv, etc.
* Goal:

» Find the control u* which minimizes the cost such that the
system reaches the desired state.
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Example 1

Problem: Compute the force of thrust F

' 1IIFH2 . TI (t) — 4(t)*dt
min = - —
Pely 2! e T3 0 1A A ’
subject to

. q F )
Gg=—-———=+—, in(0,T),
o T MO

with m the mass of the satellite.
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Example 2

AT

Problem: Compute the
bottom topography z,

P ’Xal )
A, Plaw X )

subject to

X = f(X, 1),

with [ the light perceived.
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Example 3

Problem: Compute the heat source u

.1 1 N
min sl +5 [ 1v() = 9G0Pax

uE€Uyg

subject to
—div (k(x)Vy(x)) = u(x), inQ,

k(x) the thermal conductivity of Q.
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Poisson’s equation

% Model:

—Ay=u inQ,
_ (1)
y=0 on 0Q,

with Q CR", n=1,2,3.

Liu-Di LU (UNIGE) CANUM2020 June 14th, 2022



Poisson’s equation

% Model:
—Ay=u inQ,
_ (1)
y=0 on 0Q,
with Q CR", n=1,2,3.
% Problem:
= 5 [ 100 = 9L ax -+ Sl 2)
with v > 0.
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y=0 on 0Q,
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Poisson’s equation

% Model:
—Ay=u inQ,
_ (1)
y=0 on 0Q,
with Q CR", n=1,2,3.
% Problem:
= 5 [ 100 = 9L ax -+ Sl 2)
with v > 0.
% Goal: Find
min J(y, u),

subject to the PDE constraint (1).
% Lagrange multiplier approach:

‘C(y?)‘a U) :J(y7 U)-{—()\, _Ay_ U>,

A is the Lagrange multiplier or adjoint state.
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Optimality system

£y M) =5 [ vl = 2R dx+ S, + Ay )
» Primal problem:

MWL(y,\,u)=0, = —Ay—u=0.
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Optimality system

£y M) = 5 [ vl = 2R e+ S, + Ay —u)
» Primal problem:
MWL(y,\,u)=0, = —Ay—u=0.

» Adjoint problem:
Oy L(y,\,u)=0.
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Optimality system

£y M) = 5 [ vl = 2R e+ S, + Ay —u)
» Primal problem:
MWL(y,\,u)=0, = —Ay—u=0.

» Adjoint problem:
Oy L(y,\,u)=0.
» Integration by parts

(A —Ay) = (~A\y) - / Ahy + / YO
o0 o
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Optimality system

£y M) =5 [ vl = 2R dx+ S, + Ay )
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MWL(y,\,u)=0, = —Ay—u=0.
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Optimality system

£y M) =5 [ vl = 2R dx+ S, + Ay )
» Primal problem:
MWL(y,\,u)=0, = —Ay—u=0.

» Adjoint problem:

» Optimality condition:
Oul(y,\,u)=0 = —A4+vu=0.

with U,q := L%(9Q).
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Optimality system

% First-order optimality system:

—Ay =uin €, —AN=y—y inQ,
y =0 on 09, A=0 on 09,

A +vu=0.
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Optimality system

% First-order optimality system:
—Ay =uin €, —AN=y—y inQ,
y =0on 09, A=0 on 09,
-A+rvu=0.
% First-order optimality system:
—Ay=v~I\ inQ, —A\=y—y inQ,
y=0 on 09, A=0 on 0.
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Optimality system

% First-order optimality system:

—Ay =uin €, —AN=y—y inQ,
y =0 on 09, A=0 on 09,
-A+rvu=0.
% First-order optimality system:
—Ay=v~I\ inQ, —A\=y—y inQ,
y=0 on 09, A=0 on 0.

% First-order optimality system:
vA2y =y —§ inQ,
y=20 on 0%,
Ay =20 on 0Q2.
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Dirichlet-Neumann (Bjgrstad, Widlund 1986)

One dimensional case: Q = (0,1), Q1 =(0,I),Q ( 1) with T the
interface, y{(0) = y5(1) = D@ yk(0) = D@ yx(1 ) and y =0.
p )}/1 —)/1 =0, VD(4)Y2k —YQk =0,
i k(T) =y (), DWyJ(r) = DWy(r),

DR yf(r) = DBy (1), DP)y(r) = DB yf(r).
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Dirichlet-Neumann (Bjgrstad, Widlund 1986)

One dimensional case: 2 = (0,1), Q1 = (0,1),Qs = (I, 1) with " the
interface, y{(0) = y5(1) = D@ yk(0) = DPyk(1) =0, and y = 0.
(4))/1 - )/1 =0, VD(4)Y2k - YQk =0,
k(M) =y (D), DWyx(r) = DOy (),
D(2))/1 (M= DQ)kafl(r), DY) = DPyf(I).
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Dirichlet-Neumann (Bjgrstad, Widlund 1986)

One dimensional case: 2 = (0,1), Q1 = (0,1),Qs = (I, 1) with " the
interface, y{(0) = y5(1) = D@ yk(0) = DPyk(1) =0, and y = 0.
(4))/1 - )/1 =0, VD(4)Y2k - YQk =0,
i k(T) =y (), DWyx(r) = DWyf(r),
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Dirichlet-Neumann with relaxation

Relaxation parameter: 61,6, € (0,1).

VD(4)y1k — y{‘ =0, D(4)y2 — y2 =0,
(M) =yEt, DAYk = DM yk(T),
DRyf(r) = gEt, D(3)y2k(r) = D®yf(I),

vt = 01ys D) + (L= 0)yf 3 = 02D@ (M) + (1 - )3

0 0.2 0.4 0.6 0.8 1
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Convergence Analysis

> Solve yf,yf by using y(0) = y5(1) = D@)y{(0) = DPyf(1) = 0.

yi(x) = Ak sinh(&)cos(ﬂ) + Bk cosh(ﬂ) sin(ﬂ),

V2 2"
yX(x) = Ck sinh(u(l\éx))cos(ﬂ(lx/_ix))
p(l—=x) . u(l—x)
+ E* cosh( 7 ) sin( 7 ).
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> Solve yf,yf by using y(0) = y5(1) = D@)y{(0) = DPyf(1) = 0.

yi(x) = Ak sinh(&)cos(ﬂ) + Bk cosh(ﬂ) sin(ﬂ),

V2 2"
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+ E* cosh( 7 ) sin( 7 ).

» Evaluate A%, BX, C¥, EX by using the transmission condition at I".
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Convergence Analysis

> Solve yf,yf by using y(0) = y5(1) = D@)y{(0) = DPyf(1) = 0.

yi(x) = Ak sinh(&)cos(ﬂ) + Bk cosh(ﬂ) sin(ﬂ),

V2 2"
yX(x) = Ck sinh(u(l\éx))cos(ﬂ(lx/_ix))
p(l—=x) . u(l—x)
+ E* cosh( 7 ) sin( 7 ).

» Evaluate A%, BX, C¥, EX by using the transmission condition at I".

» Different behaviours according to the interface I':

[1 Gander, Kwok and Mandal, Convergence of Substructuring
Methods for Elliptic Optimal Control Problems, 2018
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Neumann-Neumann (Bourgat, Glowinski, Tallec, Vidrascu

Primal problem:

—Ayf=vIAY inQy —AyYf =0, in Q;
-k =0, on 09/ T @Z)}‘ =0, on 0%/ T
_y = ylf( 1, on r 8nj¢1k = anl.y],.( + 8”2.)/2!(’ on r
with yK := yf=1 — 01 (V| + 5.
Adjoint problem
—AXN =y —9, inQ —AgF =0, in Q
Af =0, on 9Q;/ T of =0, on 9%/ T
)\j.‘ = )\IF_I, onl 8nj¢j'( = am)\ll( + a112)‘12(7 onl

with AK = XK= — 0, (o |r + o).
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Optimality system

Lly. A u) = / () — 9GP ax+ 2wl + (A —By — )

» Primal problem:
—Ay=u in€Q,
a)\L(ya)\a U) 207 = Y
y=0 on 0Q.

» Adjoint problem:

OyL(y, A =0, =
y(y’ 4 ’ A= on 0N.

June 14th, 2022
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Optimality system

Lly. A u) = / () — 9GP ax+ 2wl + (A —By — )
» Primal problem:

—Ay=u in€Q,

Whl(y,\,u)=0, =
ALy: A u) y=0 ondQ.

» Adjoint problem:
oyL(y,\,u)=0, =
» Optimality condition:

Oul(y, N\, u) =0,
with U,g := H71(Q).
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» A linear operator H : H71(Q) — H}(Q) C L?() such that Hu is the
unique solution of the variational problem related to (1)

/ VHu(x) - Vv(x) dx = (u, V>H—1(Q),Hé(Q), Vv € HY(Q).
Q
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» A linear operator H : H71(Q) — H}(Q) C L?() such that Hu is the
unique solution of the variational problem related to (1)

/ VHu(x) - Vv(x) dx = (u, V>H—1(Q),H6l(Q), Yv e H&(Q).
Q
» The norm in H~1(Q) which is equivalent to the energy norm

lullfy-r () = (o ") @) mye) = VYl E2(0)-
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/ VHu(x) - Vv(x) dx = (u, V>H—1(Q),H6l(Q), Yv e H&(Q).
Q
» The norm in H~1(Q) which is equivalent to the energy norm

lullfy-r () = (o ") @) mye) = VYl E2(0)-

» H is self-adjoint.
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» A linear operator H : H71(Q) — H}(Q) C L?() such that Hu is the
unique solution of the variational problem related to (1)

/ VHu(x) - Vv(x) dx = (u, V>H—1(Q),H6l(Q), Yv e H&(Q).
Q
» The norm in H~1(Q) which is equivalent to the energy norm

lullF-s(q) = (u Hud i@y my@) = IV 0)-

» H is self-adjoint.
» Identity: y = Hu.
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» A linear operator H : H71(Q) — H}(Q) C L?() such that Hu is the
unique solution of the variational problem related to (1)

/ VHu(x) - Vv(x) dx = (u, V>H—1(Q),H6l(Q), Yv e H&(Q).
Q
» The norm in H~1(Q) which is equivalent to the energy norm

lullfy-r () = (o ") @) mye) = VYl E2(0)-

» H is self-adjoint.
» Identity: y = Hu.

> @ Neumiiller and Steinbach, Regularization error estimates for
distributed control problems in energy spaces, 2021
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Optimality system

L(y, A, u) /|y x)|? dx+ = (Hu ) pi(@),H-1(@) T A —Ay—u).
» Primal problem:

—Ay=u in€Q,
8>\L(y7)\7 U) = 07 =
y =0 on 0Q.

» Adjoint problem:

~AA=y—§ inQ,
A= on 0.
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Optimality system

L(y, A\, u) /|y x)[? dx+= (Hu ) pi(@),H-1(@) T A —Ay—u).
» Primal problem:

—Ay=u in€Q,

AWhL(y,\,u)=0, =
ALy: A u) y =0 on 0Q.
» Adjoint problem:

~AA=y—§ inQ,

OyL(y. M\ u) =0,
yLy:Asu) = A= on 9.

» Optimality condition:

oul(y,\\u)=0 = —A+vHu=0.
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Optimality system

% First-order optimality system:

—Ay =uin Q, —AN=y—y inQ,
y =0 on 09, A=0 on 09,

—A+vHu=0.
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Optimality system

% First-order optimality system:

—Ay =uin Q, —AN=y—y inQ,
y =0 on 09, A=0 on 011,

A+ vHu=0.
% First-order optimality system:

Ry A
= y=0on A=0 on 012,

—A+vHu=0.
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Optimality system

% First-order optimality system:

—Ay =uin Q, —AN=y—y inQ,
y =0 on 09, A=0 on 011,

A+ vHu=0.
% First-order optimality system:

o g S ATy e
= =
Y ! y=0on A=0 on 012,

A+ vHu=0.
% First-order optimality system:

—VvAy+y=yinQ,
y =0 on 09.
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Error Analysis (DN)

One dimensional case: Q = (0,1), Q1 = (0,),Q2 = (I', 1) with T the
interface.
» Error equation for e}‘ =y — yjk
véf —ef =0, ef(0) =

vék —ek =0, eX(1)=
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Error Analysis (DN)

One dimensional case: Q = (0,1), Q1 = (0,),Q2 = (I', 1) with T the

interface.

» Error equation for e}‘ =y — yjk

véf —ef =0,

vék —ek =0,
» Solution:

el(x) = Afsinh(Viv—1x),

eX(x) = B"sinh (\/F(l — x)) eV,
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Error Analysis (DN)

One dimensional case: Q = (0,1), Q1 = (0,),Q2 = (I', 1) with T the
interface.

» Error equation for e}‘ =y — yjk

véf —ef =0, ef(0)=

vés —ef =0, e5(1)=
» Solution:
ef(x) = A*sinh(Vir 1), eh(x) = B¥sinh (Vi I(1 - x)) e
» Convergence factor:
eX(IN) = —es (M tanh (\/F(1 - r)) coth (ﬁr) '

PDN
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Error Analysis (DNR)

» Error equation for ej‘ =y — yjk

véf —ef =0, ef(0)=0, ef(l)=ef",

k
1
véf —ef =0, e5(1)=0, &(I) =-eéf(),

with ef := (1 —0)ef " + 0ex(), 6 € (0,1).
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Error Analysis (DNR)

» Error equation for ej‘ =y — yjk

véf —ef =0, ef(0)=0, ef(l)=ef",

k
1
véf —ef =0, e5(1)=0, &(I) =-eéf(),

with ef := (1 —0)ef " + 0ex(), 6 € (0,1).

» Convergence factor:

PDNR = ‘1 -0 [1 4+ tanh <\/F(1 — F)) coth (\/FF)} ’
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Error Analysis (NN)

» Error equation for ef‘ =y — yjk;

ué‘f - ejk =0, ef(0)=0, ef(1)=0, ej‘(r) = ek 1,

vif —f =0, ¥§(0)=0, ¥5(1)=0, Ont¥f = Onef + Ones,

with ef 1= ef ™1 — 0 (I (T) + ¥4(N)), 6 € (0,1).
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Error Analysis (NN)

» Error equation for ef := y — y

ué‘f - ejk =0, ef(0)=0, ef(1)=0, ej‘(r) = ek 1,
V¢J{< - djjk =0, ¢k(0) =0, 7,[)5(1) =0, anﬂ/ﬁ"( = 8"1 e{( + 8'7265(7
with ef :==ef1 — ¢ (v5(T) +¢5(N)), 6 € (0,1).

» Convergence factor:

PNN = ’1 — 9(tanh(\/ﬁr)
+tanh(VoI(1 - r))) (coth(\/ﬁr) + coth(V—1(1 - r))) ‘
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Convergence tests (DNR)
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Convergence tests (NN)
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Thanks for your attention !
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