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What else?

» Optimal control under H~! regularization

El Langer, Steinbach, Troltzsch and Yang, Space-time finite element
discretization of parabolic optimal control problems with energy
regularization, 2021

[} Neumiiller and Steinbach, Regularization error estimates for
distributed control problems in energy spaces, 2021

» Cost functional:

Iy, u) = ||y iz + 5 ~lull?,,.

» ... we obtain a singularly perturbed Dirichlet boundary value problem
for the Poisson equation, while for the control in L2(Q), this is a
singularly perturbed problem for the Bilaplace operator.
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Poisson’s equation

% Model:

—Ay=u inQ,
_ (1)
y=0 on 99,

with Q CR", n=1,2,3.
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_ (1)
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with Q CR", n=1,2,3.
% Problem:
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Poisson’s equation

% Model:
—Ay=u inQ,
_ (1)
y=0 on 99,
with Q CR", n=1,2,3.
% Problem:
=5 [0 -gtoRax+ Flulf,, @
with v > 0.
% Goal: Find
min J(y, u),
u€ U,y

subject to the PDE constraint (1).
% Lagrange multiplier approach:
‘C(ya)‘a U) = J(ya U) - <A7 _Ay - U>,

A is the Lagrange multiplier or adjoint state.
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Optimality system

% First-order optimality system:

—Ay =uin €, —AN=y—y inQ,
y =0 on 09, A=0 on 09,

A +vu=0.
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Optimality system

% First-order optimality system:
—Ay =uin €, —AN=y—y inQ,
y =0on 09, A=0 on 09,
-A+rvu=0.
% First-order optimality system:
—Ay=v~I\ inQ, —A\=y—y inQ,
y=0 on 09, A=0 on 0.

Liu-Di LU (UNIGE) DD27(MS03) Prague, July 25th, 2022



Optimality system

% First-order optimality system:

—Ay =uin €, —AN=y—y inQ,
y =0 on 09, A=0 on 09,
-A+rvu=0.
% First-order optimality system:
—Ay=v~I\ inQ, —A\=y—y inQ,
y=0 on 09, A=0 on 0.

% First-order optimality system:
vA2y =y —§ inQ,
y=20 on 0%,
Ay =20 on 0Q2.

Liu-Di LU (UNIGE) DD27(MS03) Prague, July 25th, 2022 420



Dirichlet-Neumann (Bjgrstad, Widlund 1986)

Example: Q1 = (0,1),Q, = (T, 1) with [ = I the interface,

y{(0) = y5(1) = D@ yf(0) = ()—0 and y = 0.
vDWyf — yf =0, vDWys — yf =0,
yi (M) =y (D), DOys(r) = DWyf(r),

DPyf(r) = D(z)yzk_l(FL DPyX(r) = DB)yK(T).
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Dirichlet-Neumann (Bjgrstad, Widlund 1986)

Example: Q7 = (0,1),Q, = (T, 1) with [ = I the interface,

y€(0) = yX(1) = D@yf(0) = ()—0 and y =0.
vDWyf — vl =0, vDWyk — vk =0,
yik(T) = y5}(I), DWyk(r) = DWyk(T),

D(2)y1k(r) = D(z)yzk_l(FL DPyX(r) = DByK(T).
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y€(0) = yX(1) = D@yf(0) = ()—0 and y =0.
vDWyf — vl =0, vDWyk — vk =0,
yik(T) = y5}(I), DWyk(r) = DWyk(T),
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Dirichlet-Neumann with relaxation

Relaxation parameter: 61,6, € (0,1).
vDWyf —yf =0, vDWys —yf =0,
(M) =y DOyI(r) = DWy(N),
DRy =5t DOy (M) = DOyE(T),
= Oy (D) + (L= 00)y 3 = 6:DPy (1) + (1 — 62)i¢
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Convergence Analysis

> Solve yf,ys by using y(0) = y5(1) = DP)y{(0) = DPyf(1) =0

B X X
yi(x) = Ak smh(ﬁ)cos(ﬂ) + Bk cosh(ﬁ) sm(ﬁ),
ke (1= X) n(1 —x)
yX(x) = CKsinh( 7 ) cos( 7 )
+ EX cosh(u(l\éx))sin(u(l\éx)).
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» Evaluate A%, BX, Ck, EX by using the transmission condition at I'.
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Convergence Analysis

> Solve yf,ys by using y(0) = y5(1) = DP)y{(0) = DPyf(1) =0

B X X
yi(x) = Ak smh(ﬁ)cos(ﬂ) + Bk cosh(ﬁ) sm(ﬁ),
ke (1= X) n(1 —x)
yX(x) = CKsinh( 7 ) cos( 7 )
+ EX cosh(u(l\éx))sin(u(l\éx))

» Evaluate A%, BX, Ck, EX by using the transmission condition at I'.

» Different behaviours according to the interface I'.
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Neumann-Neumann (Bourgat, Glowinski, Tallec, Vidrascu

Primal problem:

—Ayf=vIAY inQy —AyYf =0, in Q;
-k =0, on 09/ T @Z)}‘ =0, on 0%/ T
_y = ylf( 1, on r 8nj¢1k = anl.y],.( + 8”2.)/2!(’ on r
with yK := yf=1 — 01 (V| + 5.
Adjoint problem
—AXN =y —9, inQ —AgF =0, in Q
Af =0, on 9Q;/ T of =0, on 9%/ T
)\j.‘ = )\IF_I, onl 8nj¢j'( = am)\ll( + a112)‘12(7 onl

with AK = XK= — 0, (o |r + o).
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Optimality system

Lly. A u) = / () — 9GP ax+ 2wl + (A —By — )

» Primal problem:
—Ay=u in{Q,
a)\L(ya)\a U) 207 = Y
y =0 on 0Q.

» Adjoint problem:

OyL(y, A =0, =
y(y’ 4) ’ A= on 0N.

Prague, July 25th, 2022 9/20
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Optimality system

Lly. A u) = / () — 9GP ax+ 2wl + (A —By — )
» Primal problem:

—Ay=u in€Q,

Whl(y,\,u)=0, =
ALy: A u) y=0 ondQ.

» Adjoint problem:
oyL(y,\,u)=0, =
» Optimality condition:

Oul(y, N\, u) =0,
with U,g := H71(Q).
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» A linear operator H : H71(Q) — H}(Q) C L?() such that Hu is the
unique solution of the variational problem related to (1)

/ VHu(x) - Vv(x) dx = (u, V>H—1(Q),Hé(Q)7 Yv € H&(Q).
Q
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» A linear operator H : H71(Q) — H}(Q) C L?() such that Hu is the
unique solution of the variational problem related to (1)

/ VHu(x) - Vv(x) dx = (u, V>H—1(Q),H(:)l(Q)7 Vv € HY(Q).
Q
» The norm in H~1(Q) which is equivalent to the energy norm

lullf-r () = (o He) vy mpe) = VY lE2(0)-
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unique solution of the variational problem related to (1)

/ VHu(x) - Vv(x) dx = (u, V>H—1(Q),H(:)l(Q)7 Vv € HY(Q).
Q
» The norm in H~1(Q) which is equivalent to the energy norm

lullf-r () = (o He) vy mpe) = VY lE2(0)-

» H is self-adjoint.
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» A linear operator H : H71(Q) — H}(Q) C L?() such that Hu is the
unique solution of the variational problem related to (1)

/ VHu(x) - Vv(x) dx = (u, V>H—1(Q)’H6l(Q)7 Vv € HY(Q).
Q
» The norm in H~1(Q) which is equivalent to the energy norm

lullfr ) = (U 7 @) ey = IV lE2(0)-

» H is self-adjoint.
» Identity: y = Hu.
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Optimality system

L(y, A, u) /|y x)|? dx+ = (Hu ) pi(@),H-1(@) T A —Ay—u).
» Primal problem:

—Ay=u in€Q,
8>\L(y7)\7 U) = 07 =
y =0 on 0Q.

» Adjoint problem:

~AA=y—§ inQ,
A= on 0.
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Optimality system

L(y, A\, u) /|y x)[? dx+= (Hu ) pi(@),H-1(@) T A —Ay—u).
» Primal problem:

—Ay=u in€Q,

AWhL(y,\,u)=0, =
ALy: A u) y =0 on 0Q.
» Adjoint problem:

~AA=y—§ inQ,

OyL(y. M\ u) =0,
yLy:Asu) = A= on 9.

» Optimality condition:

oul(y,\\u)=0 = —A+vHu=0.
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Optimality system

% First-order optimality system:

—Ay =uin Q, —AN=y—y inQ,
y =0 on 09, A=0 on 09,

—A+vHu=0.

Liu-Di LU (UNIGE) DD27(MS03) Prague, July 25th, 2022



Optimality system

% First-order optimality system:

—Ay =uin Q, —AN=y—y inQ,
y =0 on 09, A=0 on 011,

A+ vHu=0.
% First-order optimality system:

Ry A
= y=0on A=0 on 012,

—A+vHu=0.
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Optimality system

% First-order optimality system:

—Ay =uin Q, —AN=y—y inQ,
y =0 on 09, A=0 on 011,

A+ vHu=0.
% First-order optimality system:

Ry A
= y=0on A=0 on 012,

A+ vHu=0.
% First-order optimality system:

—VvAy+y=yinQ,
y =0 on 09.
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Error Analysis (DN)

Example: Q1 = (0,T), Qg (r 1) with T the interface.
» Error equation for e =y — yJ

vék —ek =0, el(0)=

vék —ek =0, ek(1)=
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Error Analysis (DN)

Example: Q1 = (0,T), Qg (r 1) with T the interface.
» Error equation for e =y— yJ
véf —ef =0, ef(0)=
vék —ek =0, ek(1)=
» Solution:

ek(x) = Aksinh(V1x), ek(x) = BXsinh (mu—x)) eV

Liu-Di LU (UNIGE) DD27(MS03) Prague, July 25th, 2022 13 /20



Error Analysis (DN)

Example: Q1 = (0,T), Qg (r 1) with T the interface.
» Error equation for e =y — yJ

vék —ek =0, el(0)=
vék —ek =0, ek(1)=
» Solution:
ek(x) = Aksinh(V1x), ek(x) = BXsinh (\/F(l - x)) eV
» Convergence factor:

ek (M) = —ef~(I") tanh (mu - r)) coth (mr) .

PDN
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Error Analysis (DN)

Example: Q1 = (0,T), Qg (r 1) with T the interface.
» Error equation for e =y — yJ

vék —ek =0, ef(0)=0 X
vésy —ef =0, e5(1)=0, &(I)=ef(I).
» Solution:

ek(x) = Aksinh(V1x), ek(x) = BXsinh (mu - x)) eV
» Convergence factor:

ek (M) = —ef~(I") tanh (mu - r)) coth (mr) .

PDN

» In particular:

1 1
PDNh—:% = tanh (/ij) coth < V—1> -1
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Error Analysis (DNR)

» Error equation for e =y— yJ

Vé'f — ef =0, e (0) =0, ef(l‘) = ellffl,

véy —ef =0, e5(1)=0, &N = e (),

with ef := (1 —0)ef "t + 0ex(), 6 € (0,1).
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Error Analysis (DNR)

» Error equation for e =y— yJ

véf —ef =0, ef(0)=0, ef(lN= ellffl,

véy —ef =0, e5(1)=0, &N = e (),

with ef := (1 —0)ef "t + 0ex(), 6 € (0,1).
» Convergence factor:

PONR = ‘1 .y [1 + tanh (ma - r)) coth (x/Frﬂ ‘
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Error Analysis (DNR)

» Error equation for e =y— yJ

véf —ef =0, ef(0)=0, ef(lN= ellffl

véy —ef =0, e5(1)=0, &N = e (),

with ef := (1 —0)ef "t + 0ex(), 6 € (0,1).
» Convergence factor:

PONR = ‘1 .y [1 + tanh (ma - r)) coth (x/Frﬂ ‘

» In particular:
PDNR‘r:% =1-26.
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Error Analysis (NN)

» Error equation for e}‘ =y — yjk:

l/é'j‘ — ej‘ =0, e{‘(o) =0, eé((l) =0, ejk(l_) _ eﬁ_l,

I/¢Jk - w./k = 0’ ¢]I-((O) = 07 wé(l) = O? 8njw}( = 6”1 e]/f + angeé(y

with ef == ef =1 — 0 (I(I) + ¥4()), 0 € (0,1).

Liu-Di LU (UNIGE) DD27(MS03) Prague, July 25th, 2022 15 /20



Error Analysis (NN)

» Error equation for e}‘ =y — yjk:

véf —ef =0, ef(0)=0, e5(1)=0, e =¢"",
vipf —pF =0, ¢f(0)=0, ¢5(1)=0, Onbf = nef + Onye5,
with ek := ef =1 — 6 (k(I) + P&(M)), 6 € (0, 1),

» Convergence factor:

PN = ’1 - e(tanh(\/ﬁr)
+tanh(Vo—1(1 — r))) (coth(mr) + coth(V—1(1 — r))) ‘

Liu-Di LU (UNIGE) DD27(MS03) Prague, July 25th, 2022 15 /20



Error Analysis (NN)

» Error equation for e}‘ =y — yjk:

)

l/é'j‘ — ej‘ =0, e{‘(o) =0, eé((l) =0, ejk(l_) _ eﬁ_l

I/¢Jk - w./k = 0’ ¢k(0) = 07 wé(l) = O? 8njw}( = 6”1 e]/f + angeé(y

with ef == ef =1 — 0 (I(I) + ¥4()), 0 € (0,1).

» Convergence factor:
PN = ’1 - e(tanh(\/ﬁr)
+tanh(Vo—1(1 — r))) (coth(mr) + coth(V—1(1 — r))) ‘

» In particular:
panlp—1 =1 49.
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Error Analysis 2D (DN)

» Domain: Q; = (a,0) x R, Q2 = (0, b) x R with x; = 0 the interface
and a <0 < b.
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Error Analysis 2D (DN)

» Domain: Q; = (a,0) x R, Q2 = (0, b) x R with x; = 0 the interface
and a <0 < b.

» Fourier transform in x; direction: e;j(x1,x2) — &(x1, k).
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Error Analysis 2D (DN)

» Domain: Q; = (a,0) x R, Q2 = (0, b) x R with x; = 0 the interface

and a< 0 < b.

» Fourier transform in x; direction: e;j(x1,x2) — &(x1, k).

» Error equation:

VO] — (vk? +1)é] =

V085 — (vk* +1)8) =0,

(0, k) =1,

0xe3(0, k) = 0xef (0, k).

Liu-Di LU (UNIGE)

DD27(MS03)
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Error Analysis 2D (DN)

» Domain: Q; = (a,0) x R, Q, = (0, b) x R with x; = 0 the interface
and a < 0 < b.
» Fourier transform in x; direction: e;j(x1,x2) — &(x1, k).

» Error equation:

VO e — (vk*> +1)é7 =0, &](a, k) =0, &P(0,k)=¢l ",

VOxx €5 — (uk2 +1)& =0, éJ(b,k) =0, 0xe5(0,k)= 0xef(0,k).
» Parabolic control with semi-discretization:

véf — (vd? +1)ef =0, ef(0)=0, ef(l)=ef",

vés —(vd? +1)ek =0, &X(T)+dies(T) =0, &X(I) = ex().
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Convergence tests (DN)
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Convergence tests (NN)

Error

Liu-Di LU (UNIGE)
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What else?
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» Optimal control for Biharmonic equation
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What else?

» Optimal control for Biharmonic equation
Optimal control for Poisson Equation under L?-regularization:
vA%y +y =y.
Optimal control for Biharmonic Equation under
H~2-regularization:
2 A
vVAy —y =1y.
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What else?

» Optimal control for Biharmonic equation
Optimal control for Poisson Equation under L?-regularization:

vA%y +y =y.

Optimal control for Biharmonic Equation under
H~2-regularization:
vN%y —y = .

» Multi-grid Method for elliptic control (LFA)
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What else?

» Optimal control for Biharmonic equation
Optimal control for Poisson Equation under L?-regularization:
vA%y +y =y.
Optimal control for Biharmonic Equation under
H~2-regularization:
2 A
vVAy —y =1y.

» Multi-grid Method for elliptic control (LFA)
Poisson equation
pla,w) =1— a(l — cos(wAx)).
Optimal control for Poisson equation under H~2-regularization:

2 cos(wAx)

pla,w) =1-afl - W)-
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Thanks for your attention !
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