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Optimal control

F Idea: At a given time horizon we want the system under study to
behave exactly as we wish

F Ingredients:

I A system governed by an ODE/PDE (state y),
I A control function u as an input to the system,
I A target state ŷ as the desired state of the system,
I A cost functional J, e.g., cost of u, discrepancy between y and

ŷ , etc.

F Goal:

I Find the control u? which minimizes the cost such that the
system reaches the desired state.
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Example 1

Problem: Compute the force of thrust F

min
F∈Uad

1

2
‖F‖2

Uad
+

1

2

∫ T

0
|q(t)− q̂(t)|2dt,

subject to

q̈ = − q

|q|3
+

F

m
, in (0,T ),

with m the mass of the satellite.

q̂

q

F
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Example 2

Problem: Compute the
bottom topography zb

max
zb∈Uad

P(zb,X , I ),

subject to

Ẋ = f (X , I ),

with I the light perceived.
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Example 3

Problem: Compute the heat source u

J(y , u) =
1

2
‖y − ŷ‖2

L2(Q) +
ν

2
‖u‖2

Uad
,

subject to

∂ty −∆xy = u, in (0,T )× Ω.

Ω

u
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Heat equation

F Model:
∂ty −∆xy = u in Q,

y = 0 on Σ,

y = y0 on Σ0,

(1)

Q := (0,T )× Ω, Σ := (0,T )× ∂Ω, Σ0 := {0} × Ω and Ω ⊂ Rn.

F Problem:

J(y , u) =
1

2
‖y − ŷ‖2

L2(Q) +
ν

2
‖u‖2

Uad
,

with ν > 0.
F Goal: Find

min
u∈Uad

J(y , u),

subject to the PDE constraint (1).
F Approach: Lagrange multiplier λ

L(y , λ, u) = J(y , u) + 〈λ, ∂ty −∆xy − u〉.
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Optimality system

L(y , λ, u) =
1

2
‖y − ŷ‖2

L2(Q) +
ν

2
‖u‖2

Uad
+ 〈λ, ∂ty −∆xy − u〉,

I Primal problem:

∂λL(y , λ, u) = 0 ⇒ ∂ty −∆xy = u.

I Adjoint problem:
∂yL(y , λ, u) = 0.

I Integration by parts

〈λ, ∂ty −∆xy〉 =− 〈∂tλ, y〉+ (λ(T ), y(T ))− (λ(0), y(0))

− 〈∆xλ, y〉 −
∫

Σ
∂nyλ+

∫
Σ
y∂nλ.
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Optimality system

I First-order optimality system (forward-backward):

∂ty −∆xy = u in Q,

y = 0 in Σ,

y = y0 in Σ0,

−∂tλ−∆xλ = y − ŷ in Q,

λ = 0 in Σ,

λ = 0 in ΣT ,

−λ+ νu = 0 in Q.

I Semi-discretization version:

ẏ + Ay = ν−1λ,

y(0) = y0,

λ̇− ATλ = y − ŷ ,

λ(T ) = 0,

I A = AT ⇒ A = QDQT with QTQ = I and D = diag(d1, . . . , dm).

˙̃y + Dỹ = ν−1λ̃,

ỹ(0) = 0,

˙̃λ− Dλ̃ = ỹ − ˜̂y ,

λ̃(T ) = 0,

with ỹ = QT y , ˜̂y = QT ŷ and λ̃ = QTλ.
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Optimality system

I m independent 2× 2 systems:
(
ẏ

λ̇

)
+

(
di −ν−1

−1 −di

)(
y
λ

)
=

(
0
−ŷ

)
,

y(0) = y0,

λ(T ) = 0,

I Second-order ODE 
νÿ − (νd2

i + 1)y = −ŷ ,
y(0) = y0,

ẏ(T ) + diy(T ) = 0,

I Previous work

Gander and Kwok, Schwarz Methods for the Time-Parallel
Solution of Parabolic Control Problems, 2016.
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Dirichlet-Neumann (Bjørstad, Widlund 1986)

Example: Ω1 := (0, Γ),Ω2 := (Γ, 1) with the interface Γ = 1/2.

νëk1 − (νd2
i + 1)ek1 = 0,

ek1 (0) = 0,

ek1 (Γ) = ek−1
2 (Γ),

νëk2 − (νd2
i + 1)ek2 = 0,

ėk2 (T ) + die
k
2 (T ) = 0,

ėk2 (Γ) = ėk1 (Γ).

0 0.2 0.4 0.6 0.8 1
−2

−1

0

1

2

t

e(
t)
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νëk1 − (νd2
i + 1)ek1 = 0,

ek1 (0) = 0,

ek1 (Γ) = ek−1
2 (Γ),
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Convergence Analysis

I Error equation for ekj := y − ykj

νëk1 − (νd2
i + 1)ek1 = 0,

ek1 (0) = 0,

ek1 (Γ) = ek−1
2 (Γ),

νëk2 − (νd2
i + 1)ek2 = 0,

ėk2 (T ) + die
k
2 (T ) = 0,

ėk2 (Γ) = ėk1 (Γ).

I Solution:

ek1 (t) = Ak sinh(αt),

ek2 (t) = Bk
[

cosh (α(T − t)) + β sinh (α(T − t))
]
,

with α :=

√
νd2

i +1
ν and β := νdi√

ν2 d2
i +ν

.

I Convergence factor:

ek2 (Γ) = −ek−1
2 (Γ)

cosh (α(T − Γ)) + β sinh (α(T − Γ))

sinh (α(T − Γ)) + β cosh (α(T − Γ))
coth(αΓ)︸ ︷︷ ︸

ρDN

.
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Convergence Analysis

I Previous example:

0 0.2 0.4 0.6 0.8 1
−2

−1

0

1

2

t

e(
t)

I For Γ = T
2

ρDN |Γ=T
2

=
cosh

(
αT

2

)
+ β sinh

(
αT

2

)
sinh

(
αT

2

)
+ β cosh

(
αT

2

) · cosh(αT
2 )

sinh(αT
2 )

=1 +
1

sinh2(αT
2 ) + β cosh(αT

2 ) sinh(αT
2 )
.
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Dirichlet-Neumann with relaxation

Example: Ω1 := (0, Γ),Ω2 := (Γ, 1) with the interface Γ = 1/2.

νëk1 − (νd2
i + 1)ek1 = 0,

ek1 (0) = 0,

ek1 (Γ) = ek−1
Γ ,

νëk2 − (νd2
i + 1)yk2 = 0,

ėk2 (T ) + die
k
2 (T ) = 0,

ėk2 (Γ) = ėk1 (Γ).

with ykΓ := (1− θ)yk−1
Γ + θyk2 (Γ).

0 0.2 0.4 0.6 0.8 1
−2

−1

0

1

2

t

e(
t)
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sinh(αΓ)
[

sinh (α(T − Γ)) + β cosh (α(T − Γ))
]∣∣∣.
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Convergence Analysis

I Error equation for ekj := y − ykj

νëk1 − (νd2
i + 1)ek1 = 0,

ek1 (0) = 0,

ek1 (Γ) = ek−1
Γ ,

νëk2 − (νd2
i + 1)ek2 = 0,

ėk2 (T ) + die
k
2 (T ) = 0,

ėk2 (Γ) = ėk1 (Γ).

I Solution:

ek1 (t) = Ak sinh(αt),

ek2 (t) = Bk
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cosh (α(T − t)) + β sinh (α(T − t))
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Convergence tests (DNR)
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Optimal relaxation parameter

I The Dirichlet-Neumann method converges if ρ < 1 with

ρ = max
di∈Λ(A)

∣∣∣1− θ cosh (αiT ) + βi sinh (αiT )

sinh(αiΓ) (sinh (αi (T − Γ)) + βi cosh (αi (T − Γ)))

∣∣∣.

I Optimal θ obtained by equioscillation: find θ∗ such that

lim
di→0

ρDNR(θ∗) = lim
di→∞

ρDNR(θ∗),

i.e.,

θ∗ :=
2

2 +
cosh

(
1√
ν
T
)

+ γ√
ν

sinh
(

1√
ν
T
)

sinh( 1√
ν

Γ)
(

sinh
(

1√
ν

(T−Γ)
)

+ γ√
ν

cosh
(

1√
ν

(T−Γ)
)) .
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Neumann-Neumann (Bourgat, Glowinski, Tallec, Vidrascu
1989)

I Ω1 := (0, Γ),Ω2 := (Γ,T ) with Γ the interface. For j = 1, 2

νëkj − (νd2
i + 1)ekj = 0,

ek1 (0) = 0,

νėk2 (T ) + νdie
k
2 (T ) = 0,

ekj (Γ) = ek−1
Γ ,

νψ̈k
j − (νd2

i + 1)ψk
j = 0,

ψk
1 (0) = 0,

ψk
2 (T ) = 0,

∂njψ
k
j |Γ = ∂n1y

k
1 |Γ + ∂n2y

k
2 |Γ.

with ekΓ := ek−1
Γ − θ

(
ψk

1 (Γ) + ψk
2 (Γ)

)
.
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k
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with ekΓ := ek−1
Γ − θ

(
ψk

1 (Γ) + ψk
2 (Γ)

)
.

I Solution:

ek1 (t) =ek−1
Γ

sinh(αt)

sinh(αΓ)
,

ek2 (t) =ek−1
Γ

cosh (α(T − t)) + β sinh (α(T − t))
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j = 0,

ψk
1 (0) = 0,

ψk
2 (T ) = 0,

∂njψ
k
j |Γ = ∂n1y

k
1 |Γ + ∂n2y

k
2 |Γ.

with ekΓ := ek−1
Γ − θ

(
ψk

1 (Γ) + ψk
2 (Γ)

)
.

I Convergence factor:

ρNN :=
∣∣∣1− θ sinh (αT )

cosh (αΓ) cosh (α(T − Γ))

cosh (αT ) + β sinh (αT )

sinh(αΓ) (cosh (α(T − Γ)) + β sinh (α(T − Γ)))

∣∣∣.
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Convergence tests (NN)
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Optimal relaxation parameter

I The Neumann-Neumann method converges if ρ < 1 with

ρ = max
di∈Λ(A)

∣∣∣ρNN(θ)
∣∣∣.

I Optimal θ obtained by equioscillation: find θ∗ such that

lim
di→0

ρNN(θ∗) = lim
di→∞

ρNN(θ∗),

i.e.,

θ∗ := 2

4+
sinh

(√
1
ν T

)
cosh

(√
1
ν Γ

)
cosh

(√
1
ν (T−Γ)

) cosh

(√
1
ν T

)
+

γ√
ν

sinh

(√
1
ν T

)
sinh(
√

1
ν Γ)

(
cosh

(√
1
ν (T−Γ)

)
+

γ√
ν

sinh

(√
1
ν (T−Γ)

))
.
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Numerical tests

I Domain: (x , t) ∈ (0, 1)× (0, 3), ν = 1

I Discretization: h = 1/32 and h = 1/64 both in time and in space

I Two temporal subdomains: Ω1 = (0, 1), Ω2 = (1, 3)

I Optimal θ: θ∗DN ≈ 0.459, θ∗NN ≈ 0.252
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What else?

I Optimal control under H−1 regularization

Langer, Steinbach, Tröltzsch and Yang, Space-time finite element
discretization of parabolic optimal control problems with energy
regularization, 2021

Neumüller and Steinbach, Regularization error estimates for
distributed control problems in energy spaces, 2021

I Cost functional:

J(y , u) =
1

2
‖y − ŷ‖2

L2(Q) +
ν

2
‖u‖2

Uad
.

I ... we obtain a singularly perturbed Dirichlet boundary value problem
for the Poisson equation, while for the control in L2(Ω), this is a
singularly perturbed problem for the BiLaplace operator.

I Idea for parabolic case: (−∂t −∆x) ◦ (T − ·)?
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Langer, Steinbach, Tröltzsch and Yang, Space-time finite element
discretization of parabolic optimal control problems with energy
regularization, 2021

Neumüller and Steinbach, Regularization error estimates for
distributed control problems in energy spaces, 2021

I Cost functional:

J(y , u) =
1

2
‖y − ŷ‖2
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Thanks for your attention !
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