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Optimal control

% lIdea: At a given time horizon we want the system under study to
behave exactly as we wish
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Optimal control

% lIdea: At a given time horizon we want the system under study to
behave exactly as we wish
% Ingredients:
» A system governed by an ODE/PDE (state y),
» A control function u as an input to the system,
» A target state y as the desired state of the system,
» A cost functional J, e.g., cost of u, discrepancy between y and
Vv, etc.
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Optimal control

% lIdea: At a given time horizon we want the system under study to
behave exactly as we wish
% Ingredients:
» A system governed by an ODE/PDE (state y),
» A control function u as an input to the system,
» A target state y as the desired state of the system,
» A cost functional J, e.g., cost of u, discrepancy between y and
Vv, etc.
* Goal:

» Find the control u* which minimizes the cost such that the
system reaches the desired state.
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Example 1

Problem: Compute the force of thrust F

' 1IIFH2 . TI (t) — 4(t)*dt
min = - —
Pely 2! e T3 0 1A A ’
subject to

. q F )
Gg=—-———=+—, in(0,T),
o T MO

with m the mass of the satellite.
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Example 2

AT

Problem: Compute the
bottom topography z,

P ’Xal )
A, Plaw X )

subject to

X = f(X, 1),

with [ the light perceived.
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Example 3

Problem: Compute the heat source u

]. A2 v 2
J(y,v) :§||y = Illizq) + §||U||Uadv
subject to

Oty —Dxy =u, in(0,T)xAQ.
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Heat equation

% Model:
Oy —Ayy=u inQ,
y=0 onkZX, (1)
Y=Y on Xy,

Q:=(0,T)xQ X:=(0,T) x99, £o:={0} x Qand Q C R".
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Heat equation

% Model:
Oy —Ayy=u inQ,
y=0 onkZX, (1)
Y=Y on Xy,

Q:=(0,T)xQ X:=(0,T) x99, £o:={0} x Qand Q C R".
% Problem:

]. NI v 2
Hyu) = Slly = Illizg) + 5 lull,
with v > 0.
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Heat equation

% Model:
Oy —Ayy=u inQ,
y=0 onkZX, (1)
Y=Y on Xy,

Q:=(0,T)xQ X:=(0,T) x99, £o:={0} x Qand Q C R".
% Problem: .
Iy, u) = 5lly = oy + 5 lul,
with v > 0.
% Goal: Find
min J(y, u),

u€ Uy
subject to the PDE constraint (1).
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Heat equation

% Model:
Oy —Ayy=u inQ,
y=0 onkZX, (1)
Y=Y on Xy,

Q:=(0,T)xQ X:=(0,T) x99, £o:={0} x Qand Q C R".
% Problem: .
Iy, u) = 5lly = oy + 5 lul,
with v > 0.
% Goal: Find
min J(y, u),

u€ Uy
subject to the PDE constraint (1).
% Approach: Lagrange multiplier A

L(y, N, u) = J(y,u) + (A, Oty — Axy — u).
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Optimality system

1 R v
L(y’>‘7 U) = 7||y —}/Hiz Q + 7”””%]3‘1 + <>‘76ty —Ayxy — U>7
2 @ "2

» Primal problem:

MWL(y,\,u)=0 = 0y —Ayy=u.
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Optimality system

1 R v
Ly, A u) = §||y —Y||i2(Q) + EHUH%Jad + (A Oy — Dy — ),
» Primal problem:
MWL(y,\,u)=0 = 0y —Ayy=u.

» Adjoint problem:
OyL(y, A\, u)=0.
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Optimality system

1 R v
Ly, A u) = §||y —Y||i2(Q) + 5”””%13(, + (A Oy — Dy — ),
» Primal problem:
MWL(y,\,u)=0 = 0y —Ayy=u.

» Adjoint problem:
OyL(y, A\, u)=0.

» Integration by parts
(A Oy = Diy) == (9eAy) + (A(T), y(T)) — (A0), ¥(0))
— (AN y) — /):8,,)/)\ + /zyan)\.
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Optimality system

1 R v
L(yv A, u) = EHy - y‘ﬁ?(Q) + §HUH%Jad + </\78ty —Ayy — U),

» Primal problem:
WLy, \,u)=0 = 0Oy — Ay =u.
» Adjoint problem:
A=A A=y —y inQ,

oyLly,\,uy=0 = A=0 on X,
NT)=0 on €,
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Optimality system

1 R v
L(yv A, u) = EHy - y‘ﬁ?(Q) + §HUH%Jad + </\78ty —Ayy — U),

» Primal problem:
WLy, \,u)=0 = 0Oy — Ay =u.

» Adjoint problem:
A=A A=y —y inQ,
oyLly,\,uy=0 = A=0 on X,
ANT)=0 on €,
» Optimality condition:
oul(y,\,u)=0 = —-A4+vu=0.
with U,g := L%(Q).
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Optimality system

» First-order optimality system (forward-backward):

Oty —Ayy=u in Q, — A =D A=y —y inQ,
y=0 inL, A=0 in X,
y=yo inZXo, A=0 in 1,

-A+rvu=0 inQ.
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Optimality system

» First-order optimality system (forward-backward):

Oty —Ayy=u in Q, — A =D A=y —y inQ,
y=0 inL, A=0 in X,
y=yo inZXo, A=0 in 1,

-A+rvu=0 inQ.
» Semi-discretization version:
y+Ay=vIA, A-ATA=y -7,
y(0) = yo, A(T) =0,
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Optimality system

» First-order optimality system (forward-backward):

Oty —Ayy=u in Q, — A =D A=y —y inQ,
y=0 inL, A=0 in X,
y=yo inZXo, A=0 in 1,

-A+rvu=0 inQ.
» Semi-discretization version:
y+Ay=vIA, A-ATA=y -7,
y(0) = yo, A(T) =0,
» A=AT = A= QDQT with Q" Q =/ and D = diag(dy, ..., dm).

<

§+Dy=v1%, X-DX
y(0) =0, NT) =

I

)"/'_
0,

with = QTy, § = Q79 and A = QT .
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Optimality system

» m independent 2 x 2 systems:

(B ) 0= (%)
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Optimality system

» m independent 2 x 2 systems:

(B )

» Second-order ODE
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Optimality system

» m independent 2 x 2 systems:

(B )

» Second-order ODE

» Previous work

[ Gander and Kwok, Schwarz Methods for the Time-Parallel
Solution of Parabolic Control Problems, 2016.
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Dirichlet-Neumann (Bjgrstad, Widlund 1986)

Example: Q1 := (0,1), Q5 := (I, 1) with the interface I = 1/2.

véf — (vd? +1)ef =0, vék — (vd? +1)ek =0,

ef(0) =0, &(T) + dies(T) =0,

ef (N =es (), & (M) = ¢ (n).
2
1,

NN

10
25 02 04 : 06 08 1
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Dirichlet-Neumann (Bjgrstad, Widlund 1986)

Example: Q7 :=(0,1), Q5 := (I, 1) with the interface I = 1/2.

véf — (vd? +1)ef =0, vék — (vd? +1)ek =0,
er(0) =0, &(T) + dies(T) =0,
ef (M) = & (1), éx() = &f(N).

—
T
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Dirichlet-Neumann (Bjgrstad, Widlund 1986)

Example: Q7 :=(0,1), Q5 := (I, 1) with the interface I = 1/2.

véf — (vd? +1)ef =0, vék — (vd? +1)ek =0,
er(0) =0, &(T) + dies(T) =0,
ef (M) = & (1), éx() = &f(N).

/|

. L .
0 0.2 0.4 0.6 0.8 1

Liu-Di LU (UNIGE) DD27(MS13) Prague, July 25th, 2022



Dirichlet-Neumann (Bjgrstad, Widlund 1986)

Example: Q7 :=(0,1), Q5 := (I, 1) with the interface I = 1/2.

véf — (vd? +1)ef =0, vék — (vd? +1)ek =0,
er(0) =0, &(T) + dies(T) =0,
ef (M) = & (1), éx() = &f(N).

—
T
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Convergence Analysis

» Error equation for ef‘ =y — yjk

vér — (vd? + 1)ef = 0, véX — (vd? +1)ek =0,
ef(0) = 0, &5(T) + dies(T) =0,
ef (M) = &5 (1), éx(I) = éf(N).
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Convergence Analysis

» Error equation for ef‘ =y — yjk

vér — (vd? + 1)ef = 0, véX — (vd? +1)ek =0,
ef(0) =0, &(T)+ dies(T) =0,
ef (M) = &5 (1), éx(I) = éf(N).
» Solution:

el (t) = Afsinh(at),
ex(t) = BX[cosh (a(T — t)) + Bsinh (a(T — 1)) ],

. vd?+1 vd:
with o := / — and 8 = ———=L—.
v 5 \/ V2 di2+V
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Convergence Analysis

» Error equation for ef‘ =y — yjk

vér — (vd? + 1)ef = 0, véX — (vd? +1)ek =0,
ef(0) =0, &(T)+ dies(T) =0,
ef (M) = &5 (1), éx(I) = éf(N).
» Solution:

el (t) = Afsinh(at),
ex(t) = BX[cosh (a(T — t)) + Bsinh (a(T — 1)) ],

Vd,-2+1
v

._ vd;
and 8 := o

with a 1=

» Convergence factor:

eX(I) = —ek=1(r) cosh (a(T —T)) + Bsinh (a(T —T))

sinh (a(T —T)) + Bcosh (a( T —T))

PDN

coth(al).
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Convergence Analysis

» Previous example:

e(t)

Liu-Di LU (UNIGE) DD27(MS13) Prague, July 25th, 2022 11/21



Convergence Analysis

» Previous example:

T 0 ‘
—1f /
_2 I I ‘ I I
0 02 04 06 08 1

-
> ForF:7

| _cosh (a ( %) + Bsinh (a%) cosh(ag)
PONIr=7 ~sinh (o I) + [ cosh (O‘%) sinh(a%
1

=i sinh?(a )—{—Bcosh( )smh( )
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Dirichlet-Neumann with relaxation

Example: Q; :=(0,T),85 := (I, 1) with the interface ' = 1/2.

véf — (vd? +1)ef =0, vék — (vd? + 1)yx =0,
ef(0) =0, EX(T) + diek(T) =0,
ef (M =ef 1, é5(I) = éf(I).

with yf == (1 — 0)yF 1 + 0yf(T).

2

e(t)
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Dirichlet-Neumann with relaxation

Example: Q; :=(0,T),85 := (I, 1) with the interface ' = 1/2.

véf — (vd? +1)ef =0, vék — (vd? +1)ek =0,
ef(0) =0, &5(T) + die5(T) =0,
ef(N=¢" 1, 5 (1) = éf(n).

with yf == (1 — 0)yF 1 + 0yf(T).

2

e(t)
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Convergence Analysis

» Error equation for ek k

yéf — (l/d,-2 + 1)e{‘ =0, ye2 (I/d2 + 1)e2 =0,
e (0) =0, & (T) + dies(T) =0,
ef(MN =e ', é5 (M) = éf(I).

» Solution:
el (t) = Afsinh(at),
ex(t) = BX [cosh (a(T — t)) + Bsinh (T — 1)) |,

Prague, July 25th, 2022
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Convergence Analysis

» Error equation for ek k

yéf — (l/d,-2 + 1)e{‘ =0, ye2 (I/d2 + 1)e2 =0,
e (0) =0, & (T) + dies(T) =0,
ef(MN =e ', é5 (M) = éf(I).

» Solution:
el (t) = Afsinh(at),
ex(t) = BX [cosh (a(T — t)) + Bsinh (T — 1)) |,

» Convergence factor:

o ’1_0 cosh (aT) + Bsinh (aT) ’
PONR = sinh(al)[sinh (a(T — ) + Bcosh (a(T — 1)) ] |

Prague, July 25th, 2022 13 /21
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Convergence tests (DNR)

Dirichlet-Neumann

1 T T
0.8
0.6 —e—Random
QU o—o—o & —v— Optimized
04l DN no relax |
0.2 .
0 l l l
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Optimal relaxation parameter

» The Dirichlet-Neumann method converges if p < 1 with

cosh (a; T) + Bisinh (e T) ‘

P= 4ont ‘1 - Hsinh(a,-r) (sinh (a;(T — 1)) + B; cosh (a;(T —T)))

dieA(A)
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Optimal relaxation parameter

» The Dirichlet-Neumann method converges if p < 1 with

p = max

1 cosh (a; T) + Bisinh (e T) ‘
dieA(A) '

~ Y Gnh () (sinh (i (T — 1)) + B, cosh (ar(T —T))

» Optimal 0 obtained by equioscillation: find 8* such that

Jim ponr(67) = lim ponr(67),

i—> i—» 00

ie.,

0" =
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Neumann-Neumann (Bourgat, Glowinski, Tallec, Vidrascu

1989)

> Q:=(0,1),Q := (I, T) with I the interface. For j =1,2

v — (vd? + 1)ef =0, vif — (vd? + 1)9f =0,
ef(0) =0, ¥ (0) =0,
vés(T) + vdies(T) = 0, Y5(T) =0,
ef (M) =ef 7, On K Ir = OmyEIr + Omys -
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Neumann-Neumann (Bourgat, Glowinski, Tallec, Vidrascu

1989)
> Q:=(0,1),Q := (I, T) with T the interface. For j =1,2
k

véf — (vd? + 1)ef =0, vl — (vd? + 1)yf =0,
et (0) =0, ¢y (0) =
véX(T) + vdieX(T) =0, YX(T) =0,
e_[k(r) = e# 17 8nj¢ﬂr = anly]ﬂl' + an2y2k’r'

with ef 1= ef ™1 — 0 (Y (T) + ¥4(N)).
» Solution:
(1) =k cosh (a(T — t)) + Bsinh (a(T — t))
2 T cosh (a(T =T)) + Bsinh (T —T))’

Prague, July 25th, 2022
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Neumann-Neumann (Bourgat, Glowinski, Tallec, Vidrascu

> Q;:=(0,1),Qz:= (I, T) with I' the interface. For j =1,2
K

véf — (vd? + 1)ef =0, vl — (vd? + 1)¥f =0,
ef(0) =0, ¥ (0) =
vés(T) +vdies(T) =0, Y5(T) =0,
eJk(r) = e[l'(_la 8nj"¢}<‘r = anlylk’r + aI72y2k’r‘

with ef 1= ef ™t — 0 (Y¥(I) + k().

» Convergence factor:

sinh (aT)
cosh (al’) cosh (a(T —T))
cosh (aT) + Bsinh (aT)
sinh(al) (cosh (a(T —T)) + Bsinh (T —T))) I
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Convergence tests (NN)

Neumann-Neumann

3 : . :
2.5 ——e ]
2t ]
D
.1 ]
0.5} ]
I
107 107" 10° 10" 10?
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Optimal relaxation parameter

» The Neumann-Neumann method converges if p < 1 with

pun(6)

= maxX
P dieA(A)
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Optimal relaxation parameter

» The Neumann-Neumann method converges if p < 1 with

= maX
P di€A(A)

pun(6)
» Optimal 0 obtained by equioscillation: find 8* such that

i —00

lim pn(07) = d,-llm PN (67),

ie.,

0= (V3T DD
4+
cosh(ﬁl’) cosh(ﬁ(Tfl')) sinh(\/;l') <cosh (\/g(T—F)>+\% sinh (\/%(T—”))
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Numerical tests

» Domain: (x,t) € (0,1) x (0,3), v =1
» Discretization: h =1/32 and h = 1/64 both in time and in space
» Two temporal subdomains: Q; = (0,1), Q2 = (1,3)

» Optimal 6: 65, ~ 0.459, 6§, ~ 0.252

10°

10'5 L

10—10 L

CITOr

10—15 L

10—20 L

1072

—o—DN i
~e DNk

NN k
=#= NN#

132
1/64
1/32
1/64
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What else?

» Optimal control under H~* regularization

B Langer, Steinbach, Troltzsch and Yang, Space-time finite element
discretization of parabolic optimal control problems with energy
regularization, 2021

[3] Neumiiller and Steinbach, Regularization error estimates for
distributed control problems in energy spaces, 2021
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What else?

» Optimal control under H~* regularization

B Langer, Steinbach, Troltzsch and Yang, Space-time finite element

discretization of parabolic optimal control problems with energy
regularization, 2021

[3] Neumiiller and Steinbach, Regularization error estimates for
distributed control problems in energy spaces, 2021

» Cost functional:

1 R v
Iy, u) = 5”}’ - )’||%2(Q) + EHUH%Jad'
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What else?

» Optimal control under H~* regularization

B Langer, Steinbach, Troltzsch and Yang, Space-time finite element
discretization of parabolic optimal control problems with energy
regularization, 2021

[3] Neumiiller and Steinbach, Regularization error estimates for
distributed control problems in energy spaces, 2021

» Cost functional:

1 R v
Iy, u) = 5”)’ - )’||%2(Q) + EHUH%Jad'

» ... we obtain a singularly perturbed Dirichlet boundary value problem
for the Poisson equation, while for the control in L?(Q), this is a
singularly perturbed problem for the BilLaplace operator.
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What else?

» Optimal control under H~* regularization

B Langer, Steinbach, Troltzsch and Yang, Space-time finite element
discretization of parabolic optimal control problems with energy
regularization, 2021

[3] Neumiiller and Steinbach, Regularization error estimates for
distributed control problems in energy spaces, 2021

» Cost functional:
1 ~112 v 2
Iy, u) = 5”)’ = Illizq) + §||U||Uad-

» ... we obtain a singularly perturbed Dirichlet boundary value problem
for the Poisson equation, while for the control in L?(Q), this is a
singularly perturbed problem for the BilLaplace operator.

» l|dea for parabolic case: (—0; — Ax)o (T —-)?
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Thanks for your attention !
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