Multigrid method for optimal control problem

Liu-Di LU (UNIGE)

Martin J. Gander, Liu-Di LU

Section of Mathematics
University of Geneva

Lugano, August 25th, 2022

IMG2022(MS2)

Lugano, August 25th, 2022



[§ Gander and Neumiiller, Analysis of a new space-time parallel
multigrid algorithm for parabolic problems, SIAM J. SCI. COMPUT .,

38(4), A2173 — A2208, 2016
Model: heat equation

Oru(x, t) — Ayu(x, t) = f(x, t) (x,t) e Q:=Q2x (0, T),
u(x,t) =0 (x,t) ex:=Tx(0,T),
u(x,0) = up(x) (x,t) € Lo :=Q x {0}.
Discretization: high order discontinuous Galerkin in time and finite
element in space.
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Model: heat equation
Oru(x, t) — Ayu(x, t) = f(x, t) (x,t) e Q:=Q2x (0, T),
u(x,t) =0 (x,t) ex:=Tx(0,T),
u(x,0) = up(x) (x,t) € Lo :=Q x {0}.
Discretization: high order discontinuous Galerkin in time and finite

element in space.

[ Gander and Lunet, Time Parallel Time Integration, In preparation,
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% One dimensional case:

Oru(x, t) — Oxxu(x, t) = f(x,t) in (0,L) x (0, T,
u(0, t) = go(t) in (0, T],
u(L, t) = gu(t) in (0, T],
u(x,0) = up(x) in (0,L).
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% One dimensional case:

Oru(x, t) — Oxxu(x, t) = f(x,t) in (0,L) x (0, T],
u(0,t) = go(t) in (0, T],
u(L,t) = gu(t) in (0, T],
u(x,0) = up(x) in (0,L).
% Discretization: backward Euler in time and centered finite difference
in space
Upt] — Up
—’—271_ — Lun+1 + fn—l—ly

with L the discretized Laplacian matrix.
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% One dimensional case:

Oru(x, t) — Oxxu(x, t) = f(x,t) in (0,L) x (0, T],
u(0,t) = go(t) in (0, T],
u(L,t) = gu(t) in (0, T],
u(x,0) = up(x) in (0,L).
% Discretization: backward Euler in time and centered finite difference
in space
Upt] — Up
—’—271_ — Lun+1 + fn—l—ly

with L the discretized Laplacian matrix.
% Linear system:

(I — AtL) Upt1 = Up + Atf,-H_]_ .
—_—— ﬁf—/
A
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% Discretization: backward Euler in time and centered finite difference
in space
Upt1 —Up
At
with L the discretized Laplacian matrix.
% Linear system:

= Lun+1 + fn—i—l,

(I — AtL) Upt+1 = Up + Atfn+]_ .
S———— S——
A b
% Two-grid:
ukts = S(b,u”, 1),
ukt3 = ykts + PAc_lR(b - Auk+%),
uk+1 = S(b7 uk+%7 V2)7
with 1 number of pre-smoothing step, v» number of post-smoothing

step, P prolongation matrix, R restriction matrix and A coarse
Galerkin matrix.
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Coarsen in space (Hackbusch 1984)
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£ ° = e - —
Fig 2.%1a: Grid at level 1 Fig 2.1b: Grid at level 1=-1
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 presmoothing steps, iteration k =1
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after coarse correction, iteration k =1
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 postsmoothing steps, iteration k =1
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 presmoothing steps, iteration k =2
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after coarse correction, iteration k =2
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 postsmoothing steps, iteration k =2
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 presmoothing steps, iteration k =3
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after coarse correction, iteration k =3
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 postsmoothing steps, iteration k =3
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 presmoothing steps, iteration k =10
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after coarse correction, iteration k =10
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 postsmoothing steps, iteration k& =10
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 presmoothing steps, iteration k =1
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 presmoothing steps, iteration k =1

0.51
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 presmoothing steps, iteration k =1
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 postsmoothing steps, iteration k& =10
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

.10 Brror after 5 postsmoothing steps, iteration k =10
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Coarsen in space (Hackbusch 1984)

Settings: v; = vp =5 and damped Jacobi smoother with o = %

. 10~ Brror after 5 postsmoothing steps, iteration & =10
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Coarsen in space-time
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Coarsen in space-time

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 presmoothing steps, iteration k£ =1
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Coarsen in space-time

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after coarse correction, iteration k =1
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Coarsen in space-time

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 postsmoothing steps, iteration k=1
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Coarsen in space-time

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 presmoothing steps, iteration k& =2
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Coarsen in space-time

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after coarse correction, iteration k =2
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Coarsen in space-time

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 postsmoothing steps, iteration k=2
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Coarsen in space-time

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 presmoothing steps, iteration k =10
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Coarsen in space-time

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after coarse correction, iteration k£ =10
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Coarsen in space-time

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 postsmoothing steps, iteration k=10
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Coarsen in space-time

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 presmoothing steps, iteration k£ =1
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Coarsen in space-time

Settings: v; = vp =5 and damped Jacobi smoother with o = %

Error after 5 presmoothing steps, iteration k£ =1
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Coarsen in space-time

Settings: v; = vp =5 and damped Jacobi smoother with o = %

|
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Error after 5 presmoothing steps, iteration k£ =1
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Local Fourier Analysis

» Damped Jacobi smoother:
uktt = uk + aD71(b — Auk),

with D = diag(A).
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Local Fourier Analysis

» Damped Jacobi smoother:
u 1 = u* 4 aD7 (b — Au¥),
with D = diag(A).
» Take the Fourier mode:
k k iijxeiant'

ljin = Cwe€

» Neglect the initial and boundary conditions of the problem, set b to
zero.
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Local Fourier Analysis

» Damped Jacobi smoother:
u 1 = u* 4 aD7 (b — Au¥),
with D = diag(A).
» Take the Fourier mode:

k k iwjAx jiEnAt
i = Cwg® T e

» Neglect the initial and boundary conditions of the problem, set b to
zero.

» Convergence factor:

2 AL cos(wAx) + e At

1+2R%

pla,w, &) =1—a(l —
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Local Fourier Analysis
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Time Multigrid

% Dahlquist Equation:

Oru = Au, u(0) =0, AeC.
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Time Multigrid

% Dahlquist Equation:
Oru = Au, u(0) =0, A eC.
% Discretization: backward Euler

(1—-AtN)upr1 — up, =0.
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Time Multigrid

% Dahlquist Equation:
Oru = Au, u(0) =0, AeC.
% Discretization: backward Euler
(1—-AtN)upr1 — up, =0.

% Smoother: damped Jacobi

(07

= Auk
1-aae Y

utl = uk L oD (b — Auk) = uF —
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Time Multigrid

e ) — : _ 1

Settings: A = —1 and damping parameter a = 3.
iter =0

1 . . . ;

0.7 1 h
0.6 {1 ” i

0.5 1

Crror
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Time Multigrid

Settings: A = —1 and damping parameter a = %

iter =1

0.9

0.7

0.6

0.5

Crror

0.4

0.3

0.2

0.1
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Time Multigrid

Settings: A = —1 and damping parameter a = %

iter = 2
0.9 T T T T

0.8

0.7

0.6

0.5

Crror

0.4

0.3

0.2 [

0.1
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Time Multigrid

Settings: A = —1 and damping parameter a = %

iter = 4
0.9 T T T T

0.8 E

0.7 k

0.6 k

0.5 k

Crror

0.4} 1

0.3 k

0.2 k

0.1 h
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Time Multigrid

Settings: A = —1 and damping parameter a = %

iter = 8
0.8 T T T T

0.7 h

0.6 E

0.5

041 .

Crror

0.3 E

0.2 h

0.1} E
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Time Multigrid

Settings: A = —1 and damping parameter a = %

iter = 16
0.7 T T : :

0.6 k

0.5 k

041 .

Crror

0.3 B

0.2 k
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Time Multigrid

% Dahlquist Equation:
Oru = Au, u(0) =0, reC.
% Discretization: backward Euler
(1—AtN)upe1 — up =0.
% Smoother: damped Jacobi
"l =uk 4 aD7 (b — Au¥) = uF — __Auk,

% Two-grid Method
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Time Multigrid

Settings: A = —1 and damping parameter a = %

iter =1

0.8 T T T T

before coarse

0.7 after coarse

0.6

0.5

0.4

0.3

Ccrror

0.2

0.1
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Time Multigrid

Settings: A = —1 and damping parameter a = %

iter = 2
0.01 T T T T

before coarse

0.005 after coarse

0

-0.005

-0.01

-0.015

Crror

-0.02

-0.025

-0.03

-0.035

-0.04
0
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Time Multigrid

Settings: A = —1 and damping parameter a = %

-6 iter = 4
g 10 : : : :

before coarse

after coarse

Crror
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Time Multigrid

Settings: A = —1 and damping parameter a = %

-1 iter = 8
2 X10 : : : :

before coarse

after coarse

Ccrror
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Back to heat equation

% Dahlquist Equation: % Heat Equation:

O = Au, Otu = Oxxu + f,
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Back to heat equation

% Dahlquist Equation: % Heat Equation:
O = Au, Ot = Oxxti + f,
% Discretization: % Discretization:
(1—AtN)upe1 — u, =0, (I — AtL)uppy — up, = Atfpyq,
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Back to heat equation

% Dahlquist Equation: % Heat Equation:
O = Au, Otll = Oxxld +
% Discretization: % Discretization:
(1—AtN)upe1 — u, =0, (I — Atl)uppy — up, = Aty
% Smoother: % Smoother:
uktt = uk—ﬁAu’ﬂ u = uk L aD7 (b — Aub).
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Back to heat equation

% Dahlquist Equation: * Heat Equation:

Oru = Au, Ot = Oxtt + f,

% Discretization: * Discretization:

(1 - At)\)un+1 — Up = 0’ (/ - AtL)Un+1 —u, = Atfn+1’
% Smoother: % Smoother:

uk+1:uk_LAuk‘ _U + « Eg b AU
1-AAt (I-AtL)-
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Back at equation

e 1 e — : _ 1
Settings: v1 = 1> =5 and damping parameter a = 3.

Error after 5 presmoothing steps, iteration k =1

0.2
04
-0.2 4
-0.4
0.6 4 i II-|1]||TI‘I'I'|I|
- -..l.‘.,,...rm"'L mﬂf"l"
11 m“

Liu-Di LU (UNIGE) IMG2022(MS2) Lugano, August 25th, 2022



Back at equation

1

Settings: v1 = 1> =5 and damping parameter a = 3.

Error after coarse correction, iteration k =1

0.14

Liu-Di LU (UNIGE) IMG2022(MS2) Lugano, August 25th, 2022



Back at equation

e 1 e — : _ 1
Settings: v1 = 1> =5 and damping parameter a = 3.

Error after 5 postsmoothing steps, iteration k =1
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Back at equation

1

Settings: v1 = 1> =5 and damping parameter a = 3.

Error after 5 presmoothing steps, iteration k =2
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Back at equation

1

Settings: v1 = 1> =5 and damping parameter a = 3.

Error after coarse correction, iteration k =2
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Back at equation

e 1 e — : _ 1
Settings: v1 = 1> =5 and damping parameter a = 3.

Error after 5 postsmoothing steps, iteration k =2
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Back at equation

e 1 e — : _ 1
Settings: v1 = 1> =5 and damping parameter a = 3.

Error after 5 presmoothing steps, iteration k =3
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Back to heat equation

e 1 e — : _ 1
Settings: v1 = 1> =5 and damping parameter a = 3.

Error after coarse correction, iteration k =3
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Back at equation

e 1 e — : _ 1
Settings: v1 = 1> =5 and damping parameter a = 3.

Error after 5 postsmoothing steps, iteration k =3
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Back at equation

e 1 e — : _ 1
Settings: v1 = 1> =5 and damping parameter a = 3.

Error after 5 presmoothing steps, iteration k =10
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Back to heat equation

Settings: v1 = 1> =5 and damping parameter a = 3.
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Error after coarse correction, iteration k =10
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Back at equation

e 1 e — : _ 1
Settings: v1 = 1> =5 and damping parameter a = 3.

Error after 5 postsmoothing steps, iteration k& =10
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Back at equation

e 1 e — : _ 1
Settings: v1 = 1> =5 and damping parameter a = 3.
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Back at equation

. . _ _ . 1
Settings: v; = v, = 5 and damping parameter a = 5.

.10 Brror after 5 postsmoothing steps, iteration k =10
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Back to heat equation

% Heat Equation:
81_-U = aXXU + f,

% Discretization:

(I = Atl)upy1 — u, = Atfpyg,

% Smoother:
uktt = uk +a(l — AtL)71(b — Au¥),
with
| — AtL
— = AtL

A= N
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Local Fourier Analysis

» Damped block Jacobi smoother:
utt = uk +a(l — AtL)71(b — Auk).
» Take the Fourier mode:

u., = ¢

k k iwjAx jiEnAt
Jsn w, g€ € :
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Local Fourier Analysis

» Damped block Jacobi smoother:
utt = uk +a(l — AtL)71(b — Auk).

» Take the Fourier mode:

k _ _k _JiwjAx jiénAt
Uj7n = Cwyge e .

» Convergence factor:
e—iEAt

1—22% (cos(wAx) — 1)

).

P(OK,UJ,&.) =1- 04(1 -
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Local Fourier Analysis
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Parabolic control

% Heat equation:

Oty — Ayu =z
u=20
u=up

in Q,
on X,
on X,

Q:=(0,T)xQ X:=(0,T) x99, £o:={0} x Qand Q C R".
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Parabolic control

% Heat equation:
Oty — Ayu =z in Q,

u=0 onkZ,
u=uy on Xg,
Q:=(0,T)xQ X:=(0,T) x99, £o:={0} x Qand Q C R".
% Cost functional:
Jo,2) = Sllo— 3Ry + lleliey
with v > 0.

Liu-Di LU (UNIGE) IMG2022(MS2) Lugano, August 25th, 2022



Parabolic control

% Heat equation:
Oty — Ayu =z in Q,

u=0 onkZ,
u=uy on Xg,
Q:=(0,T)xQ X:=(0,T) x99, £o:={0} x Qand Q C R".
% Cost functional:

1
J(U72)=2|| U||L2(Q)Jr HZHL2 Q)’

with v > 0.

% Problem: Find

J
Ly %)

subject to the PDE constraint.
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Parabolic control

% Heat equation:
Oty — Ayu =z in Q,

u=0 onkZ,
u=uy on Xg,
Q:=(0,T)xQ X:=(0,T) x99, £o:={0} x Qand Q C R".
% Cost functional:

1
J(U72)=2|| U||L2(Q)Jr HZHL2 Q)’

with v > 0.

% Problem: Find

J
Ly %)

subject to the PDE constraint.
% Approach: Lagrange multiplier A.
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Optimality system

» First-order optimality system (forward-backward):

Oty — Ayu =2z in Q, — A =D A=u—10 inQ,

u=20 in X, A=0 in X,

u=ug inXo, A=0 in 27,
-A+vz=0 in Q.
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Optimality system

» First-order optimality system (forward-backward):

Oty — Ayu =2z in Q, — A =D A=u—10 inQ,
u=20 in X, A=0 in X,
u=ug inXo, A=0 in 27,

-A+vz=0 in Q.

» All-in-one system:

A~

8ttu—A)2<u:u_u in Q,
v
Oty — Ayu=20 in X,
u=20 in X,
u = ug in Xo,
Oy — Ayu=20 in X71.
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Local Fourier Analysis

Convergence factor for damped Jacobi smoother:

2cos(§At)  —8cos(wAx)+2 cos(2wAx)

2 Ax4
pla,w,§) =1—a(l - At 6 2 1 )-
A TaE Ty
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Local Fourier Analysis

Convergence factor for damped block Jacobi smoother:

B 2 cos(EAL)
p(a,wa 5) =1- CY(]- - 24 A1:2(2cos(2(;.;Ax);)ij4cos(wa)—|—6 + %) )
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Local Fourier Analysis
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Local Fourier Analysis

Parabolic:
2% cos(wAx)+eiEAL

Damped Jacobi: p(o,w,&) :=1—a(l — At
1+28%

e—iEAt

Damped block Jacobi: p(a,w,&) =1 —a(l — 1+2A—t2(17cos(wa)))‘
Ax

Parabolic control:

Damped Jacobi:

2cos({At)  2cos(2wAx)—8cos(wAx)

2 Ax?
plo,w,§) =1—a(l - At 6 2 1 )-
adtae Ty

Damped block Jacobi:

B 2 cos((AL)
P(Oé,cw E) =1- Oé(]. - 24 At_2(2cos(2wAx);)é?(i;os(wa)Jr6 + %)

).
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Thanks for your attention !
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