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Adaptation of Han model to raceway

@ The Han system:
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Adaptation of Han model to raceway

@ The Han system:

A=—cIA+E

. = 1
B=0olA— £+ kC—kqolB :>{ ? f(A €
C=—kC+kyolB

o Fast/slow approximation: C = —a()C + p(1).
@ The growth rate:

w(C, 1) = kot L=E)

Tol+1

[ steady state

/
w(l) = Nmaxm (Haldane)
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Adaptation of Han model to raceway

Haldane description
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Adaptation of Han model to raceway

@ The Han system:

A=—cIA+E L
B=0glA— 8+ kC — kyolIB :>{ é_?f(A’C)
C = —k.C+ kqolB

o Fast/slow approximation: C = —a(/)C + 5(/).
@ The growth rate:

1-C
N(Cv I) = kgl‘(raIJr%

J steady state
wu(l) = umaxm (Haldane model)

o The Beer-Lambert law: /(z) = Is exp ( — 52).
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o water tank and paddle wheel.
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Raceway modelling

Raceway ponds:

@ widely used and cheapest
cultivation system,

@ water tank and paddle wheel.
Parameters to be optimized:
@ topography,

@ mixing.
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Overview

9 Topography
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1D Illustration
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Saint-Venant Equations

@ 1D steady state Saint-Venant equations

2
Ox(hu) =0, O (hu® + g%) = —ghdyzp.
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Saint-Venant Equations

@ Relation between z, and h

Mo Qg
Zb g 2gh? ) (1)
Qo, My € RT are two constants.

@ Froude number: U

Vgh
Fr < 1: subcritical case (i.e. the flow regime is fluvial)

Fr > 1: supercritical case (i.e. the flow regime is torrential)

@ Given a smooth topography z,, there exists a unique positive smooth
solution of h which satisfies the subcritical flow condition
(Michel-Dansac et al 2016).

@ A time free formulation of the Lagrangian trajectory starting from

z(0):
h(x)

2(x) = n(x) + rg)uw) —1(0)). 2)

Fr .=
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Optimization Problem

@ Our goal: Topography z.

Liu-Di LU Numerical Analysis Seminar Tuesday, November 2, 2021 10 /27



Optimization Problem

@ Our goal: Topography z.

@ Objective function: Average net growth rate

floo "= Vfo ZZ);)),u( ,z),1(x, z))dzdx

Liu-Di LU Numerical Analysis Seminar Tuesday, November 2, 2021 10 /27



Optimization Problem

@ Our goal: Topography z.
@ Objective function: Average net growth rate

fico = v fo fzz((f(),u( (x,2),1(x,z))dzdx

l vertical discretization

BN, = ﬁlezl o #(Gi, li)hdx

z
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Optimization Problem

Our goal: Topography zp.

Objective function: Average net growth rate
fico = v fo fzz((f(),u( (x,2),1(x,z))dzdx

l vertical discretization

AN, = VLNZZ,,VZl o M p(Gi, I;)hdx

@ Volume of the system V = fo x)dx.

o Parameterize h by a vector a := [ay,--- ,an,] € RN, e.g. Truncated
Fourier.

@ The computational chain:

h(a) — Zi — /,' — C,' — ﬁ/\/z.

Adjoint method — Vjip,(a).
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Optimal Topography

@ Number of parameters: N, = 5.
@ Number of trajectories: N, = 40.
@ Initial guess: flat topography.
Iter=1, i =1.061, logy,(||Vi||) =-5.5426

0 2 4 6 8 10
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Permanent regime

Photoinhibition state C is periodic meaning that C;(L) = C;(0),
=11, Ny
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Permanent regime

Photoinhibition state C is periodic meaning that C;(L) = C;(0),
=11, Ny

Theorem (Flat topography)
Assume the volume of the system V is constant. Then Vjin,(0) = 0.
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Optimal topography (C periodic)

@ Number of parameters: N, = 5.
@ Number of trajectories: N, = 40.
@ Initial guess: random topography.

Tter=1, i =1.0445, log,, (|| Vi) =-5.6547
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Summary on the topography

@ In the case C non periodic, one can find no flat optimal topographies,
however the increase is limited.
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Summary on the topography

@ In the case C non periodic, one can find no flat optimal topographies,
however the increase is limited.

@ In the case C periodic, the flat topography is not only a critical point
but also the optimal topography.

@ What can be further optimized?
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Overview

© Mixing
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Mixing devices

Simulation of the trajectories with the code FreshKiss3D (Demory et al
2018).

Velocity Magnitude

E1,151e+00

“0.86303

il

057536

0,28768

0,000e+00
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Assumption (ldeal rearrangement)

At each new lap, the algae at depth z; are entirely transferred into the
position z; when passing through the mixing device.
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Assumption (ldeal rearrangement)

At each new lap, the algae at depth z; are entirely transferred into the
position z; when passing through the mixing device.

v

We denote by P the set of permutation matrices of size N, x N, and by
Gy, the associated set of permutations of N, elements.

o

Liu-Di LU Numerical Analysis Seminar Tuesday, November 2, 2021 16 /27



o lllustration with the permutation o = (1 2 3 4).
z
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o lllustration with the permutation o = (1 2 3 4).

V4
P=Pp,
0 %7l 777777777777777777 3<
e w“'“ ...... ."~, ..’.1
....... y
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o lllustration with the permutation o = (1 2 3 4).
z

@ Choice of Period?
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o lllustration with the permutation o = (1 2 3 4).
z

@ Choice of Period? Order of o.
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o lllustration with the permutation o = (1 2 3 4).
z

@ Choice of Period? Order of o.

@ Re-distribution of light.
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Periodic dynamical resource allocation problem

N resources N activities

> ®

Liu-Di LU Numerical Analysis Seminar Tuesday, November 2, 2021 17 /27



Periodic dynamical resource allocation problem

N resources N activities
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Periodic dynamical resource allocation problem

N resources N activities

’—> Wy, = —a(lp)wn + B(1,) | Linear dynamic

Repeat the process

L w(T)=Pw(T") Re-assignment

Theorem (One period is enough)
If w is KT -periodic (i.e., w(Tk) = w(Tp)), then w is T —periodic.
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Original problem

Optimization problem

P) := Iy — PD)7tP
max J(P) := max(u, (Zn )" Pv), (3)

N

Two vectors u, v and a diagonal matrix D all depend on (/,);_;-
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N

Two vectors u, v and a diagonal matrix D all depend on (/,);_;-

Since #& = N!, this problem cannot be tackled in realistic cases where
large values of N must be considered, e.g., to keep a good numerical
accuracy.
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Original problem

Optimization problem

P) := Iy — PD)7tP
max J(P) := max(u, (Zn )" Pv), (3)

Two vectors u, v and a diagonal matrix D all depend on (/,)V_,.

Since #& = N!, this problem cannot be tackled in realistic cases where
large values of N must be considered, e.g., to keep a good numerical
accuracy.

Expand the functional (3) as follows

+oo
(u,(Iy — PD)™'Pv) = > (u,(PD)*Pv) = (u, Pv) +Z
J(P) £=0 JaPPmX(P) =1
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Simplified problem

JEPPI(PY) = Pv). 4
max (P) := max(u, Pv) (4)
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Simplified problem

_JappProx(py . Pv). 4
max (P) := max(u, Pv) (4)

Lemma (Optimal matrix)
@ P, : associates the largest coefficient of u with the largest coefficient
of v, the second largest coefficient with the second largest, and so on.
@ P_: associates the largest coefficient of u with the smallest
coefficient of v, the second largest coefficient with the second
smallest, and so on.
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Optimal Matrix

Test for (Is,q, T) = (2000, 5%, 1000).

1 1
2 .
3 . 20
4 .
5 . 40
6 .
7 . 60
: .
9 80 ......'.\
10 !
R e 100 : e
N T TR T O 1 20 40 60 8 100
Prnax for J(P) P, for JaPProx(P)
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Optimal Matrix

Test for (Is,q, T) = (800, 0.5%, 1).

1 1

2 .

3 . 20

4 .

5 . 40

6 .

7 i 60

8 .

9 . 80

10

11 e I 100 : : '
NY DY X D 0 90N 1 20 40 60 80 100

Prmax for J(P) Py for Jappmx(P)
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Quality of the approximation

Theorem (Coincidence Criterion: Ppax = P+7)

Assume that u and v have positive entries and define

+o0o
— 4 ¢ —
¢(m) T (Z dmaxF(—;+1)m - dminF(eJr]_)m): (5)
(=1

1
%]

where m:=#{n=1,...,N | o(n) # 04(n)}, dmax := maxp=1,. n(dn)
and dmin == min,=1,__n(dn). Assume that:

max ¢(m) < 1. (6)

m>2 -

Then Ppax = Py
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Approximation and criterion

T = 1000.

0% 0%
. 2000 ¢ 10% ) . 2000 10%
N=5 N =
© jin(Pmax) and fin(Py).
@ Prax = Py
@ Coincidence Criterion satisfied.
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Approximation and criterion

0%

i 2000 0% . 1002 2000 0% 5%
o ﬁN(Pmax) and ﬂN(P+)
o Pmax = P+.

@ Coincidence Criterion satisfied
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Overview

@ Conclusion and Perspectives
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Conclusion

Topography:
o Flat topography is optimal in periodic case.
@ Non flat topography with limited increase.
Mixing:
@ Periodic dynamic resource allocation problem.
@ One period is enough.

@ Approximation and criterion.
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Conclusion

Topography:
o Flat topography is optimal in periodic case.
@ Non flat topography with limited increase.
Mixing:
@ Periodic dynamic resource allocation problem.
@ One period is enough.

@ Approximation and criterion.

Topography | Mixing
Gain ~1% ~ 30 %
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Further step that can lead to higher gains:
e Consider the turbulence regime (much more complex...).
But for this:
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Further step that can lead to higher gains:
e Consider the turbulence regime (much more complex...).
But for this:
@ Include the faster time scales of the Han model.
@ A more refined model of the mixing device (and its implication on
hydrodynamics) must be developed.
@ Higher energetic cost for maintaining a turbulent regime must be
taken into account.
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Thanks for your attention




Fast/slow illustration

1 T T
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©06
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Effect on vertical discretization number

We fix N, =5 and take 100 random vector a. For N, varying from 1 to
80, we compute the average value of iy, for each N,.
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Objective function

Define the average benefit after K operations

K-1 T,

1 1/k+1
— u, — x(t)dt).
Kk§:0< T (t)dt)

Theorem (One periodic)
If x is KT-periodic (i.e., x(Tk) = x(To)), then x is T—periodic.

X
AN

Tki1 T
L <u,;/ x(t)dt)z(u,;_/ x(£)dt).

0 Ty To

x
Il
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Test with a permutation

We keep N, =5, N, = 40 and choose o = Id

Iter=1, i =1.0657, log;y(||Vi||) =-20.8402

0 20 40 60 80 100
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We keep N, =5, N, =40 and choose 0 = (1 N,;)(2 N, —1)...

Photoinhibition state C

0 50 100 150 200
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