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Historical review

The alternating Schwarz method is the earliest domain decomposition method invented by H.A.
Schwarz in 1870 (About a border crossing through an alternating procedure).

Ueber einen Grenzitbergang durch
alternirendes Verfahren.

Von
H. A. Schwarz.

(Aus einem am 30, Mai gehaltenen Vortrage.)

Die unter dem Namen Dirichlet’sches Princip
bekannte Schlussweise, welche in gewissem Sinne
als das Fundament des von Riemann entwickelten
Zweiges der Theorie der analylischen Funktionen an-
gesehen werden muss, unterliegt, wie jetzt wohl all-
gemein zugestanden wird, hinsichtlich der Strenge
sehr begrindeten Einwendungen, deren vollstindige
Entfernung, soviel ich weiss, den, Anstrengungen der
Mathematiler “hisher nicht gelungen ist.
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Historical review

Problem: Show existence of harmonic functions
Ay =0 inQ, y=g ondf.

Available tools: Fourier (1807) for rectangular domain and Poisson (1815) for circular domain.
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Historical review

Problem: Show existence of harmonic functions
Ay=0inQ, y=g ondQ.

Available tools: Fourier (1807) for rectangular domain and Poisson (1815) for circular domain.

A door handle type domain Q

Prove convergence of a iterative process with maximum principle.
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Interpretation and illustration

| L% T L2
Fig. 103. Bweijticfelige Hahulujtpumpe 1 ;:T:\

Liu-Di LU Numerical analysis seminar



Interpretation and illustration

Domain: Q = Q; U,

Ay=0 inQQ,
y=g on 0.
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Interpretation and illustration

Subdomain: Q; and a given yY

Ayl =0 inQ,

n v 93} B}
yi=g ondQNy,
yi=yY onr.
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Interpretation and illustration

Subdomain: €,

Ay =0  inQ,

~ r Q
yy =g ondQNQy, 2 2

ya=y; onl

Liu-Di LU Numerical analysis seminar



Interpretation and illustration

Domain: Q = Q; UQ, and a given ?

Ayl =0 in Q,
yvi=g on 0Q N Qy,
vi=y, b oonTy,

Ays =0 in o,
vi=g on QN Q,
v»=y  onla.
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Towards a computational tool

e Miller (1965): Numerical analogs to the Schwarz alternating procedure.
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Towards a computational tool

e Miller (1965): Numerical analogs to the Schwarz alternating procedure.

o Dryja and Widlund (1987): An additive variant of the Schwarz alternating method for the case
of many subregions.

e Lions (1988, 1989, 1990): On the Schwarz alternating method I, II, IlI.
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Towards a computational tool

e Miller (1965): Numerical analogs to the Schwarz alternating procedure.

o Dryja and Widlund (1987): An additive variant of the Schwarz alternating method for the case
of many subregions.

e Lions (1988, 1989, 1990): On the Schwarz alternating method I, II, IlI.

e Quarteroni and Valli (1999): Domain decomposition methods for partial differential equations.

e Smith, Bjorstad and Gropp (2004): Domain decomposition: parallel multilevel methods for
elliptic partial differential equations.

e Toselli and Widlund (2006): Domain decomposition methods-algorithms and theory.

e Dolean, Jolivet and Nataf (2015): An Introduction to domain decomposition methods:
algorithms, theory, and parallel Implementation.

e Gander (2025): Seven things | would have liked to know when starting to work on Domain
Decomposition.
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Alternating Schwarz method

Model problem:

with

—Oxxy = f
y(0) = 0.1,
y(1)=0,

in Q= (0,1),

if 0.4<x<0.7,

5
f =
{0 else.
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Alternating Schwarz method

Subdomains: Q; = (0,0.57) and Q, = (0.38,1), a given y9(0.57) = 0.

Alternating Schwarz method, iteration=1
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Alternating Schwarz method

Subdomains: Q; = (0,0.57) and Q, = (0.38,1), a given y9(0.57) = 0.
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Alternating Schwarz method

Subdomains: Q; = (0,0.57) and Q, = (0.38,1), a given y9(0.57) = 0.
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Alternating Schwarz method

Subdomains: Q; = (0,0.57) and Q, = (0.38,1), a given y9(0.57) = 0.

Alternating Schwarz method, iteration=>5
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Alternating Schwarz method

Subdomains: Q; = (0,0.57) and Q, = (0.38,1), a given y9(0.57) = 0.

Alternating Schwarz method, iteration=10
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Convergence analysis

Model problem:
—Owy =f inQ:(Oal)) Y(O):gl’ y(l):gr'
Subdomains: Q; = (0, b) and Q, = (a,1) with b > a.

Given y9, we solve

- xxylz =f in Ql, _8xxy26 =f in Q2,
v1(0) =g, y5(1) = &,
yi(b) = y3 }(b), yi(a) = yi(a).
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Convergence analysis

Model problem:

Oy =Ff inQ2=(0,1), y(0)=g, y(1)=gr
Subdomains: Q; = (0, b) and Q, = (a,1) with b > a.
Given y9, we solve

—Ouyi =f inQi,  —Ouys=f inQ,
% (0) =g, % (1) =g,
yi(b) = y; }(b), ys(a) = vi(a).
Error eje =y — yf satisfies
—Ooe{ =0 InQ, —Ouef=0 inQ,
e(0) =0, (1) =0,
ei(b) = e (b), ef(a) = e{(a).
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Convergence analysis

Error e/ := y — y/ satisfies

— Xxef =0 inQq, — Xxef =0 inQy,
ef(O) =0, eﬁ(l) =0,
ef(b) = &~ }(b), e5(a) = ej(a).

Analytical solutions: ef(x) = C/x, e5(x) = C5(x — 1).
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Convergence analysis

Error e =y- y satisfies
— Xxef =0 inQq, —axxef =0 inQy,
e1(0) =0, (1) =0,
ef(b) = &, (b), ey(a) = ei(a).

Analytical solutions: ef(x) = C/x, e5(x) = C5(x — 1).
Evaluate C/ and C;:

1
¢ _ & (b) . e(a) 1 1 a
G= b G = 1@ (b)_—lb
The convergence factor
1—-ba
e5(b) = pla, bes M(b), plab) = 1o
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Convergence analysis

Error e =y- y satisfies
— Xxef =0 inQq, —axxef =0 inQy,
e1(0) =0, (1) =0,
ef(b) = &, (b), ey(a) = ei(a).

Analytical solutions: ef(x) = C/x, e5(x) = C5(x — 1).
Evaluate C/ and C;:

-1 ¢
¢ _ & (b) 0 _ e(a) a
G=——F, Cz—a_l—ez Hb)— —lb'

The convergence factor

1-ba
1—ab’
(i) The alternating Schwarz method always converges when b > a.

(ii) The larger the overlap size b — a, the better the convergence.
(iii) The alternating Schwarz method does not converge when a = b !

ef(b) = p(a, b)ef_l(b), o(a, b) =
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Parallel Schwarz method

Subdomains: Q; = (0,0.57) and Q, = (0.38,1), a given y9(0.57) = 0.

Alternating Schwarz method, iteration=10

0.35 T r
27—\
22 S\
0.3 AN ]
277\
_ (7,07 N0 |
0.25 g/ Z Va A%\
g [l / \ AS\
/s s \
7 / M
7 / NN
021 v, . /= \ \ 1
= e Vs N AR\
= /// - s N \\
015t L7 7 / AR\ :
v - / \ \
- / N\
/// / \\ \\
01£€_ / W J
- / N N
~—_ / \
~—_ / AN
0.05f ~~. AN
~
N A\
A
0 1 1 \ 1 1
0 0.2 0.4 0.6 0.8 1
T

Liu-Di LU Numerical analysis seminar



Parallel Schwarz method

Subdomains: Q; = (0,0.57) and Q, = (0.38, 1), two given y9(0.57) = 0 and yY(0.38) = 0.

0.35 Parallel Schwarz method, iteration=1
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Parallel Schwarz method

Subdomains: Q; = (0,0.57) and Q, = (0.38, 1), two given y9(0.57) = 0 and yY(0.38) = 0.

Parallel Schwarz method, iteration=2
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Parallel Schwarz method

Subdomains: Q; = (0,0.57) and Q, = (0.38, 1), two given y9(0.57) = 0 and yY(0.38) = 0.

Parallel Schwarz method, iteration=5
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Convergence analysis

Subdomains: Q; = (0, b) and Q, =

Given y? and y2, we solve
—doyf =1 inQy,
yf(o) = &,
yi(b) = y; *(b),
Error e/ := y — y/ satisfies
— Xxef =0 inQq,
el (0) =0,
ei(b) = &, *(b),

The convergence factor is now

(a,1) with b > a.

—Ouys =f inQy,

y5(1) = &,
ys(a) =y; '(a).

—Owes =0 in Qo,

e(1) =0,

e3(a) = e '(a)-

1-ba o1
1—ab2 (b)
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Research directions

e Transmission conditions: Dirichlet, Neumann, Robin, Ventcell, ...

Some methods: alternating Schwarz, parallel Schwarz, optimized Schwarz, Dirichlet-Neumann,
Neumann-Neumann (BDD), FETI (Dirichlet-Dirichlet), ...
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Research directions

e Transmission conditions: Dirichlet, Neumann, Robin, Ventcell, ...

Some methods: alternating Schwarz, parallel Schwarz, optimized Schwarz, Dirichlet-Neumann,
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e Applications: medical applications, ocean atmosphere coupling, high frequency problems, ...

Heterogeneous domain decomposition: different physical properties, different approximations, different
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e Cross point: higher dimension, 1D-2D coupling, 2D-3D coupling, ...
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Research directions
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e Applications: medical applications, ocean atmosphere coupling, high frequency problems, ...

Heterogeneous domain decomposition: different physical properties, different approximations, different
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e Cross point: higher dimension, 1D-2D coupling, 2D-3D coupling, ...

e Corse spaces: scalability, faster convergence, well-posedness, . ..
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Research directions

Transmission conditions: Dirichlet, Neumann, Robin, Ventcell, ...

Some methods: alternating Schwarz, parallel Schwarz, optimized Schwarz, Dirichlet-Neumann,
Neumann-Neumann (BDD), FETI (Dirichlet-Dirichlet), ...

Applications: medical applications, ocean atmosphere coupling, high frequency problems, ...

Heterogeneous domain decomposition: different physical properties, different approximations, different
solvers, ...

Cross point: higher dimension, 1D-2D coupling, 2D-3D coupling, ...

Corse spaces: scalability, faster convergence, well-posedness, . ..
Preconditioning: always use DD as preconditioners !
My' =Ny 1+ f o yi=y" 1o MIF-Ay"Y) = M1lAy=M"1f.

Time parallel time integration: waveform relaxation, MGRIT, PFASST, ...
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PDE-constrained Optimization : .
/ 1
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e Description and motivation 2 p i
.
e Two frameworks -
e Analysis
e Numerical tests ~
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PDE-constrained optimization problems

General description: optimize a functional J(y, u) subject to evolution PDEs Ly = u.
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PDE-constrained optimization problems

General description: optimize a functional J(y, u) subject to evolution PDEs Ly = u.
Example: maximize average biomass productivity:

1 T
J(y,u):?/ pydt and Ly =0dy+c-Vy—nAy+ Dy;
0

Time (d) Time (d)
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PDE-constrained optimization problems

General description: optimize a functional J(y, u) subject to evolution PDEs Ly = wu.
Example: control heat distribution w.r.t. target y:

1 R v
Sy, u) = Sly =9I+ Sllul® and Ly =y = Ay;

431281 432527
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PDE-constrained optimization problems

General description: optimize a functional J(y, u) subject to evolution PDEs Ly = wu.
Example:
e maximize average biomass productivity:

1 T
J(y,u) = ?/ pydt and Ly =0y +c-Vy—nAy+ Dy;
0
e control heat distribution w.r.t. target y in photobioreactors:
1 si2 o Yo2
S u) = Slly =9I+ Slull® and Ly = 8ry — Ay;
e optimal control, mean field games, ...

Challenge: Time consuming for complex systems and/or high dimension.
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Model problem

For y € L2(Q), v > 0 and v > 0, minimize the cost functional

1 R v
Sy, u) = 3Slly = Iizq) + §||U||f2(n),

subject to Ory — Ay = uin Q := (0, T) x Q with some initial and boundary conditions.

Liu-Di LU Numerical analysis seminar



Model problem

For y € L2(Q), v > 0 and v > 0, minimize the cost functional

0= 3l — 9oy + ey
subject to Ory — Ay = uin Q := (0, T) x Q with some initial and boundary conditions.
Lagrange multipliers method — First-order optimality system:
Oy — Ay =v7 I\ in Q, ON+AN=y—) inQ,
y=0 in X, A=0 in X,
Y= in X, A=0 in Y.
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Model problem

For y € L2(Q), v > 0 and v > 0, minimize the cost functional

1 R v
Sy, u) = 3Slly = Iizq) + §||U||f2(n),

subject to Ory — Ay = uin Q := (0, T) x Q with some initial and boundary conditions.
Lagrange multipliers method — First-order optimality system:

Oy — Ay =v7 I\ in Q, ON+AN=y—) inQ,

y=0 in X,

A=0 in X,
Y= in X, A=0 in Y.
No classical time stepping method — domain decomposition !
t t
A
q " T?Qz v time d "
space decomposition Q<> 0 o - ime decomposition
(y) )‘) .
~ Qv
Liu-Di LU
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Alternating Schwarz waveform

Example: Control heat distribution w.r.t. a target y.

t

T 1 Subdomains: Q; = (0.) x (0, T) and
| X Q= (O" L) X (07 T)
| | Oy — Oy =1 A, DA+ OA=y -7,
! | 0,t)=0, X0,t) =0,

o | o | y(0,t) (0,1)

| ! Y(La t) =0, )\(Lv t) =0,
E ! y(x,0) = yo(x), A(x, T)=0.

03 o L x
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Alternating Schwarz waveform

Example: Control heat distribution w.r.t. a target y.

t
U 7 Subdomain: Q; = (0,a) x (0, T)
L Oy — Ot = v AN, DN + 0L = i — 11,
i y£(0,1) =0, (0, 1) =0,
Q @ : yila,t) = yi Ha, t), A(a, ) = MY, 1),
| Y (x,0) = yro(x), X(x, T)=0.
0 0 [e} L ? X
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Alternating Schwarz waveform

Example: Control heat distribution w.r.t. a target y.

t
Ll Subdomains: @, = (a,1) x (0, T)
31.“}’2Z - 6XXY2Z = Vﬁl/\gy (9,3)\5 + axx/\g = Y2£ — 2,
yg(a,t) :yle(av t)’ Ag(aa t) = )\{(O&,l’),
Q Q2 yf(L, t) = Oa )‘g(La t) = 07
yf(x,O) = y2.0(x), )\g(x, T)=0.
OJ a >

Liu-Di LU
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Alternating Schwarz waveform

Example: Control heat distribution w.r.t. a target y.

t
Ll Subdomains: @, = (a,1) x (0, T)
at‘)’éZ - 6XXY2Z = ’/71/\& (9,3)\5 + axx/\é = Y2£ - i,
yg(a,t) :yle(av t)’ Ag(aa t) = )\{(O&,l’),
Q Q2 yf(L, t) = Oa )‘g(La t) = 07
yf(x,O) = y2.0(x), )\g(x, T)=0.
OJ a >

L x

The algorithm does not converge without overlap !

Liu-Di LU
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ldea of time decomposition

Example: Control heat distribution w.r.t. a target y.

t
Tho-mmmmmmmmooooeees oottt 1 Subdomains: Q; = (0,L) x (0,x) and

Ay Q=01 x (. T)

A Q2 : 81-_)/—8)0(_)/: V_l)‘a 8t)‘+axx>\ :y_.)l}v

N e j ¥(0,£) =0, A0, ) =0,

7! | y(L,t) =0, A(L,t) =0,

Q E y(x,0) = y(x), Ax, T)=0.
I e
0 L7 x
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ldea of time decomposition

Example: Control heat distribution w.r.t. a target y.

t
T'""""""""}\;:’ """" K Subdomain: Q; = (0,L) x (0,«)
Q2 : 8tyf_axxy1[:y71A{7 at)‘{—i_aXX)‘f:yf_}?la
’:‘_7 i ¥1(0,8) =0, X{(0,£) =0,
“ | W (L) =0, (L) =0,
o Y(x,0) = yo(x), N(x,0) = M (x,a).
1
. "
0 [ x
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ldea of time decomposition

Example: Control heat distribution w.r.t. a target y.

t
T % Subdomain: @ = (0,L) x (a, T)
Q Brys — Ocys = v 1A, Deds + DaXs = 3 — P2,
Ty2 y2é(07 t) =0, )‘5(0) t) =0,
@ I )\1: ! yZE(La t) = 07 )‘g(Lv t) = 0»
M | _yge(X, a) = YIZ(X’O‘)v Ag(Xv T) =0.
@1 !
. i E
0 L7 x
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ldea of time decomposition

Example: Control heat distribution w.r.t. a target y.

t
1] % Subdomain: @ = (0,L) x (a, T)
Q Brys — Ocys = v 1A, Deds + DaXs = 3 — P2,
Ty2 y2é(07 t) =0, )‘5(0) t) =0,
@ I )\1: ! yZE(La t) = 07 )‘g(Lv t) = 0»
M | _yge(X, a) = YIZ(X’a)v Ag(Xv T) =0.
@1 !
. i E
0 L7 x

The algorithm does converge without overlap !
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First-order optimality system:
Oy — Oy =v 1IN in Q, OA+ 0 A=y —y inQ,
y=0 in X, =0 in X,
Y=Y in ZO, =0 in ZT.

> >

Relation between y and A:

Oy — Oy =v 1N — A =v(0ry — Oxy),
ON+ 0N =y —F —  y=0A+ A+ 9.
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Two relations A = v(0ry — Oxxy) and y = O A + O A + 9.
Subdomain: @; = (0,L) x (0, )

t
R Oeyi — Doyt = v IN,
r i
Agy : ¥{(0,£) =0,
Q. : yi(L t)=0,
T? ! ¥1(x,0) = yo(x),
« I )\1: 8t>\€ + axx)‘{ - yf - },}17
0 ¥ A0, 1) =0,
. N(L,t) =0,
0 :yl > )\{(X,Oé) = /\g_l(x7a)‘
0 L™ x
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Two relations A = v(0ry — Oxxy) and y = O A + O A + 9.
Subdomain: @; = (0,L) x (0, )

t
7:: __________________ R . 81‘)’12 - 6><fo = V_l)\lia
Ay ! y1(0,8) =0,
QQ : .yf(Lv t) = 07
™ ! ¥1(x,0) = yo(x),
@ I )/1: (at - a><><).y1£(x7 Ot) = (at - axx)yf_l(xaa)a
Q v at)\{ +axx)\{ :yle _}71’
. (0,8) =0,
Y1 V4
1 S )\ L, t) = 0
03 5 (L, 1)
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Two relations A = v(0ry — Oxxy) and y = O A + O A + 9.
Subdomain: Q, = (0,L) x («, T)

1 | Dk — Do = v

A2y y2(0,8) =0,
Q@2 Y2€(La t) =0,

B2 ys(x, ) = yf(x,a),

« ' o . OeNs + Doy = yh — 92,
” | 25(0,1) =0,
0 | (L 1) =0,
! 1 :L)X A(x, T) = 0.
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Two relations A = v(0ry — Oxxy) and y = O A + O A + 9.
Subdomain: Q@ = (0,L) x («, T)

t
7 . Ot — Ol = N,
Aoy y3(0,1) =0,
Q2 yZZ(Lv t) = Ou
T)\2 8t)\g + 8)0()\5 = _)/2£ - }72,
“ I ? : | /\5(07 t) =0,
Q ) : Ag(L t) =0,
1 !
. : (e + Do) X%, 2) = (0% + D)X (1),
03 i :L) X5(x, T) = 0.
X
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t
Th---rrmmmmmmmmmo FooTooos 1 Subdomains: Q; = (0,L) x (0,) and

Ax‘/ : Q2 - (Ov L) X (Ol, T)

N Q2 : at’_y_axx_y: V_l)\a 8t)‘+axx)\ =y—}7,

N S ! y(0,1) =0, A0, ) =0,

7! | y(L, t) =0, ML, t) =0,

Q E y(x,0) = y(x), Ax, T)=0.
| e
0 L7 x

(i) Dirichlet condition transform to Robin type condition !
(i) Forward-backward might be less important ?

Liu-Di LU Numerical analysis seminar



Variants and convergence

Dirichlet type transmission condition:

name | SD; | SD, | SD3 | SD4
Q1 A Y Yy A
@ y A y A

Liu-Di LU Numerical analysis seminar



Variants and convergence

Dirichlet type transmission condition:

name | SD; | SD, | SD3 | SD4
Q1 A Y Yy A
@ y A y A

Analysis: Fourier transform or semi-discretization in space:

’ 1+ v(o; coth(b;) — d;)

psoyr = 05 v(ojcoth(a;) + d;)(o;coth(b;) + d; + yv—1) I’
B v(o;coth(a;) + d;)(oj coth(b;) + d; +yv 1)

Psba = lr}?é'ax‘ 1 + (o coth(b;) — d;) ’

PSD; = 17

psp, = 1.

Relaxation:
FAL(x) = (1 — 0)FY(x) + OX5(x, o), 6 € (0,1).
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Variants and convergence

Convergence factors

1.5

—
f T

o
3

Convergence factor (p)

102 10° 102
Eigenvalues (d;)
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Numerical experiments

Test case: consider the target function y(x, t) = sin(7x)(2t> + 2).

3_
=27
)
9

1
0- -
0.5 .’ 0
t X

Liu-Di LU
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Numerical experiments

Numerical solutions: Crank-Nicolson with mesh size h; = h, = % and penalization parameters:
v=0.1v=0.1
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Numerical experiments

SD;

Iteration = 1 Iteration = 1

—~ ~—
+ -~
= 0.5 g
= =

S easesensss:

s y:

5 995' e 1 il S 1
0- j’:,azf‘ﬁ';zrfféf - 1 A
5 Uigerit 0.5 i




Numerical experiments

SD;

Iteration = 2

% s
/. ;/;’,..f..;;,
7 ':-."
'zﬁizz e

S5
0 o33
', ,,.,, =

0.5

Iteration = 2

10

T, 7 s
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Numerical experiments

SD;

Iteration = 5 Iteration = 5

S
Yo "‘{‘f':%%’
% e
D10ttt oo
ullf'li%‘?ﬁ?gh




Numerical experiments

Convergence behavior

107

Error

10710

&SN R .

10715
2 4 6 8 10

Iteration
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Conclusion and perspective

Some observations:
e Time decomposition is different from space decomposition

e Forward-backward structure is very important for
alternating Schwarz

e Relaxation is not necessary for convergence
e Same analysis for higher dimension in space
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Conclusion and perspective

Some observations:

e Time decomposition is different from space decomposition t
e Forward-backward structure is very important for Q@ ,'
alternating Schwarz T !
e Relaxation is not necessary for convergence [T Q }
______________ 4
e Same analysis for higher dimension in space @ !
X
Future work: .
e Scalability: weak ? strong 7 corse correction? ~  b------ Fo--=n- .
1 1
e Space-time decomposition: cross point ? @ ' @
e Extension to other PDE constraints: advection-diffusion 7~ p------ ®------ 1
1
Stokes ? Q 1+ @
: L
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Conclusion and perspective

Some observations:

e Time decomposition is different from space decomposition t
e Forward-backward structure is very important for Q@ ,'
alternating Schwarz T !
e Relaxation is not necessary for convergence [T Q }
______________ 4
e Same analysis for higher dimension in space @ !
X
Future work: .
e Scalability: weak ? strong 7 corse correction? ~  b------ Fo--=n- .
1 1
e Space-time decomposition: cross point ? @ ' @
e Extension to other PDE constraints: advection-diffusion 7~ p------ ®------ 1
1
Stokes ? Q 1+ @
: L

Thank you for your attention !
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