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Historical review

The alternating Schwarz method is the earliest domain decomposition method invented by H.A.
Schwarz in 1870 (About a border crossing through an alternating procedure).
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Historical review

Problem: Show existence of harmonic functions

∆y = 0 in Ω, y = g on ∂Ω.

Available tools: Fourier (1807) for rectangular domain and Poisson (1815) for circular domain.

A door handle type domain Ω

Prove convergence of a iterative process with maximum principle.
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Interpretation and illustration
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Interpretation and illustration

Domain: Ω = Ω1 ∪ Ω2

∆y = 0 in Ω,

y = g on ∂Ω.

Ω1 Ω2Γ1Γ2
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Interpretation and illustration

Subdomain: Ω1 and a given y0
2

∆y1
1 = 0 in Ω1,

y1
1 = g on ∂Ω ∩ Ω̄1,

y1
1 = y0

2 on Γ1.

Ω1 Ω2Γ1
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Interpretation and illustration

Subdomain: Ω2

∆y1
2 = 0 in Ω2,

y1
2 = g on ∂Ω ∩ Ω̄2,

y1
2 = y1

1 on Γ2

Ω1 Ω2Γ2
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Interpretation and illustration

Domain: Ω = Ω1 ∪ Ω2 and a given y0
2

∆y `
1 = 0 in Ω1,

y `
1 = g on ∂Ω ∩ Ω̄1,

y `
1 = y `−1

2 on Γ1,

∆y `
2 = 0 in Ω2,

y `
2 = g on ∂Ω ∩ Ω̄2,

y `
2 = y `

1 on Γ2.

Ω1 Ω2Γ1Γ2
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Towards a computational tool

• Miller (1965): Numerical analogs to the Schwarz alternating procedure.

• Dryja and Widlund (1987): An additive variant of the Schwarz alternating method for the case
of many subregions.

• Lions (1988, 1989, 1990): On the Schwarz alternating method I, II, III.

• Quarteroni and Valli (1999): Domain decomposition methods for partial differential equations.

• Smith, Bjorstad and Gropp (2004): Domain decomposition: parallel multilevel methods for
elliptic partial differential equations.

• Toselli and Widlund (2006): Domain decomposition methods-algorithms and theory.

• Dolean, Jolivet and Nataf (2015): An Introduction to domain decomposition methods:
algorithms, theory, and parallel Implementation.

• Gander (2025): Seven things I would have liked to know when starting to work on Domain
Decomposition.
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Alternating Schwarz method

Model problem:

−∂xxy = f in Ω = (0, 1),

y(0) = 0.1,

y(1) = 0,

with

f =

{
5 if 0.4 < x < 0.7,

0 else.
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Alternating Schwarz method

Subdomains: Ω1 = (0, 0.57) and Ω2 = (0.38, 1), a given y0
2 (0.57) = 0.
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Convergence analysis

Model problem:
−∂xxy = f in Ω = (0, 1), y(0) = gl , y(1) = gr .

Subdomains: Ω1 = (0, b) and Ω2 = (a, 1) with b > a.

Given y0
2 , we solve

−∂xxy `
1 = f in Ω1,

y `
1 (0) = gl ,

y `
1 (b) = y `−1

2 (b),

−∂xxy `
2 = f in Ω2,

y `
2 (1) = gr ,

y `
2 (a) = y `

1 (a).

Error e`j := y − y `
j satisfies

−∂xxe`1 = 0 in Ω1,

e`1(0) = 0,

e`1(b) = e`−1
2 (b),

−∂xxe`2 = 0 in Ω2,

e`2(1) = 0,

e`2(a) = e`1(a).
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Convergence analysis

Error e`j := y − y `
j satisfies

−∂xxe`1 = 0 in Ω1,

e`1(0) = 0,

e`1(b) = e`−1
2 (b),

−∂xxe`2 = 0 in Ω2,

e`2(1) = 0,

e`2(a) = e`1(a).

Analytical solutions: e`1(x) = C `
1x , e`2(x) = C `

2 (x − 1).

Evaluate C `
1 and C `

2 :

C `
1 =

e`−1
2 (b)

b
, C `

2 =
e`1(a)

a− 1
= e`−1

2 (b)
1

a− 1

a

b
.

The convergence factor

e`2(b) = ρ(a, b)e`−1
2 (b), ρ(a, b) :=

1− b

1− a

a

b
.

(i) The alternating Schwarz method always converges when b > a.
(ii) The larger the overlap size b − a, the better the convergence.
(iii) The alternating Schwarz method does not converge when a = b !
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Parallel Schwarz method

Subdomains: Ω1 = (0, 0.57) and Ω2 = (0.38, 1), a given y0
2 (0.57) = 0.
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Parallel Schwarz method

Subdomains: Ω1 = (0, 0.57) and Ω2 = (0.38, 1), two given y0
2 (0.57) = 0 and y0

1 (0.38) = 0.
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Convergence analysis

Subdomains: Ω1 = (0, b) and Ω2 = (a, 1) with b > a.

Given y0
1 and y0

2 , we solve

−∂xxy `
1 = f in Ω1,

y `
1 (0) = gl ,

y `
1 (b) = y `−1

2 (b),

−∂xxy `
2 = f in Ω2,

y `
2 (1) = gr ,

y `
2 (a) = y `−1

1 (a).

Error e`j := y − y `
j satisfies

−∂xxe`1 = 0 in Ω1,

e`1(0) = 0,

e`1(b) = e`−1
2 (b),

−∂xxe`2 = 0 in Ω2,

e`2(1) = 0,

e`2(a) = e`−1
1 (a).

The convergence factor is now

e`+1
2 (b) =

1− b

1− a

a

b
e`−1

2 (b).
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Research directions

• Transmission conditions: Dirichlet, Neumann, Robin, Ventcell, . . .

Some methods: alternating Schwarz, parallel Schwarz, optimized Schwarz, Dirichlet-Neumann,
Neumann-Neumann (BDD), FETI (Dirichlet-Dirichlet), . . .

• Applications: medical applications, ocean atmosphere coupling, high frequency problems, . . .

Heterogeneous domain decomposition: different physical properties, different approximations, different
solvers, . . .

• Cross point: higher dimension, 1D-2D coupling, 2D-3D coupling, . . .

• Corse spaces: scalability, faster convergence, well-posedness, . . .

• Preconditioning: always use DD as preconditioners !

My ` = Ny `−1 + f ⇔ y ` = y `−1 + M−1(f − Ay `−1) ⇒ M−1Ay = M−1f .

• Time parallel time integration: waveform relaxation, MGRIT, PFASST, . . .
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Domain decomposition

• Historical review

• Development

• Example

• Current research

PDE-constrained Optimization

• Description and motivation

• Two frameworks

• Analysis

• Numerical tests

x

t

Q1

Q2

α

y

λ

?
?
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PDE-constrained optimization problems

General description: optimize a functional J(y , u) subject to evolution PDEs Ly = u.

Example: maximize average biomass productivity:

J(y , u) =
1

T

∫ T

0

µy dt and Ly = ∂ty + c · ∇y − η∆y + Dy ;
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PDE-constrained optimization problems

General description: optimize a functional J(y , u) subject to evolution PDEs Ly = u.

Example: control heat distribution w.r.t. target ŷ :

J(y , u) =
1

2
‖y − ŷ‖2 +

ν

2
‖u‖2 and Ly = ∂ty −∆y ;
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PDE-constrained optimization problems

General description: optimize a functional J(y , u) subject to evolution PDEs Ly = u.

Example:

• maximize average biomass productivity:

J(y , u) =
1

T

∫ T

0

µy dt and Ly = ∂ty + c · ∇y − η∆y + Dy ;

• control heat distribution w.r.t. target ŷ in photobioreactors:

J(y , u) =
1

2
‖y − ŷ‖2 +

ν

2
‖u‖2 and Ly = ∂ty −∆y ;

• optimal control, mean field games, . . .

Challenge: Time consuming for complex systems and/or high dimension.

Liu-Di LU Numerical analysis seminar 12 / 19



Model problem

For ŷ ∈ L2(Q), γ ≥ 0 and ν > 0, minimize the cost functional

J(y , u) :=
1

2
‖y − ŷ‖2

L2(Q) +
ν

2
‖u‖2

L2(Ω),

subject to ∂ty −∆y = u in Q := (0,T )× Ω with some initial and boundary conditions.

Lagrange multipliers method → First-order optimality system:

∂ty −∆y = ν−1λ in Q,

y = 0 in Σ,

y = y0 in Σ0,

∂tλ+ ∆λ = y − ŷ in Q,

λ = 0 in Σ,

λ = 0 in ΣT .

No classical time stepping method → domain decomposition !

x

t

Q1 Q2

αx

(y , λ)

space decomposition

x

t

Q1

Q2

αt

y

λ

?
?

time decomposition
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L2(Q) +
ν

2
‖u‖2

L2(Ω),

subject to ∂ty −∆y = u in Q := (0,T )× Ω with some initial and boundary conditions.
Lagrange multipliers method → First-order optimality system:

∂ty −∆y = ν−1λ in Q,

y = 0 in Σ,

y = y0 in Σ0,

∂tλ+ ∆λ = y − ŷ in Q,
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Alternating Schwarz waveform

Example: Control heat distribution w.r.t. a target ŷ .

x

t

L0
0

T

Q1 Q2

α

Subdomains: Q1 = (0, α)× (0,T ) and
Q2 = (α, L)× (0,T )

∂ty − ∂xxy = ν−1λ,

y(0, t) = 0,

y(L, t) = 0,

y(x , 0) = y0(x),

∂tλ+ ∂xxλ = y − ŷ ,

λ(0, t) = 0,

λ(L, t) = 0,

λ(x ,T ) = 0.

The algorithm does not converge without overlap !
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Alternating Schwarz waveform

Example: Control heat distribution w.r.t. a target ŷ .

x

t

Lα0
0

T

Q1 Q2

Subdomain: Q1 = (0, α)× (0,T )

∂ty
`
1 − ∂xxy `

1 = ν−1λ`1,

y `
1 (0, t) = 0,

y `
1 (α, t) = y `−1

2 (α, t),

y `
1 (x , 0) = y1,0(x),

∂tλ
`
1 + ∂xxλ

`
1 = y `

1 − ŷ1,

λ`1(0, t) = 0,

λ`1(α, t) = λ`−1
2 (α, t),

λ`1(x ,T ) = 0.

The algorithm does not converge without overlap !
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Alternating Schwarz waveform

Example: Control heat distribution w.r.t. a target ŷ .

x

t

Lα0
0

T

Q1 Q2

Subdomains: Q2 = (α, 1)× (0,T )

∂ty
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y `
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y `
2 (x , 0) = y2,0(x),

∂tλ
`
2 + ∂xxλ

`
2 = y `

2 − ŷ2,

λ`2(α, t) = λ`1(α, t),

λ`2(L, t) = 0,
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Idea of time decomposition

Example: Control heat distribution w.r.t. a target ŷ .

x

t

L0
0

T

y

λ

α
?

?

Q1

Q2

Subdomains: Q1 = (0, L)× (0, α) and
Q2 = (0, L)× (α,T )

∂ty − ∂xxy = ν−1λ,

y(0, t) = 0,

y(L, t) = 0,

y(x , 0) = y0(x),

∂tλ+ ∂xxλ = y − ŷ ,

λ(0, t) = 0,

λ(L, t) = 0,

λ(x ,T ) = 0.

The algorithm does converge without overlap !
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Idea of time decomposition

Example: Control heat distribution w.r.t. a target ŷ .
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Observations

First-order optimality system:

∂ty − ∂xxy = ν−1λ in Q,

y = 0 in Σ,

y = y0 in Σ0,

∂tλ+ ∂xxλ = y − ŷ in Q,

λ = 0 in Σ,

λ = 0 in ΣT .

Relation between y and λ:

∂ty − ∂xxy = ν−1λ → λ = ν(∂ty − ∂xxy),

∂tλ+ ∂xxλ = y − ŷ → y = ∂tλ+ ∂xxλ+ ŷ .
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λ`1(0, t) = 0,

λ`1(L, t) = 0.

Liu-Di LU Numerical analysis seminar 16 / 19



Observations

Two relations λ = ν(∂ty − ∂xxy) and y = ∂tλ+ ∂xxλ+ ŷ .
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Observations

x

t

L0
0

T

y

λ

α
?

?

Q1

Q2

Subdomains: Q1 = (0, L)× (0, α) and
Q2 = (0, L)× (α,T )

∂ty − ∂xxy = ν−1λ,

y(0, t) = 0,

y(L, t) = 0,

y(x , 0) = y0(x),

∂tλ+ ∂xxλ = y − ŷ ,

λ(0, t) = 0,

λ(L, t) = 0,

λ(x ,T ) = 0.

(i) Dirichlet condition transform to Robin type condition !

(ii) Forward-backward might be less important ?
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Variants and convergence

Dirichlet type transmission condition:

name SD1 SD2 SD3 SD4

Q1 λ y y λ
Q2 y λ y λ

Analysis: Fourier transform or semi-discretization in space:

ρSD1 = max
di∈D

∣∣∣ 1 + γ(σi coth(bi )− di )

ν(σi coth(ai ) + di )(σi coth(bi ) + di + γν−1)

∣∣∣,
ρSD2 = max

di∈D

∣∣∣ν(σi coth(ai ) + di )(σi coth(bi ) + di + γν−1)

1 + γ(σi coth(bi )− di )

∣∣∣,
ρSD3 = 1,

ρSD4 = 1.

Relaxation:
f `+1(x) = (1− θ)f `(x) + θλ`2(x , α), θ ∈ (0, 1).
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Variants and convergence

Convergence factors
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Numerical experiments

Test case: consider the target function ŷ(x , t) = sin(πx)(2t2 + 2).

Liu-Di LU Numerical analysis seminar 18 / 19



Numerical experiments

Numerical solutions: Crank-Nicolson with mesh size ht = hx = 1
32 and penalization parameters:

ν = 0.1, γ = 0.1.
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Numerical experiments

SD1
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Numerical experiments

Convergence behavior
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Conclusion and perspective

Some observations:

• Time decomposition is different from space decomposition

• Forward-backward structure is very important for
alternating Schwarz

• Relaxation is not necessary for convergence

• Same analysis for higher dimension in space

Future work:

• Scalability: weak ? strong ? corse correction ?

• Space-time decomposition: cross point ?

• Extension to other PDE constraints: advection-diffusion ?
Stokes ?

Thank you for your attention !
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