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1 Introduction

Although partial differential equations (PDEs) constrained optimization and con-
trollability problems share similarities, they originated from different historical con-
texts. Controllability problems can be traced back more than 300 years to Johann
Bernoulli’s brachystochrone problem; see [8] for a historical review. This problem
initiated the development of optimal control theory, in which the system is often
governed by ordinary differential equations (ODEs). PDE-constrained optimization,
on the other hand, was developed in the early 1960s by the desire to extend control
theory to systems governed by PDEs. This field has become an active research field
following the monograph of Jacques-Louis Lions [6].

In this paper, we focus on applying domain decomposition techniques to solve
both classes of problems. To illustrate these two problems, we consider the linear heat
equation as the governing constraint in both cases. In the case of a PDE-constrained
optimization problem, we have a given target Ĥ and want to find optimal control
strategies D such that the corresponding solution H of the heat equation is as close as
possible to the given target. This leads to a constrained minimization problem:

min
H,D

U

2
‖H − Ĥ‖2

!2 (&) +
W

2
‖H(), ·) − Ĥ(), ·)‖2

!2 (Ω) +
a

2
‖D‖2

!2 (&) ,

s.t. mC H − ^ΔH = D in & := (0, )) ×Ω,
H = 0 on Σ := (0, )) × mΩ H = H0 on Σ0 := {0} ×Ω.

(P1)

Here, U ≥ 0, W ≥ 0 and a > 0 are given penalization parameters, ^ > 0 is the
diffusion coefficient which is assumed to be constant in the spatial domain, H0 is a
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given initial condition, ) > 0 is the final time and Ω ⊂ R= with = = 1, 2, 3 is a
bounded open set with Lipschitz boundary. For our controllability problem, we want
to find optimal control strategies D with minimal !2-norm that pilot the solution of
the heat equation H from a given initial condition H0 to a zero final condition. This
results in solving a similar minimization problem to (P1) as

min
D

a

2
‖D‖2

!2 (&) ,

s.t. mC H − ^ΔH = D in &, H |Σ = 0, H = H0 on Σ0, H = 0 on Σ) := {)} ×Ω.
(P2)

The existence and uniqueness of a solution to (P1) are guaranteed by the strict-
convexity of the linear quadratic optimization problem. The null-controllability of
the classical heat equation is alsowell known, e.g., see [2, Chapter 2.5]. The existence
of solution D ∈ !2 (&) to our null-controllability problem (P2) has been proven in [7,
Theorem 6.1.2] forΩwith C2+X boundary, X > 0.We emphasize that the results of [7,
Theorem 6.1.2] have been obtained considering a weak solution to the heat equation.
The similarity between these two problems (P1) and (P2) already appears in their
formulations. Indeed, choosing Ĥ(), ·) = 0 and setting U = 0, W → +∞ in (P1)
show that (P1) "converges" toward (P2). We make this convergence more rigorous in
Section 2. On the other hand, if we apply separately time domain decomposition to
the first-order optimality system issued from each problem, we show in Section 3 that
under the same conditions, the convergence factor associated with (P1), dP1, coincide
with the convergence factor associated with (P2), dP2. Our numerical experiments
in Section 4 confirm these results.

2 Relation between problems (P1) and (P2)

First of all, we introduce HD as the unique weak solution to

mC HD − ^ΔHD = D in (0, )) ×Ω, HD = 0 on Σ, HD = H0 on Σ0. (1)

Aubin’s Lemma (see [3, Lemma 6.2]) ensures that any weak solution HD ∈
C([0, )], !2 (Ω)), hence the initial condition H0 ∈ !2 (Ω) is meaningful. From [3,
Theorem 6.6], there exists a unique weak solution HD ∈ - := !2 (0, ) ;�1

0 (Ω) to (1)
with mC HD ∈ . := !∞ (0, ) ; !2 (Ω)) and HD |Σ0 = H0, such that

‖mC HD ‖!2 (0,) ;�−1 (Ω)) + ‖HD ‖. + ‖HD ‖- ≤ �
(
‖D‖!2 (&) + ‖H0‖!2 (Ω)

)
, (2)

for a suitable constant � > 0. For the relation between (P1) and (P2), we have the
next result (see [1, Theorem 10] for a similar result in a finite-dimensional case).

Theorem 1 Let H) := 0 and D∗ be a solution of (P2). Let D∗Y be the unique solution
of (P1) with U = 0, W = 1/Y and Ĥ(), ·) = H) whose existence and uniqueness
follows from the strict-convexity of (P1). Let H∗Y = HD∗Y then
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H∗Y (), ·) − H) 


!2 (Ω) ≤

√
aY ‖D∗‖!2 (&) . (3)

There exist accumulation points of (D∗Y)Y ⊂ !2 (&) for the weak topology of !2 (&).
Any of such accumulation points is an optimal solution to (P2). If (P2) has the unique
solution D∗, then the whole sequence (D∗Y)Y converges to D∗ strongly in !2 (&).

Proof. The optimality of D∗Y ensures that ∀D ∈ !2 (&), one has

1
2Y



H∗Y (), ·) − H) 

2
!2 (Ω) +

a

2


D∗Y

2

!2 (&) ≤
1
2Y
‖HD (), ·) − H) ‖2!2 (Ω) +

a

2
‖D‖2

!2 (&) .

Now taking D = D∗ and using that HD∗ satisfies HD∗ (), ·) = H) give

1
2Y



H∗Y (), ·) − H) 

2
!2 (Ω) +

a

2


D∗Y

2

!2 (&) ≤
a

2
‖D∗‖2

!2 (&) ,

from which the aforementioned inequality follows. We also get that the sequence(
D∗Y

)
Y
is uniformly bounded in !2 (&) and thus admits a subsequence that converges

weakly in !2 (&) toward some D̃. From (2), the sequence
(
H∗Y

)
Y
is uniformly bounded

in some reflexive Banach space H and thus admits a subsequence that weakly
converges toward some H̃ ∈ H . Taking the limit Y → 0 in the weak formulation
of (1) and using that D∗Y → D̃, we obtain (up to a subsequence) that H∗Y → H̃ = HD̃ .
Owing to (3), H∗Y (), ·) → H) strongly in !2 (Ω) so that HD̃ (), ·) = H) . Theweak lower
semicontinuity of the !2−norm finally yields ‖D̃‖!2 (&) ≤ lim infY→0



D∗Y

!2 (&) ≤
‖D∗‖!2 (&) , and the optimality of D∗ ensures that ‖D̃‖!2 (&) = ‖D∗‖!2 (&) . Hence, D̃ is
an optimal solution to (P2). Any accumulation point (for theweak topology of !2 (&))
of (DY)Y is then an optimal solution to (P2). If (P2) has a unique optimal solution
D∗, then D̃ = D∗ and the whole sequence (DY)Y converges toward D∗. The uniqueness
of the limit gives that lim infY→0



D∗Y

!2 (&) = limY→0


D∗Y

!2 (&) = ‖D

∗‖!2 (&) , and
then D∗Y → D∗ strongly. ut

3 Time domain decomposition

A classical way to treat these two problems (P1) and (P2) is to derive the first-order
optimality system by applying the Lagrange multiplier approach. We can then obtain
the reduced optimality system for (P1),

mC H − ^ΔH = a−1_ in &, H = H0 on Σ0,

mC_ + ^Δ_ = U(H − Ĥ) in &, _ = −W(H − Ĥ) on Σ) ,
(S1)

and the reduced optimality system for (P2),

mC H − ^ΔH = a−1_ in &, H = H0 on Σ0, H = 0 on Σ) ,
mC_ + ^Δ_ = 0 in &,

(S2)
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where _ is the adjoint state. We refer to [6, Chapter 3 Section 3.1] for further details
on the derivation of the reduced optimality system.We used the optimality condition
aD −_ = 0 in& in both cases to eliminate the control variable D in the state equation
of H, and we omit the Dirichlet boundary conditions in (S1) and (S2).We also assume
that both problems (P1), (P2) are solvable. We are now interested in applying domain
decomposition methods to solve their associated optimality systems (S1) and (S2).

The alternating Schwarz algorithm, invented by H.A. Schwarz in 1869, is a
way to solve a large problem by decomposing the original domain into smaller
subdomains and then solving the problem on each subdomain one after another,
while exchanging information between interfaces until the solution converges. We
refer to [4] for a historical review. It is well known that the alternating Schwarz
algorithm fails to converge when applied to non-overlapping spatial subdomains.
This is due to the repeated passing of identical "Dirichlet data" from one subdomain
to the other. However, it has been shown in [5] that there exist several variants
of the alternating Schwarz algorithm in the time decomposition framework, and
some of them may converge even without overlap. When decomposing in time
and applying non-overlapping alternating Schwarz type algorithms to the reduced
optimality system, a Dirichlet transmission condition at the time interface can be
equivalently rewritten as a Robin type transmission condition, e.g., see [5, Equation
4]. This avoids passing identical "Dirichlet data" between subdomains and thus
leads to the convergence. For this reason, we are interested here in studying the non-
overlapping time-decomposed alternating Schwarz algorithms to solve (S1) and (S2).
We decompose the space-time domain & into two non-overlapping subdomains:
&1 := (0, Γ) ×Ω and &2 := (Γ, )) ×Ω, where Γ ∈ (0, )) represents the interface.

The system (S1) has a forward-backward structure, where the state variable H
propagates forward with an initial condition H0, and the adjoint variable _ propagates
backward with a final condition −W(H(), ·) − Ĥ(), ·)). To retain the same forward-
backward structure in subdomain &1, one should impose a "final" condition at the
interface ΣΓ := {Γ}×Ω for the adjoint variable _. Similarly, one imposes an "initial"
condition at the interface ΣΓ for the state variable H to have the same forward-
backward structure in &2. We denote by AS1 this first type of alternating Schwarz
algorithm which imposes _ at ΣΓ in &1 and H at ΣΓ in &2. Then, for the iteration
index ℓ = 1, 2, . . ., the AS1 applied to solve (S1) reads

mC H
ℓ
1 − ^ΔH

ℓ
1 = a

−1_ℓ1 in &1,

Hℓ1 = H0 on Σ0,

mC_
ℓ
1 + ^Δ_

ℓ
1 = U(H

ℓ
1 − Ĥ) in &1,

_ℓ1 = _
ℓ−1
2 on ΣΓ,

mC H
ℓ
2 − ^ΔH

ℓ
2 = a

−1_ℓ2 in &2,

Hℓ2 = H
ℓ
1 on ΣΓ,

mC_
ℓ
2 + ^Δ_

ℓ
2 = U(H

ℓ
2 − Ĥ) in &2,

_ℓ2 + WH
ℓ
2 = WĤ on Σ) .

(S1-AS1)

For comparison, we also apply AS1 to solve (S2), which leads to the algorithm,
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mC H
ℓ
1 − ^ΔH

ℓ
1 = a

−1_ℓ1 in &1,

Hℓ1 = H0 on Σ0,

mC_
ℓ
1 + ^Δ_

ℓ
1 = 0 in &1,

_ℓ1 = _
ℓ−1
2 on ΣΓ,

mC H
ℓ
2 − ^ΔH

ℓ
2 = a

−1_ℓ2 in &2,

Hℓ2 = H
ℓ
1 on ΣΓ,

Hℓ2 = 0 on Σ)
mC_

ℓ
2 + ^Δ_

ℓ
2 = 0 in &2.

(S2-AS1)

We observe that in the first subdomain &1 on the left of the system (S2-AS1),
it does not follow the same structure as in (S2). Indeed, the system (S2) is also a
forward-backward system in which the initial and final conditions are all given for the
state variable H. Hence, to retain the same forward-backward structure of (S2) when
applying the alternating Schwarz algorithm, one should impose a "final" condition
at the interface ΣΓ for the state variable H in &1 and an "initial" condition at the
interface ΣΓ also for H in&2. This then leads to a second type of alternating Schwarz
algorithm denoted by AS2, which imposes H at ΣΓ in both &1 and &2. The AS2
applied to solve (S2) then reads

mC H
ℓ
1 − ^ΔH

ℓ
1 = a

−1_ℓ1 in &1,

Hℓ1 = H0 on Σ0,

Hℓ1 = H
ℓ−1
2 on ΣΓ,

mC_
ℓ
1 + ^Δ_

ℓ
1 = 0 in &1,

mC H
ℓ
2 − ^ΔH

ℓ
2 = a

−1_ℓ2 in &2,

Hℓ2 = H
ℓ
1 on ΣΓ,

Hℓ2 = 0 on Σ)
mC_

ℓ
2 + ^Δ_

ℓ
2 = 0 in &2,

(S2-AS2)

which now follows the same structure as (S2) in both subdomains. For comparison,
we also apply AS2 to solve (S1), which leads to the algorithm,

mC H
ℓ
1 − ^ΔH

ℓ
1 = a

−1_ℓ1 in &1,

Hℓ1 = H0 on Σ0,

Hℓ1 = H
ℓ−1
2 on ΣΓ,

mC_
ℓ
1 + ^Δ_

ℓ
1 = U(H

ℓ
1 − Ĥ) in &1,

mC H
ℓ
2 − ^ΔH

ℓ
2 = a

−1_ℓ2 in &2,

Hℓ2 = H
ℓ
1 on ΣΓ,

mC_
ℓ
2 + ^Δ_

ℓ
2 = U(H

ℓ
2 − Ĥ) in &2,

_ℓ2 + WH
ℓ
2 = WĤ on Σ) .

(S1-AS2)

To get better insights into these four algorithms (S1-AS1)-(S1-AS2), we need to
analyze their convergence. Since we focus here on the time domain decomposition,
we can then apply a discretization in space and replace the spatial operator −Δ
by a matrix � ∈ R#×# , e.g., using the centered finite difference discretization
in space. As we only have Dirichlet boundary conditions, this finite difference
matrix � is symmetric and can be diagonalized with %%) = �# , %�%) = � :=
diag(31, . . . , 3# ), and 38 > 0, 8 = 1, . . . , # . For instance, the eigenvalues in the
one dimensional case (= = 1) are given by 38 = 4

ℎ2 sin2 ( c8
2(#+1) ), 8 = 1, . . . , # ,

with ℎ := !/(# + 1) the mesh size and ! the length of the spatial domain. This
diagonalization leads to # independent 2 × 2 systems of first-order ODEs in time.

For each algorithm, solving the ODE system explicitly for each eigenvalue 38
first in &1 then in &2 leads to a recursive relation between two iterates yℓ2,8 =

d(38)yℓ−1
2,8 , where yℓ2,8 (C) ≈ Hℓ2 (C, G8) is an approximation after the discretization

and diagonalization in space, and d(38) is the contraction factor associated with the
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eigenvalue 38 . Each algorithm in (S1-AS1)-(S2-AS1) has an associated contraction
factor d(38) for each eigenvalue 38 , as will be shown in the sequel. The absolute
value of the factor |d(38) | measures the contraction of each algorithm as a function
of 38 , and the algorithm converges if this absolute value is smaller than one for
all eigenvalues, i.e., max38 |d(38) | < 1. More details of the diagonalization and
computations to obtain the contraction factor can be found in [5].

The contraction factor associated with (S1-AS1) for each 38 is given by

dAS1S1 (38) =
U + W(f8 coth (f8 () − Γ)) − ^38)

a
(
f8 coth(f8Γ) + ^38

) (
f8 coth (f8 () − Γ)) + ^38 + Wa−1) , (4)

with f8 :=
√
^232

8
+ a−1U. Similarly, the contraction factor of (S2-AS1) for each

eigenvalue 38 is given by

dAS1S2 (38) =
coth (^38 () − Γ)) − 1

coth(^38Γ) + 1
. (5)

Setting U = 0 in (4), we have

dAS1S1 (38)
���
U=0

=
coth (^38 () − Γ)) − 1

coth(^38Γ) + 1
W

a^38 coth (^38 () − Γ)) + a^38 + W
. (6)

Then, when W → ∞, the second fraction goes to 1, thus limW→∞ dAS1S1 (38)
���
U=0

=

dAS1S2 (38), meaning that these two contraction factors become the same in the limit
case. Since this limit holds for each eigenvalue, we have the next result.

Theorem 2 If U = 0 in (P1), then the convergence behavior of two algo-
rithms (S1-AS1) and (S2-AS1) becomes the same when W →∞.

In terms of two problems (P1) and (P2), when U = 0, or more generally, taking
a relatively small value of U w.r.t. W and a in (P1), it means that the discrepancy
between the solution H of the heat equation and the given target Ĥ is less important. In
this context, taking large values of W emphasizes that one searches for optimal control
strategies in (P1) that can pilot the solution of the heat equation to the target only at
the final time ) . This is equivalent to the idea of the controllability problem (P2).
In this case, it is relevant that we also obtain similar convergence behavior when
applying the same type of alternating Schwarz algorithm to solve the corresponding
optimality system. In particular, their convergence does not depend on the choice of
the target function Ĥ in (P1), nor on the final condition H) in (P2).

In terms of two algorithms (S1-AS1) and (S2-AS1), it has been shown in [5,
Theorem 1] that (S1-AS1) always converges for Γ ≤ )/2 when U = 1. This still holds
for the algorithm (S2-AS1). Indeed, using two properties of the hyperbolic cotangent:
coth(G) > 1 and decreases for all G > 0, we find in (5) that coth(^38 () − Γ)) ≤
coth(^38Γ). Thus, dAS1S2 (38) < 1 for each 38 , and the algorithm (S2-AS1) converges
for Γ ≤ )/2. Given the analytical form of (5), a more precise choice of Γ can be
made. This is done in the next theorem, whose proof is omitted for brevity.
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Theorem 3 Assume that Γ < 1
2^3min

ln 1
2 (1 + 4

2^3min) ) where 3min is the smallest
eigenvalue of �. Then max38 |dAS1

S2 (38) | < 1 hence Algorithm (S2-AS1) converges.

In the one dimensional case with only Dirichlet boundary conditions, the small-
est eigenvalue is 3min =

4
ℎ2 sin2 ( c

2(#+1) ) =
c2

!2 − ℎ2 c4

12!4 + $ (ℎ4). Note that for the
function 5 , lim0→0 5 (0) = 1/2 and lim0→∞ 5 (0) = 1. We thus have the bound
)
2 < )

2^3min)
ln 1

2 (1 + 4
2^3min) ) < ) , which also holds in higher dimensions, with

eigenvalues 38 ∈ (0,∞), 8 = 1, . . . , # . On the other hand, the contraction fac-
tor (5) decreases as a function of 38 , which is bounded above by dAS1S2 (3min). The
convergence behavior then only depends on the smallest eigenvalue.

Following the same approach, we can solve the ODE systems associated
with (S2-AS2) and (S1-AS2) to find their contraction factors. For each 38 , these
two contraction factors are dAS2S1 (38) = 1, and dAS2S2 (38) = 1. This is not surprising
because of the transmission conditions used in (S2-AS2) and (S1-AS2). For both
algorithms, we have Hℓ1 = H

ℓ−1
2 on ΣΓ in &1, and Hℓ2 = H

ℓ
1 on ΣΓ in &2. For any given

initial guess H0
2, the same information is constantly passed back and forth between

two subdomains, solving the same problem at each iteration. Thus, both algorithms
stagnate. This does not depend on the eigenvalues or on any parameter values,
since these transmission conditions are imposed to decompose (S1) and (S2) at the
continuous level. Recall that these transmission conditions are the natural choice
to decompose the optimality system (S2), since we maintain the same structure in
both subdomains in (S2-AS2) as in the original optimality system (S2). This reveals
once again the importance of choosing properly the transmission condition in the
non-overlapping alternating Schwarz in time framework as discussed in [5].

4 Numerical experiments

To illustrate the convergence behavior of these alternating Schwarz algorithms, we
first plot the contraction factors (4) and (5) as functions of eigenvalues. We set U = 1,
a = 1, ^ = 1, ) = 1 and an equal decomposition with Γ = )/2. Fig. 1 on the top left
illustrates two contraction factors (4) and (5) for eigenvalues 38 ∈ [10−2, 102] and
different values of W ∈ {1, 10, 102}.

Fig. 1 Left: contraction factors (4) and (5) as functions of eigenvalues 38 ∈ [10−2, 102 ] with
different values of W. Middle: error decay of four algorithms (S1-AS1)-(S1-AS2). Right: contraction
factors for eigenvalues 38 ∈ [10, 103 ] with different values of W and U
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As expected, increasing the value of W in (4) leads to behavior more similar to that
of (5) for all eigenvalues. We also observe a slight difference in the range of 38 = 1
between two curves dAS1S2 and dAS1S1 with W = 102, due to the value U = 1 in (4). Tak-
ing U = 0, the curve of dAS1S1 |U=0 is then always below that of dAS1S2 , since the second
fraction in (6) is always smaller than one. More generally, we observe that all con-
vergence factors are monotonically decreasing, and their values are especially small
for large eigenvalues. This indicates that both algorithms (S1-AS1) and (S2-AS1)
are good smoothers, and their convergence behavior for small eigenvalues can be
further improved by introducing a relaxation parameter.

Next, we test the error decay of four algorithms (S1-AS1)-(S1-AS2) in the one-
dimensional case. We keep the same setting as in the previous test and consider the
length ! = 1, the initial condition H0 (G) = 1

2c2 (1 − exp(c2))) sin(cG), the target
function Ĥ(C, G) = 1

2c2 (exp(c2C) − exp(c2))) sin(cG) in (S1), and the final condition
H) (G) = 0 in (S2). In particular, this target function is also the solution of the
optimality system (S2) with _(C, G) = (exp(c2C) − exp(c2))/2) sin(cG). We use the
Crank-Nicolson scheme to discretize both systems with mesh size ℎC = ℎC = 1/32.
Fig. 1 on the top right illustrates the error decay of four algorithms. As explained
in our theoretical analysis, both algorithms (S2-AS2) and (S1-AS2) stagnate as
dAS2S1 = dAS2S2 = 1. Regarding algorithmsAS1,we observe that the algorithm (S2-AS1)
converges faster than (S1-AS1) in the case U = 1 and W = 1. However, when
increasing the value of W, the convergence of (S1-AS1) stays the same. Indeed, the
smallest eigenvalue in this case is approximately c2, and Fig. 1 on the bottom further
illustrates contraction factors for large eigenvalues. We observe that dAS1S2 is much
smaller in this case, and increasing W in dAS1S1 cannot track the behavior of dAS1S2 .
However, decreasing U in dAS1S1 can better track the convergence behavior of dAS1S2 ,
which has also been testified in Fig. 1 on the top right.
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