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DIRICHLET-NEUMANN WAVEFORM RELAXATION FOR
HETEROGENEOUS HEAT EQUATIONS: CONTINUOUS AND
TIME-DISCRETE L? ANALYSIS

PHILIPP BIRKEN*, MARTIN J. GANDERf, NIKLAS KOTARSKY*, AND LIU-DI LU*

Abstract. We consider two coupled linear heat equations on different spatial domains that
interact through a lower dimensional interface. This models conjugate heat transfer. The problem
is solved using Dirichlet—Neumann waveform relaxation. This allows us to couple separate codes
for the subproblems, a so-called partitioned approach. Our overall goal is to develop more efficient
partitioned methods, and to this end, we want reliable error estimates.

We use an exponentially weighted Fourier technique to derive new error estimates in L? for finite
time 7" in both continuous and time-discrete settings. We identify an optimized relaxation parameter
that guarantees superlinear convergence. Our new continuous estimate predicts linear convergence
when k2/T is small, and superlinear when kz/T is large, with k the iteration index. Our new time-
discrete estimate closely mirrors its continuous counterpart for small A¢t. Otherwise, we obtain linear
convergence for large k. We also show that convergence is fast when the contrast is large, provided
that the small physical parameter domain (e.g. air) is using the Dirichlet transmission condition,
and the large physical parameter domain (e.g. steel) is using the Neumann transmission condition in
the Dirichlet-Neumann waveform relaxation method. Numerical experiments confirm these findings,
and we demonstrate the relevance on the analysis for a nonlinear conjugate heat transfer test case.

Key words. Dirichlet—~Neumann waveform relaxation, error estimate, heterogeneous heat

MSC codes. 65M55

1. Introduction. Multiphysics problems involve interacting subsystems on dif-
ferent spatial domains, which are coupled through an interface. They are commonly
modelled as coupled time-dependent partial differential equations (PDEs) that in-
teract through a shared lower-dimensional interface [17]. Applications include fluid-
structure interaction [23], heat transfer in composite materials [19], and atmosphere-
ocean coupling in climate models [32]. Multiphysics problems are often addressed with
partitioned approaches that reuse existing single physics solvers on each subdomain.
These solvers communicate only through boundary conditions, enabling independent
development and discretizations [30]. Nevertheless, designing stable and efficient cou-
pling algorithms, especially for time-dependent problems, remains challenging.

Waveform relaxation, originally introduced in [20] for parallel simulation of large
scale electronic circuits, provides a principal framework for coupling time-dependent
PDEs: The coupled system is solved iteratively over a time interval by alternat-
ingly solving each subsystem and exchanging time-dependent interface data after
each iteration. When combined with domain decomposition techniques, this ap-
proach leads to several algorithms, including Schwarz waveform relaxation (SWR),
Dirichlet-Neumann waveform relaxation (DNWR), and Neumann-Neumann wave-
form relaxation (NNWR); see [13, Chapter 3] for a general overview. Applications of
waveform relaxation to multiphysics problems can be found in [8, 26, 27, 30].

Achieving fast convergence in waveform relaxation methods often requires an ap-
propriate choice of relaxation parameters. Suitable choices may lead to superlinear
convergence on finite time windows. In long time simulations, the global time horizon
is typically decomposed into smaller time windows, and waveform relaxation iterations
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are performed within each window until a stopping criterion is satisfied before march-
ing to the next time window. Therefore, understanding how convergence depends on
relaxation parameters, physical parameters, and the length of the time window, is a
central topic in the analysis of waveform relaxation methods.

Several convergence analysis techniques for waveform relaxation methods have
been developed [2, 8, 9, 11, 15, 21, 27]. In the continuous setting, the authors
in [21] derive linear L? error estimates for SWR. applied to heterogeneous advection—
diffusion equations on unbounded space-time domains, using Fourier analysis and
the Plancherel theorem. In [12], the authors investigate DNWR and NNWR, meth-
ods applied to homogeneous heat equations for finite time windows. Based on the
Laplace transform and kernel estimates, they derive superlinear L*° error estimates
using special relaxation parameters, § = 1/2 for DNWR and 6§ = 1/4 for NNWR.
In [4], we extend the analysis of DNWR to heterogeneous heat equations, and also
derive superlinear L error estimates for a material-dependent relaxation parameter.

In the time-discrete setting, the authors in [16] provide an analysis for DNWR
using one implicit Euler step applied to heterogeneous heat equations. They derive
linear L? error estimates via spatial Fourier transform. An extension to multiple time
steps and heterogeneous advection-diffusion equations is presented in [8], where the
authors apply both implicit Euler and Runge-Kutta schemes, and derive linear [?
error estimates using the z-transform on unbounded space-time domains.

Despite this body of work, to our knowledge, there are no continuous and time-
discrete estimates for arbitrary relaxation parameters that depend on the time length
T. Furthermore, a precise understanding of the role of continuous vs time-discrete,
and asymptotic vs nonasymptotic linear respective superlinear convergence behavior,
as well as the influence of time step size, time window length and material parameters,
is still lacking.

The present paper closes these gaps. We consider DNWR applied to two coupled
linear heat equations with different material parameters. To analyze convergence of
DNWR on finite time windows, we introduce a framework based on the exponentially
weighted Fourier transform proposed in [31]. Using this, we derive L? estimates for fi-
nite time lengths 7" in both continuous and time-discrete cases for arbitrary relaxation
parameters . We also show that the continuous estimate converges superlinearly for
a specific choice of 6, and compare both continuous and time-discrete error estimates
for this relaxation parameter. Our time-discrete analysis reveals that, to preserve
superlinear convergence, the time step size At must be reduced as T decreases. These
findings further show the importance of time-discrete estimates, especially when the
total simulation time is split into multiple smaller time windows.

The rest of the paper is organized as follows. In Section 2, we present a con-
vergence analysis of DNWR applied to two coupled heat equations in the continuous
setting and derive superlinear error estimates using the relaxation parameter given
in [4]. In Section 3, we extend our analysis to the time-discrete setting using the
implicit Euler scheme and derive corresponding superlinear error estimates. Section 4
compares the continuous and time-discrete error estimates. Finally, in Section 5, we
validate the theoretical results with linear and nonlinear numerical experiments.

2. Continuous convergence analysis. We consider as our model problem two
coupled linear heat equations in one dimension. Let Q; := (—a,0) x (0,7) and
Q2 = (0,b) x (0,T) denote two space-time domains with @ > 0, b > 0, and the
time 7" > 0. In each domain @);, we denote by u; the temperature, f; the external
force, ug ; the initial condition, «; the volumetric heat capacity, and A; the heat
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conductivity. For each domain, the associated heat equation reads

(2.1)
a10¢u1 — A0zt = f1 in Q1, a20¢Uus — A20z5u2 = fo in Q2,
ui(—a,t) = gi(t) in (0,7), uy (b, t) = gr(¢) in (0,7),
ui(x,0) = up1(z) in (—a,0), uz(x,0) = ug2(z) in (0,b),

where g; and g, are two Dirichlet boundary conditions. These two heat equations are
coupled at the interface using the two coupling conditions

(2.2) ul(O,t) = Ug(o,t) in (0,T>, —Alﬁwul((),t) = —)\Qaw’LLQ(O,t) in <O,T)

The first condition imposes continuity of temperature, whereas the second ensures
continuity of the heat flux at the interface.

The goal of our study is to analyze convergence of the DNWR method applied
to our model problem (2.1)-(2.2). For any given initial guess h°(¢) and the iteration
index k= 1,2,..., the DNWR iteration reads

(2.3)
0T = X0t = £ in Q1 diubTt — XaOpub T = fo in Qo
ulfH(fa,t) = qi(t), f)\lé'mulfﬂ((),t) = f/\gazugH(O,t),
uf (0, 8) = hF (1), uf (b, t) = gr(t),
u’f“(x, 0) = ug1(z), ué“(x,()) = ug2(z),

and we update the Dirichlet transmission condition h* by
RFFL(E) := (1 — O)RE(t) + 6ubTi(0,t), 6 € (0,1),

where 6 is the relaxation parameter. Note that here we choose to impose the Dirichlet
condition at the interface in Q1 and the Neumann condition at the interface in Q.

To present our convergence analysis, we first introduce a framework based on the
exponentially weighted Fourier transform proposed in [31].

DEFINITION 2.1. Let r > 0, w € R, and ¢ a given function. The exponentially
weighted Fourier transform of the function ¢ is defined by

o(r +iw) = / h p(t)e” Tt gt

if this integral is finite.

Note that this transform is the standard Fourier transform applied to e~ "'¢(t), with
r > 0 the weight parameter. We use the hat notation to denote such a transform,
and write the argument as r 4 iw to emphasize the dependence on both weight r
and frequency w. From Definition 2.1, we can verify that the exponentially weighted
Fourier transform inherits most of the properties of the Fourier transform, such as
linearity, time shifting, and differentiation. Also, it exists if ¢ € L'. The Fourier
transform of an L? function is in general defined via extension using the Plancherel
theorem, see e.g. [14]. For the exponentially weighted Fourier transform of an L2
function, we need additional assumptions, since the weight e="* blows up as ¢t — —oco
for » > 0. The next result establishes the existence of this transform under an
assumption relevant to our study.
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4 P. BIRKEN, M.J. GANDER, N. KOTARSKY AND L.-D. LU

LEMMA 2.2. Letr >0 and ¢ be a function defined in R with ||¢|| p2g+) < 00 and

o(t) = 0 for t < 0. Then the exponentially weighted Fourier transform of ¢ exists,
and we have

1 (e} oo

|§(r + iw)|*dw < / |(t)|2dt.

2m —o0 —o0

Proof. For r > 0 and ¢(t) = 0 for ¢t < 0, we have

/Oo (e (1)) dt = /OOO (e (1)) dt < /OOO (6(t))* dt < 0.

— 0o

Thus, ¥(t) := e~ " ¢(t) is in L?(R). Using the result in [14], the Fourier transform of
1) is well defined, meaning that the exponentially weighted Fourier transform of ¢ is
also well defined. Applying now the Plancherel theorem to v, we obtain

oo oo

|g5(r+m)|2dw=/ (e_rt¢(t))2dt</ooo (¢(t))2dt:/ (6(t))” dt.

— 00 — 00

1 o0
2r J_
|

To analyze convergence, we apply the exponentially weighted Fourier transform to
the error equation associated with (2.3) and derive the contraction factor. The error
equation is obtained by subtracting the solution from the model problem (2.1)-(2.2),
or equivalently, by setting directly fi, fa, uo1, o2, 91, and g, all to zero in (2.3).
Before applying the exponentially weighted Fourier transform to (2.3), we also need to
extend the initial guess h° to the time interval (—oo, c0) by setting it to zero outside
its original domain. The iterates (uf,u5, h*) for k > 0 are then extended to (—o0, o)
through the iteration itself. For brevity, we retain the notation h° and (u¥,u5%, h¥) for
the extended functions.

For w € R and r € R, the exponentially weighted Fourier transform applied to
the error equation associated with (2.3) gives

o (r 4 iw)ab ™t — N0 0T =0 in (—a,0),
WMt (—a,r +iw) =0,
W0, 7 + iw) = W (r + iw),
(2.4) Qo (1 4+ iw) i — N0yt =0 in (0,D),
MO0, 7 + iw) = =X, 05T 0,7 + iw),
uf (b,r +iw) = 0,
PR (r 4 iw) = (1 — O)R*(r + iw) + 0351 (0,7 + iw).

These are two coupled second-order ordinary differential equations in space, and solv-
ing them for given w and r yields the closed form solutions

sinh (1 / 76“1(:';“) (z+ a))
sinh (, / 7"‘1(;:'1”)(1)
. sinh( /M(w_b))A
alil coth < et (T;— iw) a> A _ R*(r 4 iw).
Q22 1 cosh ( /w(;—;tw) b)

W (@, +iw) =

R* (r + iw),

ﬂg“(az, r+iw) =
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Using the last equation in (2.4), we obtain h*(r + iw) = p(r + iw)*h°(r + iw), where p is
given by

(2.5) p(s):=1—-0—-10 s coth 215, tanh 225, , seC.
a2 A1 2

The function p evaluated at s = r + iw with Re(s) = r > 0 is the contraction factor
associated with the transformed DNWR iteration (2.4). Note that p(r + iw) depends on
the domain size a and b, and the physical parameters a; and Aj;, j = 1,2. Regarding the
relaxation parameter 6, one wants the associated contraction factor to be small, such that
(2.3) converges very fast. Before discussing the choice of 6, we first present an error estimate
for arbitrary relaxation parameter.

THEOREM 2.3. For any given 6 € (0,1) and h® € L*(0,T), the error of the iteration (2.3)
in the time interval (0,T) satisfies the estimate

k . A . k
(2.6) A ||L2(0,T) < 1;ﬂ>1{)1 e’ IES% |p(r + iw)| HhOHLz(O,T) .

Proof. By [22, Chapter 4], h* exists and is well defined for h® € L?*(0,T). For r > 0, we
have

1B* 122 0.1 :/OT (h’“(t))2dt:/OT (2rtg2rt (h’“(t))gdtgew /OT (e*”h’“(t))?dt
< T /jo (efrthk(t))2dt7

where in the last inequality we use the extension of k¥ to R. By Lemma 2.2, the exponentially
weighted Fourier transform of h* exists. Applying the Plancherel theorem, we find

e /jo (e_”hk(t))th = e;;T /jo ‘fzk(r —&-iw)rdw

eQ'rT o 520 2
=3 / ‘ﬁ(r—i—iw) h (r—i—iw)‘ dw
m —00

62TT

N . 2k

— 00

=7 m2§c|ﬁ(r+iw)|2k/ ‘ho(t)th

o 2

< B (r 4 iw)| dw

T
=T max|[)(r+iw)|2k/ 1) dt,
w€eR 0

where we use Lemma, 2.2 once again, and the fact that h° is extended from (0, T') to (—o0, o)
by 0 for the last equality. Combining these computations gives

k2 2rT A . N12kp7,002
(I HLZ(O,T) <e Iwngﬁdp(r +iw)[*| A ||L2(0,T)-
Taking the square root on both sides and minimizing over all r > 0 leads to (2.6). ]

Theorem 2.3 provides a general error estimate of (2.3) for any relaxation parameter. To
achieve fast convergence, we can choose a relaxation parameter 6 such that the convergence
factor (2.5) is small. In particular, the choice

1
14 4/ 92 coth (, / 70‘1(”“)(1) tanh (, [ ea(rtiv) b)
a2 A2 A1 A2

yields convergence in two iterations. However, this choice depends both on the weight pa-
rameter r and the Fourier frequency w, making it not useful in practice. On the other hand,

(2.7) 0=
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6 P. BIRKEN, M.J. GANDER, N. KOTARSKY AND L.-D. LU

when the physics in both subdomains satisfy \/al/)\la = \/ag/)\gb, the contraction fac-
tor (2.5) reduces to the simple form p = 1 — 6 — 0v/ a1 A1/v/ a2z, which is independent of
the w and r. In this case, we obtain the optimal relaxation parameter

Va2

Vaidi + Vazhs

Note that the choice 6 given in (2.7) converges to 0* when w goes to infinity. Therefore,
for high frequencies, the DNWR iteration always converges very fast for 6 = 6%, and thus
convergence will be independent of the mesh size, as discussed in [7, Chapter 4.7, p.174].
Furthermore, the parameter 8* is much more convenient to use in practice, as it only depends
on the physics of the problem. Therefore, we are interested in the impact of 8" on the
convergence of (2.3) in more general cases, i.e., \/a1/Aa # y/as/\2b. Substituting 6* into
(2.5) and using properties of the differences of arguments for hyperbolic functions, we obtain

1 s1nh((1/°‘1a— “2b) )
02’\2 sinh (1 /A—la\/g) cosh ( i‘—sb\/g) 7
To simplify the notation, we also introduce the function

froey . sinh (ja— By/s)
(2.10) H(s) = G (av/5) cosh (B/5)

With the help of (2.10), the error estimate (2.6) associated with § = 6 is then

(2.8) 0" =

seC.

(2.9) ps)o- = —

1+

s e C.

k
1 . ; L

(2.11) 1R L20.1) < — rggerTr‘ilgg‘H(r—i—zw)‘ ]|,
a1 A1

0,1)’

where a = /a1 /Aa and 8 = \/az/Xabin H for (2.10). Therefore, it is sufficient to study the
min-max problem associated with H. We first solve the maximization problem with respect
to the frequency w, then use r as an auxiliary parameter to find a superlinear estimate. The
next result shows the global maximum of the maximization problem.

LEMMA 2.4. Let a, B,7 > 0 be given. Then the function H defined in (2.10) satisfies
maxwer |H(r + iw)| = H(r).

Proof. In the proof of [24, Theorem 2], it is shown that the function I:I(s) with o > 0,
B > 0 and Re(s) > 0, is the Laplace transform of a positive function denoted by H(t). Thus,
we have

maX\H(T +iw)| = max‘/ H(t)e ™" Wtdt‘ < max/ [H(t)|e " dt

—o0

_ / H(t)e "dt = B (r).

To see that this is actually an equality, it suffices to substitute w = 0 into H (r + iw), which
gives H(r), and thus the proof is complete. 0

Applying Lemma 2.4 to (2.11), we have

k 1 . ;i 0
(2.12) Hh ‘LQ(O,T) T\ Se2re rgge (H ) Hh HLz(OaT)’
a1

It remains to treat the minimization problem related to r. Depending on the physics of the
problem, we have two results.
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THEOREM 2.5 (Case /ai/Aa > y/aa/Xa2b). If 0 = 0° and \/ai/da > Jao/A2b,
then the error of the algorithm (2.3) satisfies

k
_ L je221 b
1 a1 a ,M 0
g Ve ) o |

L2(0,T) — 14+ az;\\2
Q1AL

(2.13) Hh’“’ lc20m -

Proof. The idea is to first bound the function H(r) by an exponential function, and
then to analyze the exponential function to find a minimum. Let 0 < o < 8 and f(z) =
Bsinh(az) — asinh(Bx). We have f'(z) = af(cosh(ax) — cosh(Bz)) < 0, i.e., f is decreasing.
Hence f(z) < f(0) =0, Vz > 0, yielding sinh(ax)/sinh(fz) < a/f. Taking a = y/a1/Aa—

Vas /b, B =+/ai/\a and x = /r, we find

(214 smh(\/za— azb ) ﬁa— O‘Zb_l_\/mb
. sinh (\/gaf) N ﬁa ar1de a’

On the other hand, using the definition of the hyperbolic cosine, we have

(2.15) ! = 2o (_\/%bﬁ) ) < 2exp (—\/%b\/?) :

cosh ( ‘j\‘—;bﬁ) 1+ exp (—2 20y

The product of (2.14) and (2.15) to the power k gives

(2.16) i ((\/%a - %b) \/F) k <2 (1 - \/ﬁb)kexp ( kb\/aTr> :
sinh ((\/$tav/r ) cosh (| /52bv7) aiks a 2o

Therefore, the estimate (2.12) with the definition (2.10) of H becomes

k
k 1 > 0
Hh ‘LZ(O,T)i 14+ % ITn>1{)1€ (H ) Hh ||L2(07T)
«@

(2.17) v X

< 21 Y ziiég . rT—kb, [S2T 1o

S\ e ) 1A% 2 0.z -

Q1AL

It remains now to find the minimum of exp(rT — kb/aar/v/A2). Differentiating it with
respect to r gives (T' — kby/az //4Xar) exp(rT — kby/azr/+/A2). Setting the derivative to 0

yields the extremal point

a2k2b2
ANT2

(2.18) Tl =

Note that the derivative changes sign from negative to positive at rj., and thus 7y, is a
minimum. Substituting r7. into the second inequality in (2.17) gives the estimate (2.13). O

THEOREM 2.6 (Case \/01/A1a < \/(12/)\2[)). Let 0 = 0. [f \/a1//\1a < \/Ozz/)\zb <
a1 /Ma, then the error of the algorithm (2.3) satisfies

k
VaRke =1\ a2
<2 —=———| e T ||
L2(0,T) ags Ao
a1 +1

(2.19) Hh’“’ lc20m) -
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If \/az/A2b > 2 /a1 /Aia, then the error of the algorithm (2.3) satisfies

k
\/Lz)‘lg—l ayk?a?
(2.20) Hhk’ < gV oirza 7 -7 ”ho
L2(0,T) /Zfii +1

Proof. The idea is the same as in the proof of Theorem 2.5. If \/041/)\1(1 < \/az/)\zb <
2¢/ai/Aia, then 0 < \/ag/)\zb — \/al//\la < \/al/)\la. We can thus follow the same steps
as in the proof of Theorem 2.5 by taking a = \/ag//\zb — \/al/)\la and 8 = /ai/Aia. We
find a similar bound as (2.16), namely

HL2(0,T) :

k

sinh(( 20— %a) \/77)

k
asA1 b QT
(2.21) <2k <~/ - — 1) exp ( kb )
sinh (1 /%a\/?) cosh ( ‘;—;b\/?) a1z a A2

This leads to the same miminizer 77, given in (2.18), and we obtain the estimate (2.19).
If \/aa/A2b > 2y/a1/A1a, we substitute 7 = exp(—2,/7) and obtain

sinh (( w2h /%a) \/7«) /e T
= 1 A
sinh (,/‘;‘—ia\/?) cosh( i‘—;bﬁ) (1+T\/%b) (177_\/%&>
The latter fraction can be bounded by

1—7\/%277\/%[1 1—71 "‘217 %a
1 S 1
(1+T\/7b> (1 —T\/ia) 1 —TEa

Let now o > 3 > 0 and f(z) = B(1—e ") —a(l—e™ "), then f'(z) = af(e™ " — _ﬁz) 0,
i.e., f is non-increasing. Hence, f(x) < f(0) = 0, Va > 0, yielding (1 —e~**)/((1— e ?*)) <
a/pB. Taking then a = y/aa/A2b — /a1 /A1a, B = \/a1/Ma and = = 2\/7 gives

1—7’V§‘%b_v%a a2b_\/ >\1 asA1 b
(2.22) <
CM1)\2 a

51

1—7

This implies that

(2.23)
k
sinsl“lln(h\/(ETaj/ij)_co\s/hTéalf\)ﬁ) < 2 (\/ z?i; g - 1) k exp (—Qkaﬁ) .
Y] o

Note that the exponential part is slightly different compared with (2.21) in the previous case.
Using the bound (2.23), our estimate (2.12) in this case becomes

k
k 1 . T [ koo
Hh ‘Lz(O,T) - 1+ QQ;Z I}gger (H(r)) Hh ”LZ(O’T)
«@
(2.24) T
V a2§1 ¢l T—2ka,/SL"
aljA2 a T a 0
=2 a2d2 4 ] I;ﬂ>10 Hh ”Lz(O,T)'

oA
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Once again, we take the derivative with respect to r of the function exp(rT —2ka~/a17/v/ A1)
to find the minimum

. a1 k?a?
2.2 = .
(2.25) T2e T2
Substituting r5. back into the second inequality of (2.24) gives the estimate (2.20). 0

For 6 = 6", the error estimates given in Theorems 2.5 and 2.6 contain both linear and
superlinear behavior, which is characterized by the following result.

COROLLARY 2.7. For given parameters a; > 0,X; >0, j =1,2 and a > 0,b > 0,
o when k*/T is small (large T or small iteration count k), then the continuous esti-
mates given in Theorems 2.5 and 2.6 show linear convergence;
e when k2/T is large (small T or large k), they show superlinear convergence.

Proof. For small k?/T, the exponential part in (2.13), (2.19) and (2.20) is close to 1,
and thus the factor in front gives linear convergence. For large k*/T, the exponential part
behaves like exp(—k2 /T), and typical superlinear convergence is obtained. 0

The weight r is an auxiliary parameter that we only use to derive error estimates.
As shown in the proofs of Theorems 2.5 and 2.6, our approach to treat the minimization
problem (2.12) is as follows: we first bound H(r) by a function of 7, and then solve the
resulting minimization problem to obtain ri, and r3., instead of solving (2.12) directly. We
can then substitute ri. and r3, into the function ﬁ(r) in (2.12) to obtain sharper error
estimates.

COROLLARY 2.8. For 0 = 6%, the error of the algorithm (2.3) satisfies

A k
H(r*) T “ho

< | =\ 7
L2(0,T) — [ asa
1 + a1 A1

where r* denotes 1. or r5. depending on the value of \/a1/A1a and \/az/A2b.

Although the error estimate (2.26) is sharper than those in Theorems 2.5 and 2.6, it is
less straightforward to see the linear and superlinear convergence behavior in (2.26), as the
dependence on T is hidden in the value of r*.

In general, one splits a long simulation time into smaller time windows, performs wave-
form relaxation methods within each window until a stopping criterion is satisfied, and then
moves to the next one. Therefore, we are interested in the values of T" that lead to superlinear
convergence. The error estimates provided in Theorems 2.5 and 2.6 indicate how one should
choose the time window length, which will be further discussed in Section 4.

(2.26) Hh’“‘

HL2(0,T) ’

3. Time-discrete analysis. The error estimates obtained in the continuous setting
do not clarify the influence of the time step size. In this section, we provide a detailed time-
discrete analysis of (2.3). We discretize the time interval [0,7] with 0 = to < t; < ... <
ty =T, where t, = nAt and At = T/N. We denote by u" the approximation of the solution
w at the time ¢, and w = (u',...,u™)". As before, we use k to denote the index of the
waveform iteration. The implicit Euler method applied to (2.3) reads: Forn =0,...,N —1,

R T ) S M = 1 in (—a,0),

u?+1,k+1(_a) _ gln+l u?+l,k+l(0) _ hn+1,k’

’

uM (@) = uoa(x)

(3.1) T (g ) a0y T = B i (0,0),
as TR ) = g = Adeu T (0) = —hadeus T (0),
uy™ T (2) = o 2(2),

RUTEEEL = (1 — )R 4 uy TR (0), 0 € (0,1).
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To remain in a similar analysis framework as in Section 2, we keep using the expo-
nentially weighted technique. In the continuous case, we use the Fourier transform; corre-
spondingly, we consider here the discrete-time Fourier transform, which possesses properties,
such as linearity, time shifting, differentiation, and the Parseval Theorem. We refer to the
monograph [28, Chapter 2.9] for a detailed introduction. To take advantage of the Parseval
Theorem, we define the exponentially weighted discrete-time Fourier transform as follows.

DEFINITION 3.1. Letr > 0, At > 0, w € [—m, 7|, and {¢" }nez be a given sequence. The
exponentially weighted discrete-time Fourier transform of {¢" }nez is defined by

gg(rAt +iw) = Z ¢ne_"(rm+w),

neZ

if this series is finite.

We use the notation wide hat here to denote the exponentially weighted discrete-time
Fourier transform to distinguish it from the exponentially weighted Fourier transform in the
continuous case. In addition, similar to Definition 2.1, we write the argument as rAt + iw
to emphasize the dependence on the weight parameter r, the time step size At and the
frequency w. In general, the weight e ™t blows up as n — —oo for » > 0. The next
Lemma provides a similar result to Lemma 2.2.

LEMMA 3.2. Let r > 0 and ¢ = {¢" }nez be a sequence such that ZneN(¢")2 < 00, and
¢" =0 for n < 0. Then the exponentially weighted discrete-time Fourier transform ezists,
and we have

1 [ ~ .
on | lo(rAt+ iw)|*dw < ||l -

Proof. Forr>0and At >0, e " <1, and we find 3, ., (e "2'¢")* <32, ,(¢")° <

00. The time-discrete Fourier transform of the sequence e~ "2

Parseval’s theorem to e "2t¢, we find

¢ therefore exists. Applying

1

~ 2
5 d(rAt + zw)’ dw = Z(eirmn¢n)2 < Z(¢n)2 =l .

- nez nez 0

To analyze convergence in the time-discrete case, we focus on the error equation associ-
ated with (3.1), which consists of setting f1', f3', g;*, g», uo,1, uo,2 all to zero in (3.1). We also
extend the initial guess {h™°})_g by 0 to h® := {h™°},.cz. The iterates {u}"* uy® K *F}N_,
for £ > 0 are then extended for n € Z through the iteration itself. For brevity, we retain
the notation h™° and u"*, ul"* h™* for the extended version. The exponentially weighted
discrete-time Fourier transform applied to the error equations gives

a1 RPN ~ P~
E(erAt+zwullc+1 _ ul{:Jrl) _ AlazzerAtJrzqu{:Jrl _ 07
~k+1 ~k+1 T
" (—a) =0, a@"(0) =h,
Q2 i~ ~ i~
(3.2) Kt(ermﬂwugﬂ — AR - MgBppenAtieghtl _ o

a5t (0) =0, =X Ay T(0) = .5 (0),
REFY = (1 - ) RE 405 (0).

Similar to (2.4), these are two coupled second-order ordinary differential equations in space,
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and solving them separately yields the closed form solutions

. o —e—TAt—iw
sinh ((az +a) %) R
i () = n,

. al(lfe*TAt*i'“")
sinh (a S YN Sa—

aq(l—e—TAt—iw . oo(l_e—rhi iw
z(@) = \/17; RE.
7 sinh (a W) cosh (b 00(1%;?"“”)

Using the last equation in (3.2), we obtain by induction that
N 1— —rAt—iw\ k .
Wt =p (76 ) n°,

where the function p is defined in (2.5). Similar to the continuous case, the convergence
factor p((1 — e "2*~*)/At) depends on the subdomain sizes and the physical parameters
that are all hidden in the function p. Besides, the convergence factor also depends on the
time step size At. Our goal is to understand how the choice of time step size influences the
convergence behavior, and the relationship between the continuous and time-discrete analy-
sis. As in Theorem 2.3, we first present an error estimate of the time-discrete iteration (3.1)
for arbitrary relaxation parameter 6 € (0,1).

THEOREM 3.3. For any given 6 € (0,1), the error of the time-discrete iteration (3.1)

satisfies the estimate
& T 1— efrAtfiw k 0
(33) O ] e A L

where p is defined in (2.5).
Proof. As r > 0, we have
k)2 T\ arAtn _grat R R At &) 2 2T At &) 2
Hh le _ Ze T ne— rAtn (hn, ) S e I Z (e—r nhn7 ) S e T Z (G_T nhn, ) ,
n=0 n=0 nez

where in the last inequality we use the extension of the sequence h*. By Lemma 3.2, the
exponentially weighted discrete-time Fourier transform of h* exists. Applying the Parseval
theorem yields

E
2rT —rAtnn,k 2 €
e e h =3
T
nez -
e2rT /71'
2 J_ .

max
2T we[-m,7)

~k 2
h (rAtJriw)’ dw
_ —TrAt—iw kA
ﬁ(leT) RO (r At + iw)
1— e—rAt—iw T
p( At ) /,7r
1R°|I7,

1— 677”At7iw
(=)

where we use Lemma 3.2 for the last inequality. Combining these computations gives

1— 677‘At7iw
()

Taking the square root on both sides and minimizing over all » > 0 leads to (3.3). ]

2
dw

2k

IN

~0 2
he(rAt +iw)| dw

2k

2rT
<e*™ max
we[—m,m]

2k

h*|% <e*” max
H [ —
we[—m,m]

02
1R [[72.
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This estimate involves a min-max problem which is generally difficult to analyze. How-
ever, analogous to the continuous case, when the physical parameters in both subdomains
satisfy \/a1/)\1a = \/042/)\21), the optimal relaxation parameter §* given in (2.8) again en-
sures convergence in two iterations for the time-discrete iteration. Furthermore, we have
obtained superlinear convergence in the continuous analysis using such #* for more general
physical conditions, i.e., \/al/)\la #* \/OéQ/)\zb. We are interested in the convergence behav-
ior of the time-discrete iteration (3.1) for this special choice of relaxation parameter §* and
the dependence on the time step size At. As in the continuous case, with the help of (2.9)
and (2.10), we can rewrite the error estimate (3.3) for 6 = 6™ as

H <1 _e—rAt—iw>k
At

where o = y/a1/A1a and 8 = \/aa/A2b in the function H defined in (2.10). Therefore, when
6 = 0, it suffices to study the min-max problem associated with H. We start by giving a
similar result to Lemma 2.4 for the global maximum of the maximization problem.

LEMMA 3.4. Leta >0, 8>0,r >0, and At > 0, then the function H defined in (2.10)

satisfies
R 1— efrAtfiw R 1— efrAt
()l (a)

Proof. Let g(w) = (1 —e "7 %)/At. For r > 0 and At > 0, the image of g is a subset
of a shifted half-plane, or more precisely

k
1
(3.4) [z < | ———=——=] mine’" max
14+ a2§2 >0 w€[—m,m]
Q1AL

18”2,

max
we[—m,m]

Image(g) = {g(w) : w e [-m, 7]} C{g(0)+x+iy : >0,y e R} = S.
Thus, we can transfer the maximization problem to the set S as

max
we[—m,7]

11 (9(w))| < max | (g(0) + 2+ iy)| = max | A (4(0) + )],
(zy)€S z20
where Lemma 2.4 was used in the last equality. We now show that His nonincreasing as a
function of a real variable. Let  be a real number. Depending on the value of a and 3, we
have three cases.
() fa=p, H=0.
(ii) If @« > B > 0, we have

asinh(287) — B sinh(2a7y)
2 sinh?(ary) cosh?(37)

H'(y) =

<0,

since asinh(28vy) < ABsinh(2ay). In fact, the function f(y) := asinh(28v) —
Bsinh(2ary) satisfies

f(0) =0, f'(v)=2aB(cosh(287) — cosh(2ay)) < 0,

for a > g > 0.
(iii) If B > a > 0, we have, following a similar reasoning as in (ii),

700y _ Bsinh(2a) — asinh(26)

H' <0
™) 2sinh?(ary) cosh?(b7)

Therefore, we have

H(g(0) +x) < H(g(0)), Va>0.
This implies that

max
wE[—m,m]

it (o) < ooy = it (L)
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Applying Lemma 3.4 to (3.4), we have

k
1 ) T 1— —rAt\ k
(3.5) Hhk”p <|———ro| mine™H (ei) HhOle.
14+ [ ag Ao >0 At
a1
As in the continuous case, we address the minimization problem for r according to the
underlying physics of the problem.

THEOREM 3.5 (Case \/al/)\la > \/&2/)\2()).
If 0 = 0* and \/ai/Ma > \/az/Xsb, then the error of the time-discrete iterates (3.1)
satisfies

k
1— /a2t
(3.6) [RE]|,2 < 217”2 1(ra) | R0 2

ag A
TV an
with
- 1+ (/9222622 + 1
_ as |1 —e-TAL « 1 NoT2
(3.7) ¢1(r) =exp (TT_kb”)\g”At> , Tiq = Elog 5

Proof. Reusing the bound (2.16) given in the proof of Theorem 2.5 with r = (1 —
exp(—rAt))/At yields

k e
R _ —TAt k 1— a2 b
(3.8) S mine™” H 1z ™ < 2M min ¢4 (7).
14 ,/o2d2 | >0 At - 14 Je2re >0

a1 Ay a1 A

Differentiating ¢ yields

Py kb [az | At _rAL _ az [1—e rat
<z>1(r)—(T 2\ N, T e At exp | 7T — kb NV A )

Setting the latter to 0 yields the extremal point rj; given in (3.7). The derivative ¢} (r) is
negative for r < r; and positive for 7 > ri,, since e "2t /AL/(1 — e="A) is a decreasing
function of r. This implies that the extremum is indeed a minimum. Inserting ri; into ¢;
in (3.8) gives the estimate (3.6). ]
THEOREM 3.6 (Case \/a1/A1a < y/az/As2b).
Let 0 = 0*. If \/ozl//\m < \/az/)\gb < 2\/041/)\1a, then the error of the iterates (3.1)
satisfies

k
[aad1 b

3.9 R < [V oae ! * ) |[RC

() H Hz2_ ¢1(7“1d)|| Hz27

with riy and ¢1 defined in (3.7).
If \/az//\gb > 2\/a1/A1a, then the error of the iterates (3.1) satisfies

k
[asA1 b 1
a1 a ¥
(3.10) 1Rz < | 22— | da(r3a)Ih°] 2,

22 +1

a1 Ay

with

— 14, /4a2a8tg2p2 4
- ap |1 —eTAt . 1 T2
(3.11) ¢2(r) = exp (rT—ka,/)\l\/At> ) Tog = Elog 3
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Proof. The proof for the case \/al/)\la < \/ozg/)\gb < 2\/a1/)\1a follows the same steps
as that of Theorem 3.5, except we make use of the bound (2.21). This leads to the same
optimized ri; given in (3.7).

For y/a2/A2b > 2¢/ai/Aia, we follow once again the proof of Theorem 3.5, but use
instead the bound (2.22), which gives

k
(1_e—rAt>k VaaMib

1 S Va1 aa .
_— mi{)l TH AT < [ 2forrze min da(r).
A > A >
T+ /a5 an T1
Setting then ¢5(r) = 0, we obtain the optimum value of r3; (3.11). Inserting it into ¢2 gives
the result (3.10). ]

Theorems 3.5 and 3.6 provide time-discrete error estimates that depend on both time
T and step size At. Note that ¢1(r]y) and ¢2(r3,) are guaranteed to be less than or equal
to 1, since ¢1 and ¢2 are continuous for r > 0 and 1 = ¢1(0) > minyso $1(r) = d1(rig)
and 1 = ¢2(0) > min,~o ¢2(r) = ¢2(r34). Thus, the exponential factor is guaranteed to be
nonincreasing.

Furthermore, the time-discrete estimates share the same linear factor as in the con-
tinuous estimates given in Theorems 2.5 and 2.6. Similarly to the continuous case, the
weights (3.7) and (3.11) depend on the subdomain size and physical parameters. As they are
auxiliary parameters that are only used in our analysis to derive error estimates, we can also
substitute them directly into (2.12) to obtain sharper error estimates, as in Corollary 2.8.

COROLLARY 3.7. For 0 = 0%, the error of the iterates (3.1) satisfies

A —r*At k
(3.12) IRl < | ——2—2 | TR0,
a2
1+ a1 Al

where r* denotes T14+ or r2q+ depending on the value of \/ai/Aia and \/az/A2b.

Once again, the error estimate (3.12) is sharper than those in Theorems 3.5 and 3.6,
since we directly inject the value r* (i.e., ri4 or r54) into the function H instead of bounding
it first. However, its dependence on the time step size At is hidden in the value of r*. To
compare with the estimates obtained in the continuous case and to understand the impact
of At, we still need to use the estimates derived in Theorems 3.5 and 3.6.

4. Comparison of continuous and time-discrete estimates. We now discuss
the relation of the continuous and time-discrete estimates.

COROLLARY 4.1. For § = 0" defined in (2.8), the time-discrete error estimate (3.5) is
larger than (2.12).

Proof. For 6 = 0*, the convergence factor can be simplified using H defined in (2.10).
By Lemmas 2.4 and 3.4, the maximum of H in the two cases are H(r) and H((1—e™"2)/At).
As shown in the proof of Lemma 3.4, His nonincreasing for real values, and we always have
(1 —e ") /At < r. This implies that

R 1 _e—TAt .
PEEE——
H< n ) > H(r),

and thus we obtain the result. O

As shown in Theorems 2.5, 2.6, 3.5 and 3.6, the optimal r* is obtained based on the
choice of the material parameters and domain sizes. In the case \/al/)qa > \/ag//\gb, the
optimal 7* are ri. (2.18) and rjy (3.7). Taylor expanding riy in Ataxb?k?/(X2T?) gives

ao At
(1) . 1 b 1+ 7>\;T2 b2k2 4+ 1 B ab?k2 o a nb?k? 2
' 1= Ay 08 2 T T? Ao T2 '

.
=Tle
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Thus, 774 is close to ri. if At (angkQ/(/\gTQ))2 is small (similar results are obtained by ex-
panding 73,4 in Ataia®k? /(A T?) and comparing with 3.). This acts as a scaling determining
which At respectively k?/T are considered small or large.

Now we compare the time-discrete estimates obtained in Theorems 3.5 and 3.6 with
their continuous counterparts Theorems 2.5 and 2.6.

COROLLARY 4.2. For given positive parameters o, \j, j = 1,2, a,b,T, and k > 0, when
At — 0, the time-discrete estimates given in Theorems 3.5 and 3.6 converge to the continuous
estimates in Theorems 2.5 and 2.6 respectively.

Proof. We consider the estimates in Theorems 3.5 and 2.5 to show the convergence. An
expansion of ¢ (r7y) defined in (3.7) for At — 0 gives

. _agb?k? a3b*k?
(42 alrla) =e =7 (1 NEDYE

At) +0 (Ar?).

Therefore, we obtain that
agb?K?

lim ¢1(rig) =e **2T
A%—)O ¢1( ld) € )

and the limit is the exponential part in (2.13). It follows that the time-discrete estimate (3.6)
converges to the continuous one (2.13) when At — 0. ]

In (4.2), we can rewrite the second term in the expansion as

ab'k! . adb' (K\? At
3223737 3223\ T /) T

When At — 0, (k%/T)?(At/T) becomes small. Using Corollary 2.7, we then find
e when k? /T is small, the time-discrete estimates show linear convergence;
e when k? /T is large, the time-discrete estimates show superlinear convergence.
The expansion (4.2) for At — 0 holds true for a fixed iteration count k, when k — oo,
we need the following result.

COROLLARY 4.3. For given positive parameters a;,N\j, 7 = 1,2, a,b,T, and At > 0,
when k — oo, the time-discrete estimates in Theorems 3.5 and 3.6 behave linearly.

Proof. We consider the estimate in Theorem 3.5, the other follows analogously. For
large k, the asymptotic behavior of ¢1(rjy) is given by

T
. b [aaAt\ S o1 [y \" e T? 1
4. ==/ ATk VXai ) |14, /22— — 1.
(4.3) ¢1(riq) <2T )\2 ) estgat | e 2 + o 2At%bk+o k2

In particular, for ¢ > 0 and 0 < v < 1, k°y" behaves asymptotically as v for large k.
Therefore, when k — oo, the time-discrete estimate given in (3.6) behaves linearly as

k k
1— a1 b 1— /2200 - k
A Y _p. /22
2t ) i)~ |2 ) (R

as A ag A
14 /0222 14 /@222 0

a1y oA

These theoretical results are illustrated by the following two numerical test cases:

e Case A: a low contrast test case with physical material parameters a; = 4, as =
A1 = A2 = 1. The physical parameters satisfy the condition \/a1/Ada =2 > 1=
A/ 042/)\2 b

e Case B: a more realistic high contrast case with physical material parameters for
air o = 1299 and A = 0.0243, and for steel & = 3.47 x 10° and A\ = 48.9. The
air and steel domains can be arranged either as air-steel or steel-air, depending on
whether the Dirichlet condition is imposed on the air or the steel domain.
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Fi1G. 1. Illustration of the continuous and time-discrete estimates for Case A (left) and Case
B (right) with At = 20 and T = 1000. The blue curve represents the continuous estimate defined
in (2.13), the red curve is the time-discrete estimate defined in (3.6), the yellow curve is the as-
ymptotic behavior of the time-discrete estimate in Corollary 4.8, and the purple curve is the linear
factor in both continuous and time-discrete estimates.

10?1 —e— num min cont
100 m. num min disc
5 v —~— est cont
E 10724 i est disc
3 104 y\—v— min r* cont
= min r* disc
g 10-6 1
5
= 1078
10710,
107121 - :
0 4 6
iters

Fi1Gc. 2. The continuous and time-discrete explicit error estimates as well as the improved
version for Case A with At =1/64 and T =1/4. As a baseline this plot also includes numerically
calculated error estimates from Theorem 2.8 and 3.3.

For all our tests, we use the relaxation parameter 6* defined in (2.8) and consider a = b =1,
i.e., the space domain (—1,1).

To get better insights into both continuous and time-discrete estimates, we illustrate
their behavior in Figure 1 with A¢ = 20 and T' = 1000. We observe that the time discrete
estimates are larger than the continuous estimates as is explained by Corollary 4.1. In Case
A, the continuous estimate (2.13) behaves linearly up to iteration & = 100, and then becomes
superlinear. The time-discrete estimate (3.6) follows the continuous estimate until iteration
k = 300, and then enters the linear regime as shown in Corollary 4.3. In this regime where k
is large, we see that the red line approaches the yellow line from above, since the correction
term in (4.3) is positive. In Case B, both estimates predict extremely fast convergence,
because of the large contrast between the material parameters. The continuous estimate
behaves superlinearly and the time-discrete folls for only one iteration before entering the
linear regime.

We next solve the minimization problems given in (2.12) and (3.5) numerically, using
the Nelder-Mead optimization algorithm in SciPy with an absolute tolerance of 107%. The
code for these tests can be found in the GitHub repository [18].

In Case A, we compare the estimates in (2.12), (2.13) and (2.26) for the continuous case,
and (3.5), (3.6) and (3.12) for the time-discrete case. We set T'=1/4 and At = 1/64 and
plot them as a function of the iteration count &k in Figure 2. For both continuous and time-
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Fic. 3. Error of the DNWR iterations for Case A with T = 2 and At = 1/64. Left: First
iteration. Right: Third iteration.

discrete error bounds (2.13) and (3.6), we observe superlinear behavior as expected, since
the time T is small. However, they are both less accurate compared to (2.12) and (3.5). To
improve it, we use the error bounds in (2.26) and (3.12). The latter two are much sharper in
both cases compared with (2.13) and (3.6). Thus, both (2.26) and (3.12) can provide more
accurate predictions of the convergence behavior with the help of the auxiliary parameter
r*. In the following experiments, we will use (2.26) and (3.12).

5. Numerical experiments. We now compare the continuous (2.26) and time-
discrete estimates (3.12) with the observed convergence behavior of DNWR iterations. We
first study a one dimensional case corresponding to the problem described in (2.3) and then
extend our study to a two dimensional nonlinear case.

5.1. One dimensional experiment. We use the implicit Euler method in time
and the centered finite difference method in space. We consider a very fine spatial mesh size
Az = 107* to ensure that the effect of the time discretization dominates over the spatial
discretization. We set the relaxation parameter § = 0 defined in (2.8). The initial waveform
error h® = {h™°}2_, is set to be random, as discussed in [10, Section 5.1]. The Python code
for these experiments is based on [25] and can be found in the GitHub repository [18].
Figure 3 shows the error of the first and the third iteration for Case A with T = 2 and
At = 1/64. On the left of Figure 3, the waveform error h® after the first iteration is mainly
centered around the interface x = 0 with nonsmooth information. The error is decreased by
a factor of 100 after the third iteration and becomes very smooth. In addition, it increases
in t and attains its maximum at 7' = 2. This is expected, as the error estimates in both
continuous and time-discrete cases are increasing with respect to 7.

We then compare the observed convergence behavior with both continuous and time-
discrete estimates in Figure 4 for Case A. In this test, we consider two times T = 1/4
and T = 1, and three time steps At = 1/16,1/64,1/256. We observe that the time-discrete
estimate accurately captures the convergence behavior of the DNWR iterations for all cases,
and the method converges more slowly than predicted by the continuous estimate, when At
is large, and the numerical solutions are not accurate. For small At, when the resulting
numerical solutions become more accurate and close to the true solutions, convergence be-
comes as fast as predicted by the continuous estimate. We also see that the time-discrete
error estimate approaches the continuous one when At — 0, which is explained by Corollary
4.2. Comparing the top and bottom row in Figure 4, we also see that the continuous estimate
becomes more accurate when At is kept fixed and T increases. This is consistent with the
series expansion of r],; in the time discrete case in (4.1), which yields that r7, is close to ri,
when T is large.

We next use the high contrast steel-air Case B to illustrate that one has to assign the
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Fic. 4. Comparison of continuous error estimate (blue), time-discrete error estimates (orange)
and normalized error ||h*|;2 /||h°|,2 of DNWR iterations (green) for Case A. Top: T = 1/4. Bottom
T =1. Left: At =1/16. Middle: At =1/64. Right: At = 1/256.
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Fic. 5. Comparison of continuous error estimate (blue), time-discrete error estimates (orange)
and normalized error ||R¥||,;2 /||R°||,2 of (2.3) iterations (green) for Case B with T =5 x 10%. Left:
At = 10%. Right: At = 10. Top: air-steel. Bottom: steel-air.

Dirichlet and Neumann conditions accordingly to get fast convergence. Figure 5 shows the
result for T =5 x 10%, at the top the air-steel case, and at the bottom the steel-air case. To
illustrate the behaviour for small and large time steps, we use At = 10, 10*.

We see that convergence for the air-steel case is much faster than the steel-air case,
and both the continuous and time-discrete estimates predict this well. In the much slower
steel-air case, the behavior is similar to Figure 4.

5.2. Flow over hot plate. To investigate the relevance of our continuous and time-
discrete error estimates for more complex cases, we consider a nonlinear thermal Fluid-
Structure interaction (FSI) test case, consisting of a hot steel plate cooled by a cold air
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F1c. 6. Diagram of the F'SI test case, consisting of a hot steel plate cooled by a cold air stream.
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Fic. 7. Top: The air and steel mesh. Bottom: The solution at T'= 100 for At =1.

stream, see Figure 6. This setup is widely used as a benchmark, see e.g. [6, 33, 27].

The air is modeled using the time dependent Reynolds Averaged Navier-Stokes equations
with the k-¢ turbulence model in the two dimensional domain ©; = (—0.1,0.3) x (0,0.1), see
e.g. [5, 3]. The temperature u is related to the dynamic viscosity through Sutherland’s law,

3/2 Uref + S

pl) = fores (u/lres )" = y:

where § = 110, firey = 1.8 % 10~° and Ures = 273. The fluid boundary conditions are shown
in Figure 6. The initial condition is a steady-state solution computed with a fixed interface
temperature of 900K.

As a solver for the fluid we use OpenFOAM [34] with a cell-centered finite-volume
method in space, implicit Euler in time and the PIMPLE algorithm as nonlinear solver. The
mesh is generated using the blockMesh utility with 240 cells in the horizontal direction and
200 cells in the vertical direction. To adequately resolve the boundary layer, a non-uniform
mesh is used, obtained by the simpleGrading function in blockMesh, with a ratio of 100
between the bottom and top cells. This corresponds to interface grid sizes of 2.3 x 107°.
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Fic. 8. The solution on the interface at T = 100 for the different time discretizations.

The mesh is shown in Figure 7.
The steel plate is modeled using the nonlinear heat equation

pep(wu(x,t) — V- (Mu)Vu(x,t)) =0, on o,

where Q2 = (0,0.2) x (—0.015,0), p denotes the density, ¢,(u) the temperature dependent
heat capacity and A(u) the temperature dependent heat conductivity. The following empir-
ical model for steel 51CrV4 from [29] is used,

A(u) = 40.1 4+ 0.05u — 107 %u? + 4.9 x 10—8u37

e 4) = 100 ( SPL=/10) L expln(0)/10))

where ¢p1(u) and ¢p2(u) are given by

cp1 (1) = 34.2exp(0.0026u) + 421.15,
cpa (1) = 956.5 exp(—0.012(u — 900)) + 0.45u.

The heat equation also uses zero Neumann boundary conditions on all non-coupling bound-
aries. The initial temperature is set to 900K.

As a discretization we use a linear finite element method in space and implicit Euler in
time, implemented in the FEniCS software package [1] and based on the preCICE flow over
heated plate tutorial [6]. We use a uniform mesh in the solid solver and a fine discretization
with Ay = 1.5 x 107* and Az =2 x 1073,

At the coupling interface (0,0.2) x {0}, we impose continuity of temperature and normal
heat flux. A DNWR method is used, with Dirichlet conditions on the fluid side and Neumann
conditions on the solid side. The coupling is implemented using the open-source library
preCICE [6], with nearest-neighbor interpolation for data transfer between the fluid and
solid meshes. We also use preCICE’s absolute convergence measure with a tolerance of 10~7
as the termination condition.

We now run DNWR for T"= 100 and At = 10,1,1,0.01. Figure 7 shows the solution at
T = 100 for At = 1 in the bottom panel and Figure 8 shows the solutions at the interface for
the different time steps. The largest temperature decrease occurs at x = 0, which is consistent
with the direction of the cold air stream. We observe that the solution for At = 10 differs
by about 2K, suggesting a large time discretization error.

To make use of our analysis, we define a linear model by linearizing both nonlinear
models around 900K, since we assume the temperature on the interface to have the largest
effect on the heat transfer. The material parameters for the linearized steel model become
Asteer = A(900) = 40, steer = (900) = 6.1 x 10°. For the air model we use the linearized
parameters uqir = pcp = 1.293 x 1005 = 1299.5 and Aair = ¢p0(900)/Pr = 0.057 [5], where
¢p denotes the specific heat constant and Pr the Prandt]l number. In addition, we use domain
lengths of 0.1 and 0.015 for air and steel, respectively. The optimal relaxation parameter
then becomes 6 = 0.9994.
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Fic. 9. Normalized error of the iteration together with the time-discrete and continuous error
bounds in (2.6) and (3.3). Left: 6 = 0*. Right: 6 = 0.5.

Next, we compare the classical choice § = 1/2 to 6*. In Figure 9, we show the normalized
error X .
ot =]/ =,
where u* denotes the interface temperature of a solution with an absolute residual less than
1078 in preCICE. We also include the continuous and time-discrete error bounds (2.6) and
(3.3) for the linearized model for 6 = 0.5 and 6*. Here, the min-max problem in the error
bound is solved numerically, using the Nelder-Mead optimization algorithm in SciPy with
an absolute tolerance of 1076,

We see that the continuous and time-discrete error estimates predict the same linear
convergence, independent of At. For 8 = 6", the fast linear convergence and its independence
on At is explained by Corollaries 4.3 and 2.7. For § = 0.5 the estimate predicts slow linear
convergence, reaching an error of ~ 1072 in six iterations.

The normalized error also exhibits fast linear convergence for § = 6" and we observe
no dependence on At. Furthermore, the fully discrete iterates exhibit the same slow linear
convergence for 6 = 0.5 as the error estimates (2.6) and (3.3). This shows that § = 6" yields
fast convergence in advanced nonlinear 2D thermal cases, demonstrating the usefulness of
our analysis and showing the importance of taking the material parameters into account in
the choice of relaxation parameter.

6. Conclusion. We derived an optimized relaxation parameter and best assignment
of subdomains for fast convergence of the Dirichlet—Neumann waveform relaxation method
applied to two coupled heat equations in both continuous and time-discrete cases. More
precisely, the Dirichlet subdomain must be assigned to the small physical parameter domain
(air), and the Neumann condition must be assigned to the large physical parameter domain
(steel). Using the exponentially weighted Fourier technique [31], we obtain error estimates
in L? in continuous and time-discrete settings that are accurate even in the difficult, but
very relevant, nonasymptotic regime of the first few iterations. Our new continuous estimate
predicts linear convergence when k2/T is small, and superlinear when k2/T is large, with k
the iteration index. Our new time-discrete estimate closely mirrors its continuous counterpart
for small At. Otherwise, we obtain linear convergence for large k. We then show for a
realistic nonlinear thermal FSI test case in 2D that our error estimates accurately predict
the convergence behaviour.

REFERENCES

[1] M. S. ALN, B. KEHLET, A. Loca, C. RICHARDSON, J. RING, E. RoGNES, AND G. N. WELLS,
The FEniCS Project Version 1.5, Archive of Numerical Software, 3 (2015), pp. 9-23.

[2] A. Arnourt, C. JAPHET, AND P. OMNES, Discrete-time analysis of optimized Schwarz wave-
form relaxation with Robin parameters depending on the targeted iteration count, ESAIM:
M2AN, 57 (2023), pp. 2371-2396.



22 P. BIRKEN, M.J. GANDER, N. KOTARSKY AND L.-D. LU

645 [3] P. BIRKEN, Numerical Methods for Unsteady Compressible Flow Problems, CRC Press, 2021.

646 [4] P. BIRKEN, M. J. GANDER, AND N. KOTARSKY, Continuous analysis of waveform relazation
647 for heterogeneous heat equations, in Domain Decomposition Methods in Science and Engi-
648 neering XXVIII, P. Bjgrstad, X.-C. Cai, V. Dolean, D. E. Keyes, R. Kornhuber, and J. Xu,
649 eds., vol. 155, 2025, pp. 279-287.

650 [5] J. BLAZEK, Introduction, in Computational Fluid Dynamics: Principles and Applications, El-
651 sevier, second edition ed., 2005, pp. 1-4.

652 [6] G. CHoOURDAKIS, K. Davis, B. RODENBERG, M. SCHULTE, F. SiMONIS, B. UEKERMANN,
653 G. ABRrRAMS, H.-J. BuncarTz, L. C. YAU, I. DEsAl, K. EDER, R. HERTRICH, F. LINDNER,
654 A. RuscH, D. SASHKO, D. SCHNEIDER, A. TOTOUNFEROUSH, D. VOLLAND, P. VOLLMER,
655 AND O. Z. KOSEOMUR, preCICE v2: A sustainable and user-friendly coupling library, Open
656 Res. Eur., 2 (2022).

657 [7] G. CIARAMELLA AND M. J. GANDER, lterative Methods and Preconditioners for Systems of
658 Linear Equations, STAM, Philadelphia, 2022.

659 [8] S. CLEMENT, F. LEMARIE, AND E. BLAYO, Discrete analysis of Schwarz waveform relazation
660 for a diffusion reaction problem with discontinuous coefficients, SMAI J. Comput. Math.,
661 8 (2022), pp. 99-124.

662 [9] E. ENGSTROM AND E. HANSEN, Linearly convergent nonoverlapping domain decomposition
663 methods for quasilinear parabolic equations, BIT Numer. Math., 64 (2024).

664 [10] M. J. GANDER, Schwarz methods over the course of time., ETNA, 31 (2008), pp. 228-255.
665  [11] M. J. GANDER AND L. HALPERN, Optimized Schwarz waveform relazation methods for advection

666 reaction diffusion problems, SIAM J. Numer. Anal., 45 (2007), pp. 666-697.
667 [12] M. J. GANDER, F. Kwok, AND B. C. MANDAL, Dirichlet-Neumann and Neumann-Neumann
668 waveform relazation algorithms for parabolic problems, ETNA, 45 (2016), pp. 424-456.

669  [13] M. J. GANDER AND T. LUNET, Time Parallel Time Integration, SIAM, Philadelphia, 2024.
670 [14] L. GRAFAKOS, Classical Fourier Analysis, vol. 249 of Graduate Texts in Mathematics, Springer
671 New York, 2014.

672 [15] R.D. HAYNES AND K. MOHAMMAD, Fully discrete Schwarz waveform relazation on two bounded

673 overlapping subdomains, in Domain Decomposition Methods in Science and Engineering
674 XXV, R. Haynes, S. MacLachlan, X.-C. Cai, L. Halpern, H. H. Kim, A. Klawonn, and
675 O. Widlund, eds., vol. 138, Cham, 2020, Springer International Publishing, pp. 159-166.
676 [16] W. D. HENsHAW AND K. K. CHAND, A composite grid solver for conjugate heat transfer in
677 fluid—structure systems, J. Comp. Phys., 228 (2009), pp. 3708-3741.

678 [17] D. E. KEYES ET AL., Multiphysics simulations: Challenges and opportunities, Int. J. High
679 Perform. Comput. Appl., 27 (2013), pp. 4-83.

680  [18] N. KOTARSKY. https://github.com/NiklasKotarsky, 2026.

681 [19] D. S. C. KowoLLIK, P. HORsT, AND M. C. HAUPT, Fluid-structure interaction analysis applied
682 to thermal barrier coated cooled rocket thrust chambers with subsequent local investigation
683 of delamination phenomena, in Progress in Propulsion Physics, St. Petersburg, Russian,
684 2013, EDP Sciences, pp. 617-636.

685 [20] E. LELARASMEE, A. RUEHLI, AND A. SANGIOVANNI-VINCENTELLI, The waveform relazation
686 method for time-domain analysis of large scale integrated circuits, IEEE Trans. Comput.-
687 Aided Des. Integr. Circuits Syst., 1 (1982), pp. 131-145.

688  [21] F.LEMARIE, L. DEBREU, AND E. BLAYO, Toward an optimized global-in-time Schwarz algorithm
689 for diffusion equations with discontinuous and spatially variable coefficients. Part 1: the
690 constant coefficients case, ETNA, 40 (2013), pp. 148-169.

691 [22] J. L. LioNs AND E. MAGENES, Non-Homogeneous Boundary Value Problems and Applications
692 I, vol. 182, Springer Berlin, 1972.

693 [23] J. LORENTZON AND J. REVSTEDT, A numerical study of partitioned fluid-structure interaction
694 applied to a cantilever in incompressible turbulent flow, Int. J. Numer. Methods Eng., 121
695 (2020), pp. 806-827.

696  [24] B. C. MANDAL, A time-dependent Dirichlet-Neumann method for the heat equation, in Do-
697 main Decomposition Methods in Science and Engineering XXI, J. Erhel, M. J. Gander,
698 L. Halpern, G. Pichot, T. Sassi, and O. Widlund, eds., vol. 98, Cham, 2014, Springer
699 International Publishing, pp. 467-475.

700 [25] P. MEISRIMEL. https://github.com/PeterMeisrimel/DNWR, 2026.

701 [26] P. MEISRIMEL, A. MONGE, AND P. BIRKEN, A time adaptive multirate Dirichlet—Neumann
702 waveform relazation method for heterogeneous coupled heat equations, ZAMM, 103 (2023).
703 [27] A. MONGE AND P. BIRKEN, On the convergence rate of the Dirichlet—Neumann iteration for
704 unsteady thermal fluid—structure interaction, Comput. Mech., 62 (2018), pp. 525-541.

705 [28] A. V. OPPENHEIM AND R. W. SCHAFER, Discrete-Time Signal Processing, Prentice-Hall, Inc.,

706 2nd ed., 1999.



DNWR FOR HETEROGENEOUS HEAT 23

K. J. QuINT, S. HARTMANN, S. ROTHE, N. SABA, AND K. STEINHOFF, Ezperimental validation
of high-order time integration for non-linear heat transfer problems, Comput. Mech., 48
(2011), pp. 81-96.

B. RODENBERG AND B. UEKERMANN, A waveform iteration implementation for black-box multi-
rate higher-order coupling, Submitted, (2025).

A. A. RopRIGUEZ, F. Kwok, AND M. J. GANDER, Convergence analysis of optimized Schwarz
waveform relazation by exponential weighting, Submitted, (2026).

V. SCHULLER, F. LEMARIE, P. BIRKEN, AND E. BLAYO, Quantifying coupling errors in
atmosphere-ocean-sea ice models: A study of iterative and non-iterative approaches in
the EC-Earth AOSCM, Geosci. Model Dev., 18 (2025), pp. 9167-9187.

M. VYNNYCKY, S. KIMURA, K. KANEV, AND 1. PoP, Forced convection heat transfer from a flat
plate: The conjugate problem, Int. J. Heat Mass Transf., 41 (1998), pp. 45-59.

[34] H. G. WELLER, G. TABOR, H. Jasak, aAND C. FUREBY, A tensorial approach to computational

continuum mechanics using object-oriented techniques, Comput. Phys., 12 (1998), pp. 620—
631.



	Introduction
	Continuous convergence analysis
	Time-discrete analysis
	Comparison of continuous and time-discrete estimates
	Numerical experiments
	One dimensional experiment
	Flow over hot plate

	Conclusion
	References

