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Abstract. We consider two coupled linear heat equations on different spatial domains that5
interact through a lower dimensional interface. This models conjugate heat transfer. The problem6
is solved using Dirichlet–Neumann waveform relaxation. This allows us to couple separate codes7
for the subproblems, a so-called partitioned approach. Our overall goal is to develop more efficient8
partitioned methods, and to this end, we want reliable error estimates.9

We use an exponentially weighted Fourier technique to derive new error estimates in L2 for finite10
time T in both continuous and time-discrete settings. We identify an optimized relaxation parameter11
that guarantees superlinear convergence. Our new continuous estimate predicts linear convergence12
when k2/T is small, and superlinear when k2/T is large, with k the iteration index. Our new time-13
discrete estimate closely mirrors its continuous counterpart for small ∆t. Otherwise, we obtain linear14
convergence for large k. We also show that convergence is fast when the contrast is large, provided15
that the small physical parameter domain (e.g. air) is using the Dirichlet transmission condition,16
and the large physical parameter domain (e.g. steel) is using the Neumann transmission condition in17
the Dirichlet-Neumann waveform relaxation method. Numerical experiments confirm these findings,18
and we demonstrate the relevance on the analysis for a nonlinear conjugate heat transfer test case.19
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1. Introduction. Multiphysics problems involve interacting subsystems on dif-22

ferent spatial domains, which are coupled through an interface. They are commonly23

modelled as coupled time-dependent partial differential equations (PDEs) that in-24

teract through a shared lower-dimensional interface [17]. Applications include fluid-25

structure interaction [23], heat transfer in composite materials [19], and atmosphere-26

ocean coupling in climate models [32]. Multiphysics problems are often addressed with27

partitioned approaches that reuse existing single physics solvers on each subdomain.28

These solvers communicate only through boundary conditions, enabling independent29

development and discretizations [30]. Nevertheless, designing stable and efficient cou-30

pling algorithms, especially for time-dependent problems, remains challenging.31

Waveform relaxation, originally introduced in [20] for parallel simulation of large32

scale electronic circuits, provides a principal framework for coupling time-dependent33

PDEs: The coupled system is solved iteratively over a time interval by alternat-34

ingly solving each subsystem and exchanging time-dependent interface data after35

each iteration. When combined with domain decomposition techniques, this ap-36

proach leads to several algorithms, including Schwarz waveform relaxation (SWR),37

Dirichlet–Neumann waveform relaxation (DNWR), and Neumann-Neumann wave-38

form relaxation (NNWR); see [13, Chapter 3] for a general overview. Applications of39

waveform relaxation to multiphysics problems can be found in [8, 26, 27, 30].40

Achieving fast convergence in waveform relaxation methods often requires an ap-41

propriate choice of relaxation parameters. Suitable choices may lead to superlinear42

convergence on finite time windows. In long time simulations, the global time horizon43

is typically decomposed into smaller time windows, and waveform relaxation iterations44
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are performed within each window until a stopping criterion is satisfied before march-45

ing to the next time window. Therefore, understanding how convergence depends on46

relaxation parameters, physical parameters, and the length of the time window, is a47

central topic in the analysis of waveform relaxation methods.48

Several convergence analysis techniques for waveform relaxation methods have49

been developed [2, 8, 9, 11, 15, 21, 27]. In the continuous setting, the authors50

in [21] derive linear L2 error estimates for SWR applied to heterogeneous advection–51

diffusion equations on unbounded space-time domains, using Fourier analysis and52

the Plancherel theorem. In [12], the authors investigate DNWR and NNWR meth-53

ods applied to homogeneous heat equations for finite time windows. Based on the54

Laplace transform and kernel estimates, they derive superlinear L∞ error estimates55

using special relaxation parameters, θ = 1/2 for DNWR and θ = 1/4 for NNWR.56

In [4], we extend the analysis of DNWR to heterogeneous heat equations, and also57

derive superlinear L∞ error estimates for a material-dependent relaxation parameter.58

In the time-discrete setting, the authors in [16] provide an analysis for DNWR59

using one implicit Euler step applied to heterogeneous heat equations. They derive60

linear L2 error estimates via spatial Fourier transform. An extension to multiple time61

steps and heterogeneous advection-diffusion equations is presented in [8], where the62

authors apply both implicit Euler and Runge-Kutta schemes, and derive linear l263

error estimates using the z-transform on unbounded space-time domains.64

Despite this body of work, to our knowledge, there are no continuous and time-65

discrete estimates for arbitrary relaxation parameters that depend on the time length66

T . Furthermore, a precise understanding of the role of continuous vs time-discrete,67

and asymptotic vs nonasymptotic linear respective superlinear convergence behavior,68

as well as the influence of time step size, time window length and material parameters,69

is still lacking.70

The present paper closes these gaps. We consider DNWR applied to two coupled71

linear heat equations with different material parameters. To analyze convergence of72

DNWR on finite time windows, we introduce a framework based on the exponentially73

weighted Fourier transform proposed in [31]. Using this, we derive L2 estimates for fi-74

nite time lengths T in both continuous and time-discrete cases for arbitrary relaxation75

parameters θ. We also show that the continuous estimate converges superlinearly for76

a specific choice of θ, and compare both continuous and time-discrete error estimates77

for this relaxation parameter. Our time-discrete analysis reveals that, to preserve78

superlinear convergence, the time step size ∆t must be reduced as T decreases. These79

findings further show the importance of time-discrete estimates, especially when the80

total simulation time is split into multiple smaller time windows.81

The rest of the paper is organized as follows. In Section 2, we present a con-82

vergence analysis of DNWR applied to two coupled heat equations in the continuous83

setting and derive superlinear error estimates using the relaxation parameter given84

in [4]. In Section 3, we extend our analysis to the time-discrete setting using the85

implicit Euler scheme and derive corresponding superlinear error estimates. Section 486

compares the continuous and time-discrete error estimates. Finally, in Section 5, we87

validate the theoretical results with linear and nonlinear numerical experiments.88

2. Continuous convergence analysis. We consider as our model problem two89

coupled linear heat equations in one dimension. Let Q1 := (−a, 0) × (0, T ) and90

Q2 := (0, b) × (0, T ) denote two space-time domains with a > 0, b > 0, and the91

time T > 0. In each domain Qj , we denote by uj the temperature, fj the external92

force, u0,j the initial condition, αj the volumetric heat capacity, and λi the heat93
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DNWR FOR HETEROGENEOUS HEAT 3

conductivity. For each domain, the associated heat equation reads94

(2.1)
α1∂tu1 − λ1∂xxu1 = f1 in Q1, α2∂tu2 − λ2∂xxu2 = f2 in Q2,

u1(−a, t) = gl(t) in (0, T ), u1(b, t) = gr(t) in (0, T ),

u1(x, 0) = u0,1(x) in (−a, 0), u2(x, 0) = u0,2(x) in (0, b),

95

where gl and gr are two Dirichlet boundary conditions. These two heat equations are96

coupled at the interface using the two coupling conditions97

(2.2) u1(0, t) = u2(0, t) in (0, T ), −λ1∂xu1(0, t) = −λ2∂xu2(0, t) in (0, T ).98

The first condition imposes continuity of temperature, whereas the second ensures99

continuity of the heat flux at the interface.100

The goal of our study is to analyze convergence of the DNWR method applied101

to our model problem (2.1)-(2.2). For any given initial guess h0(t) and the iteration102

index k = 1, 2, . . ., the DNWR iteration reads103

(2.3)

α1∂tu
k+1
1 − λ1∂xxu

k+1
1 = f1 in Q1, α2∂tu

k+1
2 − λ2∂xxu

k+1
2 = f2 in Q2,

uk+1
1 (−a, t) = gl(t), −λ1∂xuk+1

1 (0, t) = −λ2∂xuk+1
2 (0, t),

uk+1
1 (0, t) = hk(t), uk1(b, t) = gr(t),

uk+1
1 (x, 0) = u0,1(x), uk+1

2 (x, 0) = u0,2(x),

104

and we update the Dirichlet transmission condition hk by105

hk+1(t) := (1− θ)hk(t) + θuk+1
2 (0, t), θ ∈ (0, 1),106

where θ is the relaxation parameter. Note that here we choose to impose the Dirichlet107

condition at the interface in Q1 and the Neumann condition at the interface in Q2.108

To present our convergence analysis, we first introduce a framework based on the109

exponentially weighted Fourier transform proposed in [31].110

Definition 2.1. Let r > 0, ω ∈ R, and ϕ a given function. The exponentially111

weighted Fourier transform of the function ϕ is defined by112

ϕ̂(r + iω) :=

∫ ∞

−∞
ϕ(t)e−(r+iω)t dt,113

if this integral is finite.114

Note that this transform is the standard Fourier transform applied to e−rtϕ(t), with115

r > 0 the weight parameter. We use the hat notation to denote such a transform,116

and write the argument as r + iω to emphasize the dependence on both weight r117

and frequency ω. From Definition 2.1, we can verify that the exponentially weighted118

Fourier transform inherits most of the properties of the Fourier transform, such as119

linearity, time shifting, and differentiation. Also, it exists if ϕ ∈ L1. The Fourier120

transform of an L2 function is in general defined via extension using the Plancherel121

theorem, see e.g. [14]. For the exponentially weighted Fourier transform of an L2122

function, we need additional assumptions, since the weight e−rt blows up as t→ −∞123

for r > 0. The next result establishes the existence of this transform under an124

assumption relevant to our study.125
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4 P. BIRKEN, M.J. GANDER, N. KOTARSKY AND L.-D. LU

Lemma 2.2. Let r > 0 and ϕ be a function defined in R with ∥ϕ∥L2(R+) <∞ and126

ϕ(t) = 0 for t < 0. Then the exponentially weighted Fourier transform of ϕ exists,127

and we have128

1

2π

∫ ∞

−∞
|ϕ̂(r + iω)|2dω ≤

∫ ∞

−∞
|ϕ(t)|2dt.129

Proof. For r > 0 and ϕ(t) = 0 for t < 0, we have130 ∫ ∞

−∞

(
e−rtϕ(t)

)2
dt =

∫ ∞

0

(
e−rtϕ(t)

)2
dt ≤

∫ ∞

0

(
ϕ(t)

)2
dt <∞.131

Thus, ψ(t) := e−rtϕ(t) is in L2(R). Using the result in [14], the Fourier transform of132

ψ is well defined, meaning that the exponentially weighted Fourier transform of ϕ is133

also well defined. Applying now the Plancherel theorem to ψ, we obtain134

1

2π

∫ ∞

−∞
|ϕ̂(r + iω)|2 dω =

∫ ∞

−∞

(
e−rtϕ(t)

)2
dt ≤

∫ ∞

0

(
ϕ(t)

)2
dt =

∫ ∞

−∞

(
ϕ(t)

)2
dt.

135

To analyze convergence, we apply the exponentially weighted Fourier transform to136

the error equation associated with (2.3) and derive the contraction factor. The error137

equation is obtained by subtracting the solution from the model problem (2.1)-(2.2),138

or equivalently, by setting directly f1, f2, u0,1, u0,2, gl, and gr all to zero in (2.3).139

Before applying the exponentially weighted Fourier transform to (2.3), we also need to140

extend the initial guess h0 to the time interval (−∞,∞) by setting it to zero outside141

its original domain. The iterates (uk1 , u
k
2 , h

k) for k > 0 are then extended to (−∞,∞)142

through the iteration itself. For brevity, we retain the notation h0 and (uk1 , u
k
2 , h

k) for143

the extended functions.144

For ω ∈ R and r ∈ R+, the exponentially weighted Fourier transform applied to145

the error equation associated with (2.3) gives146

(2.4)

α1(r + iω)ûk+1
1 − λ1∂xxû

k+1
1 = 0 in (−a, 0),

ûk+1
1 (−a, r + iω) = 0,

ûk+1
1 (0, r + iω) = ĥk(r + iω),

α2(r + iω)ûk+1
2 − λ2∂xxû

k+1
2 = 0 in (0, b),

−λ1∂xûk+1
1 (0, r + iω) = −λ2∂xûk+1

2 (0, r + iω),

uk1(b, r + iω) = 0,

ĥk+1(r + iω) = (1− θ)ĥk(r + iω) + θûk+1
2 (0, r + iω).

147

These are two coupled second-order ordinary differential equations in space, and solv-148

ing them for given ω and r yields the closed form solutions149

ûk+1
1 (x, r + iω) =

sinh
(√

α1(r+iω)
λ1

(x+ a)
)

sinh
(√

α1(r+iω)
λ1

a
) ĥk(r + iω),

ûk+1
2 (x, r + iω) =

√
α1λ1

α2λ2
coth

(√
α1(r + iω)

λ1
a

)
sinh

(√
α2(r+iω)

λ2
(x− b)

)
cosh

(√
α2(r+iω)

λ2
b
) ĥk(r + iω).

150
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Using the last equation in (2.4), we obtain ĥk(r + iω) = ρ̂(r + iω)kĥ0(r + iω), where ρ̂ is151

given by152

(2.5) ρ̂(s) := 1− θ − θ

√
α1λ1

α2λ2
coth

(√
α1s

λ1
a

)
tanh

(√
α2s

λ2
b

)
, s ∈ C.153

The function ρ̂ evaluated at s = r + iω with Re(s) = r > 0 is the contraction factor154

associated with the transformed DNWR iteration (2.4). Note that ρ̂(r + iω) depends on155

the domain size a and b, and the physical parameters αj and λj , j = 1, 2. Regarding the156

relaxation parameter θ, one wants the associated contraction factor to be small, such that157

(2.3) converges very fast. Before discussing the choice of θ, we first present an error estimate158

for arbitrary relaxation parameter.159

Theorem 2.3. For any given θ ∈ (0, 1) and h0 ∈ L2(0, T ), the error of the iteration (2.3)160

in the time interval (0, T ) satisfies the estimate161

(2.6) ∥hk∥L2(0,T ) ≤ min
r>0

erT max
ω∈R

|ρ̂(r + iω)|k
∥∥h0

∥∥
L2(0,T )

.162

Proof. By [22, Chapter 4], hk exists and is well defined for h0 ∈ L2(0, T ). For r > 0, we163

have164

∥hk∥2L2(0,T ) =

∫ T

0

(
hk(t)

)2
dt =

∫ T

0

e2rte−2rt
(
hk(t)

)2
dt ≤ e2rT

∫ T

0

(
e−rthk(t)

)2
dt

≤ e2rT
∫ ∞

−∞

(
e−rthk(t)

)2
dt,

165

where in the last inequality we use the extension of hk to R. By Lemma 2.2, the exponentially166

weighted Fourier transform of hk exists. Applying the Plancherel theorem, we find167

e2rT
∫ ∞

−∞

(
e−rthk(t)

)2
dt =

e2rT

2π

∫ ∞

−∞

∣∣∣ĥk(r + iω)
∣∣∣2 dω

=
e2rT

2π

∫ ∞

−∞

∣∣∣ρ̂(r + iω)kĥ0(r + iω)
∣∣∣2 dω

≤ e2rT

2π
max
ω∈R

|ρ̂(r + iω)|2k
∫ ∞

−∞

∣∣∣ĥ0(r + iω)
∣∣∣2 dω

= e2rT max
ω∈R

|ρ̂(r + iω)|2k
∫ ∞

−∞

∣∣h0(t)
∣∣2 dt

= e2rT max
ω∈R

|ρ̂(r + iω)|2k
∫ T

0

∣∣h0(t)
∣∣2 dt,

168

where we use Lemma 2.2 once again, and the fact that h0 is extended from (0, T ) to (−∞,∞)169

by 0 for the last equality. Combining these computations gives170

∥hk∥2L2(0,T ) ≤ e2rT max
ω∈R

|ρ̂(r + iω)|2k∥h0∥2L2(0,T ).171

Taking the square root on both sides and minimizing over all r > 0 leads to (2.6).172

Theorem 2.3 provides a general error estimate of (2.3) for any relaxation parameter. To173

achieve fast convergence, we can choose a relaxation parameter θ such that the convergence174

factor (2.5) is small. In particular, the choice175

(2.7) θ =
1

1 +
√

α1λ1
α2λ2

coth
(√

α1(r+iω)
λ1

a
)
tanh

(√
α2(r+iω)

λ2
b
)176

yields convergence in two iterations. However, this choice depends both on the weight pa-177

rameter r and the Fourier frequency ω, making it not useful in practice. On the other hand,178
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when the physics in both subdomains satisfy
√

α1/λ1a =
√

α2/λ2b, the contraction fac-179

tor (2.5) reduces to the simple form ρ̂ = 1 − θ − θ
√
α1λ1/

√
α2λ2, which is independent of180

the ω and r. In this case, we obtain the optimal relaxation parameter181

(2.8) θ∗ :=

√
α2λ2√

α1λ1 +
√
α2λ2

.182

Note that the choice θ given in (2.7) converges to θ∗ when ω goes to infinity. Therefore,183

for high frequencies, the DNWR iteration always converges very fast for θ = θ∗, and thus184

convergence will be independent of the mesh size, as discussed in [7, Chapter 4.7, p.174].185

Furthermore, the parameter θ∗ is much more convenient to use in practice, as it only depends186

on the physics of the problem. Therefore, we are interested in the impact of θ∗ on the187

convergence of (2.3) in more general cases, i.e.,
√

α1/λ1a ̸=
√

α2/λ2b. Substituting θ∗ into188

(2.5) and using properties of the differences of arguments for hyperbolic functions, we obtain189

(2.9) ρ̂(s)|θ∗ = − 1

1 +
√

α2λ2
α1λ1

sinh
((√

α1
λ1

a−
√

α2
λ2

b
)√

s
)

sinh
(√

α1
λ1

a
√
s
)
cosh

(√
α2
λ2

b
√
s
) , s ∈ C.190

To simplify the notation, we also introduce the function191

(2.10) Ĥ(s) :=
sinh (|α− β|

√
s)

sinh (α
√
s) cosh (β

√
s)

, s ∈ C.192

With the help of (2.10), the error estimate (2.6) associated with θ = θ∗ is then193

(2.11) ∥hk∥L2(0,T ) ≤

 1

1 +
√

α2λ2
α1λ1

k

min
r>0

erT max
ω∈R

∣∣∣Ĥ(r + iω)
∣∣∣k ∥∥h0

∥∥
L2(0,T )

,194

where α =
√

α1/λ1a and β =
√

α2/λ2b in Ĥ for (2.10). Therefore, it is sufficient to study the195

min-max problem associated with Ĥ. We first solve the maximization problem with respect196

to the frequency ω, then use r as an auxiliary parameter to find a superlinear estimate. The197

next result shows the global maximum of the maximization problem.198

Lemma 2.4. Let α, β, r > 0 be given. Then the function Ĥ defined in (2.10) satisfies199

maxω∈R |Ĥ(r + iω)| = Ĥ(r).200

Proof. In the proof of [24, Theorem 2], it is shown that the function Ĥ(s) with α > 0,201

β > 0 and Re(s) > 0, is the Laplace transform of a positive function denoted by H(t). Thus,202

we have203

max
ω∈R

|Ĥ(r + iω)| = max
ω∈R

∣∣∣ ∫ ∞

−∞
H(t)e−rt−iωtdt

∣∣∣ ≤ max
ω∈R

∫ ∞

−∞
|H(t)|e−rtdt

=

∫ ∞

−∞
H(t)e−rtdt = Ĥ(r).

204

To see that this is actually an equality, it suffices to substitute ω = 0 into Ĥ(r + iω), which205

gives Ĥ(r), and thus the proof is complete.206

Applying Lemma 2.4 to (2.11), we have207

(2.12)
∥∥∥hk

∥∥∥
L2(0,T )

≤

 1

1 +
√

α2λ2
α1λ1

k

min
r>0

erT
(
Ĥ(r)

)k ∥∥h0
∥∥
L2(0,T )

,208

It remains to treat the minimization problem related to r. Depending on the physics of the209

problem, we have two results.210
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Theorem 2.5 (Case
√

α1/λ1a >
√

α2/λ2b). If θ = θ∗ and
√

α1/λ1a >
√

α2/λ2b,211

then the error of the algorithm (2.3) satisfies212

(2.13)
∥∥∥hk

∥∥∥
L2(0,T )

≤

2
1−

√
α2λ1
α1λ2

b
a

1 +
√

α2λ2
α1λ1

k

e
−α2k2b2

4λ2T
∥∥h0

∥∥
L2(0,T )

.213

Proof. The idea is to first bound the function Ĥ(r) by an exponential function, and214

then to analyze the exponential function to find a minimum. Let 0 < α < β and f(x) =215

β sinh(αx)−α sinh(βx). We have f ′(x) = αβ(cosh(αx)−cosh(βx)) < 0, i.e., f is decreasing.216

Hence f(x) ≤ f(0) = 0, ∀x > 0, yielding sinh(αx)/ sinh(βx) ≤ α/β. Taking α =
√

α1/λ1a−217 √
α2/λ2b, β =

√
α1/λ1a and x =

√
r, we find218

(2.14)
sinh

(
(
√

α1
λ1

a−
√

α2
λ2

b)
√
r
)

sinh
(√

α1
λ1

a
√
r
) ≤

√
α1
λ1

a−
√

α2
λ2

b√
α1
λ1

a
= 1−

√
α2λ1

α1λ2

b

a
.219

On the other hand, using the definition of the hyperbolic cosine, we have220

(2.15)
1

cosh
(√

α2
λ2

b
√
r
) =

2 exp
(
−
√

α2
λ2

b
√
r
)

1 + exp
(
−2
√

α2
λ2

b
√
r
) ≤ 2 exp

(
−
√

α2

λ2
b
√
r

)
.221

The product of (2.14) and (2.15) to the power k gives222

(2.16)

 sinh
((√

α1
λ1

a−
√

α2
λ2

b
)√

r
)

sinh
(√

α1
λ1

a
√
r
)
cosh

(√
α2
λ2

b
√
r
)


k

≤ 2k
(
1−

√
α2λ1

α1λ2

b

a

)k

exp

(
−kb

√
α2r

λ2

)
.223

Therefore, the estimate (2.12) with the definition (2.10) of Ĥ becomes224

(2.17)

∥∥∥hk
∥∥∥
L2(0,T )

≤

 1

1 +
√

α2λ2
α1λ1

k

min
r>0

erT
(
Ĥ(r)

)k ∥∥h0
∥∥
L2(0,T )

≤

2
1−

√
α2λ1
α1λ2

b
a

1 +
√

α2λ2
α1λ1

k

min
r>0

e
rT−kb

√
α2r
λ2

∥∥h0
∥∥
L2(0,T )

.

225

It remains now to find the minimum of exp(rT − kb
√
α2r/

√
λ2). Differentiating it with226

respect to r gives (T − kb
√
α2/

√
4λ2r) exp(rT − kb

√
α2r/

√
λ2). Setting the derivative to 0227

yields the extremal point228

(2.18) r∗1c =
α2k

2b2

4λ2T 2
.229

Note that the derivative changes sign from negative to positive at r∗1c, and thus r∗1c is a230

minimum. Substituting r∗1c into the second inequality in (2.17) gives the estimate (2.13).231

Theorem 2.6 (Case
√

α1/λ1a <
√

α2/λ2b). Let θ = θ∗. If
√

α1/λ1a <
√

α2/λ2b <232

2
√

α1/λ1a, then the error of the algorithm (2.3) satisfies233

(2.19)
∥∥∥hk

∥∥∥
L2(0,T )

≤

2

√
α2λ1
α1λ2

b
a
− 1√

α2λ2
α1λ1

+ 1

k

e
−α2k2b2

4λ2T
∥∥h0

∥∥
L2(0,T )

.234
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If
√

α2/λ2b ≥ 2
√

α1/λ1a, then the error of the algorithm (2.3) satisfies235

(2.20)
∥∥∥hk

∥∥∥
L2(0,T )

≤

2

√
α2λ1
α1λ2

b
a
− 1√

α2λ2
α1λ1

+ 1

k

e
−α1k2a2

λ1T
∥∥h0

∥∥
L2(0,T )

.236

Proof. The idea is the same as in the proof of Theorem 2.5. If
√

α1/λ1a <
√

α2/λ2b <237

2
√

α1/λ1a, then 0 <
√

α2/λ2b−
√

α1/λ1a <
√

α1/λ1a. We can thus follow the same steps238

as in the proof of Theorem 2.5 by taking α =
√

α2/λ2b−
√

α1/λ1a and β =
√

α1/λ1a. We239

find a similar bound as (2.16), namely240

(2.21)

 sinh
((√

α2
λ2

b−
√

α1
λ1

a
)√

r
)

sinh
(√

α1
λ1

a
√
r
)
cosh

(√
α2
λ2

b
√
r
)


k

≤ 2k
(√

α2λ1

α1λ2

b

a
− 1

)k

exp

(
−kb

√
α2r

λ2

)
.241

This leads to the same miminizer r∗1c given in (2.18), and we obtain the estimate (2.19).242

If
√

α2/λ2b ≥ 2
√

α1/λ1a, we substitute τ = exp(−2
√
r) and obtain243

sinh
((√

α2
λ2

b−
√

α1
λ1

a
)√

r
)

sinh
(√

α1
λ1

a
√
r
)
cosh

(√
α2
λ2

b
√
r
) = 2τ

√
α1
λ1

a 1− τ

√
α2
λ2

b−
√

α1
λ1

a(
1 + τ

√
α2
λ2

b
)(

1− τ

√
α1
λ1

a
) .244

The latter fraction can be bounded by245

1− τ

√
α2
λ2

b−
√

α1
λ1

a(
1 + τ

√
α2
λ2

b
)(

1− τ

√
α1
λ1

a
) ≤ 1− τ

√
α2
λ2

b−
√

α1
λ1

a

1− τ

√
α1
λ1

a
.246

Let now α ≥ β > 0 and f(x) = β(1−e−αx)−α(1−e−βx), then f ′(x) = αβ(e−αx−e−βx) ≤ 0,247

i.e., f is non-increasing. Hence, f(x) ≤ f(0) = 0, ∀x > 0, yielding (1− e−αx)/((1− e−βx)) ≤248

α/β. Taking then α =
√

α2/λ2b−
√

α1/λ1a, β =
√

α1/λ1a and x = 2
√
r gives249

(2.22)
1− τ

√
α2
λ2

b−
√

α1
λ1

a

1− τ

√
α1
λ1

a
≤

√
α2
λ2

b−
√

α1
λ1

a√
α1
λ1

a
=

√
α2λ1

α1λ2

b

a
− 1.250

This implies that251

(2.23) sinh
((√

α2
λ2

b−
√

α1
λ1

a
)√

r
)

sinh
(√

α1
λ1

a
√
r
)
cosh

(√
α2
λ2

b
√
r
)


k

≤ 2k
(√

α2λ1

α1λ2

b

a
− 1

)k

exp

(
−2ka

√
α1r

λ1

)
.252

Note that the exponential part is slightly different compared with (2.21) in the previous case.253

Using the bound (2.23), our estimate (2.12) in this case becomes254

(2.24)

∥∥∥hk
∥∥∥
L2(0,T )

≤

 1

1 +
√

α2λ2
α1λ1

k

min
r>0

erT
(
Ĥ(r)

)k ∥∥h0
∥∥
L2(0,T )

≤

2

√
α2λ1
α1λ2

b
a
− 1√

α2λ2
α1λ1

+ 1

k

min
r>0

e
rT−2ka

√
α1r
λ1

∥∥h0
∥∥
L2(0,T )

.

255
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Once again, we take the derivative with respect to r of the function exp(rT −2ka
√
α1r/

√
λ1)256

to find the minimum257

(2.25) r∗2c =
α1k

2a2

λ1T 2
.258

Substituting r∗2c back into the second inequality of (2.24) gives the estimate (2.20).259

For θ = θ∗, the error estimates given in Theorems 2.5 and 2.6 contain both linear and260

superlinear behavior, which is characterized by the following result.261

Corollary 2.7. For given parameters αj > 0, λj > 0, j = 1, 2 and a > 0, b > 0,262

• when k2/T is small (large T or small iteration count k), then the continuous esti-263

mates given in Theorems 2.5 and 2.6 show linear convergence;264

• when k2/T is large (small T or large k), they show superlinear convergence.265

Proof. For small k2/T , the exponential part in (2.13), (2.19) and (2.20) is close to 1,266

and thus the factor in front gives linear convergence. For large k2/T , the exponential part267

behaves like exp(−k2/T ), and typical superlinear convergence is obtained.268

The weight r is an auxiliary parameter that we only use to derive error estimates.269

As shown in the proofs of Theorems 2.5 and 2.6, our approach to treat the minimization270

problem (2.12) is as follows: we first bound Ĥ(r) by a function of r, and then solve the271

resulting minimization problem to obtain r∗1c and r∗2c, instead of solving (2.12) directly. We272

can then substitute r∗1c and r∗2c into the function Ĥ(r) in (2.12) to obtain sharper error273

estimates.274

Corollary 2.8. For θ = θ∗, the error of the algorithm (2.3) satisfies275

(2.26)
∥∥∥hk

∥∥∥
L2(0,T )

≤

 Ĥ(r∗)

1 +
√

α2λ2
α1λ1

k

er
∗T ∥∥h0

∥∥
L2(0,T )

,276

where r∗ denotes r∗1c or r∗2c depending on the value of
√

α1/λ1a and
√

α2/λ2b.277

Although the error estimate (2.26) is sharper than those in Theorems 2.5 and 2.6, it is278

less straightforward to see the linear and superlinear convergence behavior in (2.26), as the279

dependence on T is hidden in the value of r∗.280

In general, one splits a long simulation time into smaller time windows, performs wave-281

form relaxation methods within each window until a stopping criterion is satisfied, and then282

moves to the next one. Therefore, we are interested in the values of T that lead to superlinear283

convergence. The error estimates provided in Theorems 2.5 and 2.6 indicate how one should284

choose the time window length, which will be further discussed in Section 4.285

3. Time-discrete analysis. The error estimates obtained in the continuous setting286

do not clarify the influence of the time step size. In this section, we provide a detailed time-287

discrete analysis of (2.3). We discretize the time interval [0, T ] with 0 = t0 < t1 < . . . <288

tN = T , where tn = n∆t and ∆t = T/N . We denote by un the approximation of the solution289

u at the time tn and u = (u1, . . . , uN )⊤. As before, we use k to denote the index of the290

waveform iteration. The implicit Euler method applied to (2.3) reads: For n = 0, . . . , N − 1,291

(3.1)

α1

∆t
(un+1,k+1

1 − un,k+1
1 )− λ1∂xxu

n+1,k+1
1 = fn+1

1 in (−a, 0),

un+1,k+1
1 (−a) = gn+1

l , un+1,k+1
1 (0) = hn+1,k,

u0,k+1
1 (x) = u0,1(x)

α2

∆t
(un+1,k+1

2 − un,k+1
2 )− λ2∂xxu

n+1,k+1
2 = fn+1

2 in (0, b),

un+1,k+1
2 (b) = gn+1

r , −λ1∂xu
n+1,k+1
1 (0) = −λ2∂xu

n+1,k+1
2 (0),

u0,k+1
2 (x) = u0,2(x),

hn+1,k+1 := (1− θ)hn+1,k + θun+1,k+1
2 (0), θ ∈ (0, 1).

292
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To remain in a similar analysis framework as in Section 2, we keep using the expo-293

nentially weighted technique. In the continuous case, we use the Fourier transform; corre-294

spondingly, we consider here the discrete-time Fourier transform, which possesses properties,295

such as linearity, time shifting, differentiation, and the Parseval Theorem. We refer to the296

monograph [28, Chapter 2.9] for a detailed introduction. To take advantage of the Parseval297

Theorem, we define the exponentially weighted discrete-time Fourier transform as follows.298

Definition 3.1. Let r > 0, ∆t > 0, ω ∈ [−π, π], and {ϕn}n∈Z be a given sequence. The299

exponentially weighted discrete-time Fourier transform of {ϕn}n∈Z is defined by300

ϕ̂(r∆t+ iω) :=
∑
n∈Z

ϕne−n(r∆t+iω),301

if this series is finite.302

We use the notation wide hat here to denote the exponentially weighted discrete-time303

Fourier transform to distinguish it from the exponentially weighted Fourier transform in the304

continuous case. In addition, similar to Definition 2.1, we write the argument as r∆t + iω305

to emphasize the dependence on the weight parameter r, the time step size ∆t and the306

frequency ω. In general, the weight e−rn∆t blows up as n → −∞ for r > 0. The next307

Lemma provides a similar result to Lemma 2.2.308

Lemma 3.2. Let r > 0 and ϕ = {ϕn}n∈Z be a sequence such that
∑

n∈N(ϕ
n)2 < ∞, and309

ϕn = 0 for n < 0. Then the exponentially weighted discrete-time Fourier transform exists,310

and we have311

1

2π

∫ π

−π

|ϕ̂(r∆t+ iω)|2dω ≤ ∥ϕ∥2l2 .312

Proof. For r > 0 and ∆t > 0, e−r∆t < 1, and we find
∑

n∈Z(e
−r∆tϕn)2 ≤

∑
n∈Z(ϕ

n)2 <313

∞. The time-discrete Fourier transform of the sequence e−r∆tϕ therefore exists. Applying314

Parseval’s theorem to e−r∆tϕ, we find315

1

2π

∫ π

−π

∣∣∣ϕ̂(r∆t+ iω)
∣∣∣2 dω =

∑
n∈Z

(e−r∆tnϕn)2 ≤
∑
n∈Z

(ϕn)2 = ∥ϕ∥2l2 .
316

To analyze convergence in the time-discrete case, we focus on the error equation associ-317

ated with (3.1), which consists of setting fn
1 , f

n
2 , g

n
l , g

n
r , u0,1, u0,2 all to zero in (3.1). We also318

extend the initial guess {hn,0}Nn=0 by 0 to h0 := {hn,0}n∈Z. The iterates {un,k
1 , un,k

2 , hn,k}Nn=0319

for k > 0 are then extended for n ∈ Z through the iteration itself. For brevity, we retain320

the notation hn,0 and un,k
1 , un,k

2 , hn,k for the extended version. The exponentially weighted321

discrete-time Fourier transform applied to the error equations gives322

(3.2)

α1

∆t
(er∆t+iωûk+1

1 − ûk+1
1 )− λ1∂xxe

r∆t+iωûk+1
1 = 0,

ûk+1
1 (−a) = 0, ûk+1

1 (0) = ĥk,
α2

∆t
(er∆t+iωûk+1

2 − ûk+1
2 )− λ2∂xxe

r∆t+iωûk+1
2 = 0,

ûk+1
2 (b) = 0, −λ1∂xû

k+1
1 (0) = −λ2∂xû

k+1
2 (0),

ĥk+1 = (1− θ) ĥk+θ ûk+1
2 (0).

323

Similar to (2.4), these are two coupled second-order ordinary differential equations in space,324
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and solving them separately yields the closed form solutions325

ûk
1(x) =

sinh

(
(x+ a)

√
α1(1−e−r∆t−iω)

λ1∆t

)
sinh

(
a
√

α1(1−e−r∆t−iω)
λ1∆t

) ĥk,

ûk
2(x) =

√
α1λ1

α2λ2

cosh

(
a
√

α1(1−e−r∆t−iω)
λ1∆t

)
sinh

(
a
√

α1(1−e−r∆t−iω)
λ1∆t

) sinh

(
(x− b)

√
α2(1−e−r∆t−iω)

λ2∆t

)
cosh

(
b
√

α2(1−e−r∆t−iω)
λ2∆t

) ĥk.

326

Using the last equation in (3.2), we obtain by induction that327

ĥk = ρ̂

(
1− e−r∆t−iω

∆t

)k

ĥ0,328

where the function ρ̂ is defined in (2.5). Similar to the continuous case, the convergence329

factor ρ̂((1 − e−r∆t−iω)/∆t) depends on the subdomain sizes and the physical parameters330

that are all hidden in the function ρ̂. Besides, the convergence factor also depends on the331

time step size ∆t. Our goal is to understand how the choice of time step size influences the332

convergence behavior, and the relationship between the continuous and time-discrete analy-333

sis. As in Theorem 2.3, we first present an error estimate of the time-discrete iteration (3.1)334

for arbitrary relaxation parameter θ ∈ (0, 1).335

Theorem 3.3. For any given θ ∈ (0, 1), the error of the time-discrete iteration (3.1)336

satisfies the estimate337

(3.3) ∥hk∥l2 ≤ min
r>0

erT max
ω∈[−π,π]

∣∣∣∣∣ρ̂
(
1− e−r∆t−iω

∆t

)k
∣∣∣∣∣ ∥h0∥l2 ,338

where ρ̂ is defined in (2.5).339

Proof. As r > 0, we have340

∥hk∥2l2 =

N∑
n=0

e2r∆tne−2r∆tn
(
hn,k

)2
≤ e2rT

N∑
n=0

(
e−r∆tnhn,k

)2
≤ e2rT

∑
n∈Z

(
e−r∆tnhn,k

)2
,341

342

where in the last inequality we use the extension of the sequence hk. By Lemma 3.2, the343

exponentially weighted discrete-time Fourier transform of hk exists. Applying the Parseval344

theorem yields345

e2rT
∑
n∈Z

(
e−r∆tnhn,k

)2
=

e2rT

2π

∫ π

−π

∣∣∣ĥk(r∆t+ iω)
∣∣∣2 dω

=
e2rT

2π

∫ π

−π

∣∣∣∣∣ρ̂
(
1− e−r∆t−iω

∆t

)k

ĥ0(r∆t+ iω)

∣∣∣∣∣
2

dω

≤ e2rT

2π
max

ω∈[−π,π]

∣∣∣∣ρ̂(1− e−r∆t−iω

∆t

)∣∣∣∣2k ∫ π

−π

∣∣∣ĥ0(r∆t+ iω)
∣∣∣2 dω

≤ e2rT max
ω∈[−π,π]

∣∣∣∣ρ̂(1− e−r∆t−iω

∆t

)∣∣∣∣2k ∥h0∥2l2 ,

346

where we use Lemma 3.2 for the last inequality. Combining these computations gives347

∥hk∥2l2 ≤ e2rT max
ω∈[−π,π]

∣∣∣∣ρ̂(1− e−r∆t−iω

∆t

)∣∣∣∣2k ∥h0∥2l2 .348

Taking the square root on both sides and minimizing over all r > 0 leads to (3.3).349
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This estimate involves a min-max problem which is generally difficult to analyze. How-350

ever, analogous to the continuous case, when the physical parameters in both subdomains351

satisfy
√

α1/λ1a =
√

α2/λ2b, the optimal relaxation parameter θ∗ given in (2.8) again en-352

sures convergence in two iterations for the time-discrete iteration. Furthermore, we have353

obtained superlinear convergence in the continuous analysis using such θ∗ for more general354

physical conditions, i.e.,
√

α1/λ1a ̸=
√

α2/λ2b. We are interested in the convergence behav-355

ior of the time-discrete iteration (3.1) for this special choice of relaxation parameter θ∗ and356

the dependence on the time step size ∆t. As in the continuous case, with the help of (2.9)357

and (2.10), we can rewrite the error estimate (3.3) for θ = θ∗ as358

(3.4) ∥hk∥l2 ≤

 1

1 +
√

α2λ2
α1λ1

k

min
r>0

erT max
ω∈[−π,π]

∣∣∣∣∣Ĥ
(
1− e−r∆t−iω

∆t

)k
∣∣∣∣∣ ∥h0∥l2 ,359

where α =
√

α1/λ1a and β =
√

α2/λ2b in the function Ĥ defined in (2.10). Therefore, when360

θ = θ∗, it suffices to study the min-max problem associated with Ĥ. We start by giving a361

similar result to Lemma 2.4 for the global maximum of the maximization problem.362

Lemma 3.4. Let α > 0, β > 0, r > 0, and ∆t > 0, then the function Ĥ defined in (2.10)363

satisfies364

max
ω∈[−π,π]

∣∣∣∣Ĥ (1− e−r∆t−iω

∆t

)∣∣∣∣ = Ĥ

(
1− e−r∆t

∆t

)
.365

Proof. Let g(ω) = (1− e−r∆t−iω)/∆t. For r > 0 and ∆t > 0, the image of g is a subset366

of a shifted half-plane, or more precisely367

Image(g) = {g(ω) : ω ∈ [−π, π]} ⊂ {g(0) + x+ iy : x ≥ 0, y ∈ R} =: S.368

Thus, we can transfer the maximization problem to the set S as369

max
ω∈[−π,π]

∣∣∣Ĥ (g(ω))
∣∣∣ ≤ max

(x,y)∈S

∣∣∣Ĥ (g(0) + x+ iy)
∣∣∣ = max

x≥0

∣∣∣Ĥ (g(0) + x)
∣∣∣ ,370

where Lemma 2.4 was used in the last equality. We now show that Ĥ is nonincreasing as a371

function of a real variable. Let γ be a real number. Depending on the value of α and β, we372

have three cases.373

(i) If α = β, Ĥ = 0.374

(ii) If α > β > 0, we have375

Ĥ ′(γ) =
α sinh(2βγ)− β sinh(2αγ)

2 sinh2(αγ) cosh2(βγ)
< 0,376

since α sinh(2βγ) < β sinh(2αγ). In fact, the function f(γ) := α sinh(2βγ) −377

β sinh(2αγ) satisfies378

f(0) = 0, f ′(γ) = 2αβ(cosh(2βγ)− cosh(2αγ)) < 0,379

for α > β > 0.380

(iii) If β > α > 0, we have, following a similar reasoning as in (ii),381

Ĥ ′(γ) =
β sinh(2αγ)− α sinh(2βγ)

2 sinh2(aγ) cosh2(bγ)
< 0.382

Therefore, we have383

Ĥ (g(0) + x) ≤ Ĥ (g(0)) , ∀x ≥ 0.384

This implies that385

max
ω∈[−π,π]

∣∣∣Ĥ (g(ω))
∣∣∣ ≤ Ĥ (g(0)) = Ĥ

(
1− e−r∆t

∆t

)
.

386
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Applying Lemma 3.4 to (3.4), we have387

(3.5) ∥hk∥l2 ≤

 1

1 +
√

α2λ2
α1λ1

k

min
r>0

erT Ĥ

(
1− e−r∆t

∆t

)k

∥h0∥l2 .388

As in the continuous case, we address the minimization problem for r according to the389

underlying physics of the problem.390

Theorem 3.5 (Case
√

α1/λ1a >
√

α2/λ2b).391

If θ = θ∗ and
√

α1/λ1a >
√

α2/λ2b, then the error of the time-discrete iterates (3.1)392

satisfies393

(3.6) ∥hk∥l2 ≤

2
1−

√
α2λ1
α1λ2

b
a

1 +
√

α2λ2
α1λ1

k

ϕ1(r
∗
1d)
∥∥h0

∥∥
l2
,394

with395

(3.7) ϕ1(r) = exp

(
rT − kb

√
α2

λ2

√
1− e−r∆t

∆t

)
, r∗1d =

1

∆t
log

1 +
√

α2∆t
λ2T2 b2k2 + 1

2

 .396

Proof. Reusing the bound (2.16) given in the proof of Theorem 2.5 with r = (1 −397

exp(−r∆t))/∆t yields398

(3.8)

 1

1 +
√

α2λ2
α1λ1

k

min
r>0

erT Ĥ

(
1− e−r∆t

∆t

)k

≤

2

∣∣1−√α2λ1
α1λ2

b
a

∣∣
1 +

√
α2λ2
α1λ1

k

min
r>0

ϕ1(r).399

Differentiating ϕ1 yields400

ϕ′
1(r) =

(
T − kb

2

√
α2

λ2

√
∆t

1− e−r∆t
e−r∆t

)
exp

(
rT − kb

√
α2

λ2

√
1− e−r∆t

∆t

)
.401

Setting the latter to 0 yields the extremal point r∗1d given in (3.7). The derivative ϕ′
1(r) is402

negative for r < r∗1d and positive for r > r∗1d, since e−r∆t
√

∆t/(1− e−r∆t) is a decreasing403

function of r. This implies that the extremum is indeed a minimum. Inserting r∗1d into ϕ1404

in (3.8) gives the estimate (3.6).405

Theorem 3.6 (Case
√

α1/λ1a <
√

α2/λ2b).406

Let θ = θ∗. If
√

α1/λ1a <
√

α2/λ2b < 2
√

α1/λ1a, then the error of the iterates (3.1)407

satisfies408

(3.9) ∥hk∥l2 ≤

2

√
α2λ1
α1λ2

b
a
− 1√

α2λ2
α1λ1

+ 1

k

ϕ1(r
∗
1d)∥h0∥l2 ,409

with r∗1d and ϕ1 defined in (3.7).410

If
√

α2/λ2b ≥ 2
√

α1/λ1a, then the error of the iterates (3.1) satisfies411

(3.10) ∥hk∥l2 ≤

2

√
α2λ1
α1λ2

b
a
− 1√

α2λ2
α1λ1

+ 1

k

ϕ2(r
∗
2d)∥h0∥l2 ,412

with413

(3.11) ϕ2(r) = exp

(
rT − ka

√
α1

λ1

√
1− e−r∆t

∆t

)
, r∗2d =

1

∆t
log

1 +
√

4α1∆t
λ1T2 a2k2 + 1

2

 .414
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Proof. The proof for the case
√

α1/λ1a <
√

α2/λ2b < 2
√

α1/λ1a follows the same steps415

as that of Theorem 3.5, except we make use of the bound (2.21). This leads to the same416

optimized r∗1d given in (3.7).417

For
√

α2/λ2b ≥ 2
√

α1/λ1a, we follow once again the proof of Theorem 3.5, but use418

instead the bound (2.22), which gives419  1

1 +
√

α2λ2
α1λ1

k

min
r>0

erT Ĥ

(
1− e−r∆t

∆t

)k

≤

2

√
α2λ1b√
α1λ2a

− 1√
α2λ2
α1λ1

+ 1

k

min
r>0

ϕ2(r).420

Setting then ϕ′
2(r) = 0, we obtain the optimum value of r∗2d (3.11). Inserting it into ϕ2 gives421

the result (3.10).422

Theorems 3.5 and 3.6 provide time-discrete error estimates that depend on both time423

T and step size ∆t. Note that ϕ1(r
∗
1d) and ϕ2(r

∗
2d) are guaranteed to be less than or equal424

to 1, since ϕ1 and ϕ2 are continuous for r > 0 and 1 = ϕ1(0) ≥ minr>0 ϕ1(r) = ϕ1(r
∗
1d)425

and 1 = ϕ2(0) ≥ minr>0 ϕ2(r) = ϕ2(r
∗
2d). Thus, the exponential factor is guaranteed to be426

nonincreasing.427

Furthermore, the time-discrete estimates share the same linear factor as in the con-428

tinuous estimates given in Theorems 2.5 and 2.6. Similarly to the continuous case, the429

weights (3.7) and (3.11) depend on the subdomain size and physical parameters. As they are430

auxiliary parameters that are only used in our analysis to derive error estimates, we can also431

substitute them directly into (2.12) to obtain sharper error estimates, as in Corollary 2.8.432

Corollary 3.7. For θ = θ∗, the error of the iterates (3.1) satisfies433

(3.12) ∥hk∥l2 ≤

 Ĥ
(

1−e−r∗∆t

∆t

)
1 +

√
α2λ2
α1λ1

k

er
∗T ∥h0∥l2 ,434

where r∗ denotes r1d∗ or r2d∗ depending on the value of
√

α1/λ1a and
√

α2/λ2b.435

Once again, the error estimate (3.12) is sharper than those in Theorems 3.5 and 3.6,436

since we directly inject the value r∗ (i.e., r∗1d or r∗2d) into the function Ĥ instead of bounding437

it first. However, its dependence on the time step size ∆t is hidden in the value of r∗. To438

compare with the estimates obtained in the continuous case and to understand the impact439

of ∆t, we still need to use the estimates derived in Theorems 3.5 and 3.6.440

4. Comparison of continuous and time-discrete estimates. We now discuss441

the relation of the continuous and time-discrete estimates.442

Corollary 4.1. For θ = θ∗ defined in (2.8), the time-discrete error estimate (3.5) is443

larger than (2.12).444

Proof. For θ = θ∗, the convergence factor can be simplified using Ĥ defined in (2.10).445

By Lemmas 2.4 and 3.4, the maximum of Ĥ in the two cases are Ĥ(r) and Ĥ((1−e−r∆t)/∆t).446

As shown in the proof of Lemma 3.4, Ĥ is nonincreasing for real values, and we always have447

(1− e−r∆t)/∆t ≤ r. This implies that448

Ĥ

(
1− e−r∆t

∆t

)
≥ Ĥ(r),449

and thus we obtain the result.450

As shown in Theorems 2.5, 2.6, 3.5 and 3.6, the optimal r∗ is obtained based on the451

choice of the material parameters and domain sizes. In the case
√

α1/λ1a >
√

α2/λ2b, the452

optimal r∗ are r∗1c (2.18) and r∗1d (3.7). Taylor expanding r∗1d in ∆tα2b
2k2/(λ2T

2) gives453

(4.1) r∗1d =
1

∆t
log

1 +
√

α2∆t
λ2T2 b2k2 + 1

2

 =
α2b

2k2

4λ2T 2︸ ︷︷ ︸
=r∗1c

+O

(
∆t

(
α2b

2k2

λ2T 2

)2
)
.454
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Thus, r∗1d is close to r∗1c if ∆t
(
α2b

2k2/(λ2T
2)
)2

is small (similar results are obtained by ex-455

panding r∗2d in ∆tα1a
2k2/(λ1T

2) and comparing with r∗2c). This acts as a scaling determining456

which ∆t respectively k2/T are considered small or large.457

Now we compare the time-discrete estimates obtained in Theorems 3.5 and 3.6 with458

their continuous counterparts Theorems 2.5 and 2.6.459

Corollary 4.2. For given positive parameters αj , λj, j = 1, 2, a, b, T , and k > 0, when460

∆t → 0, the time-discrete estimates given in Theorems 3.5 and 3.6 converge to the continuous461

estimates in Theorems 2.5 and 2.6 respectively.462

Proof. We consider the estimates in Theorems 3.5 and 2.5 to show the convergence. An463

expansion of ϕ1(r
∗
1d) defined in (3.7) for ∆t → 0 gives464

(4.2) ϕ1(r
∗
1d) = e

−α2b2k2

4λ2T

(
1 +

α2
2b

4k4

32λ2
2T

3
∆t

)
+O

(
∆t2

)
.465

Therefore, we obtain that466

lim
∆t→0

ϕ1(r
∗
1d) = e

−α2b2k2

4λ2T ,467

and the limit is the exponential part in (2.13). It follows that the time-discrete estimate (3.6)468

converges to the continuous one (2.13) when ∆t → 0.469

In (4.2), we can rewrite the second term in the expansion as470

α2
2b

4k4

32λ2
2T

3
∆t =

α2
2b

4

32λ2
2

(
k2

T

)2
∆t

T
.471

When ∆t → 0, (k2/T )2(∆t/T ) becomes small. Using Corollary 2.7, we then find472

• when k2/T is small, the time-discrete estimates show linear convergence;473

• when k2/T is large, the time-discrete estimates show superlinear convergence.474

The expansion (4.2) for ∆t → 0 holds true for a fixed iteration count k, when k → ∞,475

we need the following result.476

Corollary 4.3. For given positive parameters αj , λj, j = 1, 2, a, b, T , and ∆t > 0,477

when k → ∞, the time-discrete estimates in Theorems 3.5 and 3.6 behave linearly.478

Proof. We consider the estimate in Theorem 3.5, the other follows analogously. For479

large k, the asymptotic behavior of ϕ1(r
∗
1d) is given by480

(4.3) ϕ1(r
∗
1d) =

(
b

2T

√
α2∆t

λ2

) T
∆t

e
T
∆t k

T
∆t

(
e
−b

√
α2

λ2∆t

)k
[
1 +

√
λ2

α2

T 2

2∆t
3
2 bk

+O

(
1

k2

)]
.481

In particular, for c > 0 and 0 < γ < 1, kcγk behaves asymptotically as γk for large k.482

Therefore, when k → ∞, the time-discrete estimate given in (3.6) behaves linearly as483 2
1−

√
α2λ1
α1λ2

b
a

1 +
√

α2λ2
α1λ1

k

ϕ1(r
∗
1d) ∼

2
1−

√
α2λ1
α1λ2

b
a

1 +
√

α2λ2
α1λ1

k (
e
−b

√
α2

λ2∆t

)k

.

484

These theoretical results are illustrated by the following two numerical test cases:485

• Case A: a low contrast test case with physical material parameters α1 = 4, α2 =486

λ1 = λ2 = 1. The physical parameters satisfy the condition
√

α1/λ1a = 2 > 1 =487 √
α2/λ2b.488

• Case B: a more realistic high contrast case with physical material parameters for489

air α = 1299 and λ = 0.0243, and for steel α = 3.47 × 106 and λ = 48.9. The490

air and steel domains can be arranged either as air-steel or steel-air, depending on491

whether the Dirichlet condition is imposed on the air or the steel domain.492
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Fig. 1. Illustration of the continuous and time-discrete estimates for Case A (left) and Case
B (right) with ∆t = 20 and T = 1000. The blue curve represents the continuous estimate defined
in (2.13), the red curve is the time-discrete estimate defined in (3.6), the yellow curve is the as-
ymptotic behavior of the time-discrete estimate in Corollary 4.3, and the purple curve is the linear
factor in both continuous and time-discrete estimates.

Fig. 2. The continuous and time-discrete explicit error estimates as well as the improved
version for Case A with ∆t = 1/64 and T = 1/4. As a baseline this plot also includes numerically
calculated error estimates from Theorem 2.3 and 3.3.

For all our tests, we use the relaxation parameter θ∗ defined in (2.8) and consider a = b = 1,493

i.e., the space domain (−1, 1).494

To get better insights into both continuous and time-discrete estimates, we illustrate495

their behavior in Figure 1 with ∆t = 20 and T = 1000. We observe that the time discrete496

estimates are larger than the continuous estimates as is explained by Corollary 4.1. In Case497

A, the continuous estimate (2.13) behaves linearly up to iteration k = 100, and then becomes498

superlinear. The time-discrete estimate (3.6) follows the continuous estimate until iteration499

k = 300, and then enters the linear regime as shown in Corollary 4.3. In this regime where k500

is large, we see that the red line approaches the yellow line from above, since the correction501

term in (4.3) is positive. In Case B, both estimates predict extremely fast convergence,502

because of the large contrast between the material parameters. The continuous estimate503

behaves superlinearly and the time-discrete folls for only one iteration before entering the504

linear regime.505

We next solve the minimization problems given in (2.12) and (3.5) numerically, using506

the Nelder-Mead optimization algorithm in SciPy with an absolute tolerance of 10−6. The507

code for these tests can be found in the GitHub repository [18].508

InCase A, we compare the estimates in (2.12), (2.13) and (2.26) for the continuous case,509

and (3.5), (3.6) and (3.12) for the time-discrete case. We set T = 1/4 and ∆t = 1/64 and510

plot them as a function of the iteration count k in Figure 2. For both continuous and time-511
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Fig. 3. Error of the DNWR iterations for Case A with T = 2 and ∆t = 1/64. Left: First
iteration. Right: Third iteration.

discrete error bounds (2.13) and (3.6), we observe superlinear behavior as expected, since512

the time T is small. However, they are both less accurate compared to (2.12) and (3.5). To513

improve it, we use the error bounds in (2.26) and (3.12). The latter two are much sharper in514

both cases compared with (2.13) and (3.6). Thus, both (2.26) and (3.12) can provide more515

accurate predictions of the convergence behavior with the help of the auxiliary parameter516

r∗. In the following experiments, we will use (2.26) and (3.12).517

5. Numerical experiments. We now compare the continuous (2.26) and time-518

discrete estimates (3.12) with the observed convergence behavior of DNWR iterations. We519

first study a one dimensional case corresponding to the problem described in (2.3) and then520

extend our study to a two dimensional nonlinear case.521

5.1. One dimensional experiment. We use the implicit Euler method in time522

and the centered finite difference method in space. We consider a very fine spatial mesh size523

∆x = 10−4 to ensure that the effect of the time discretization dominates over the spatial524

discretization. We set the relaxation parameter θ = θ∗ defined in (2.8). The initial waveform525

error h0 = {hn,0}Nn=0 is set to be random, as discussed in [10, Section 5.1]. The Python code526

for these experiments is based on [25] and can be found in the GitHub repository [18].527

Figure 3 shows the error of the first and the third iteration for Case A with T = 2 and528

∆t = 1/64. On the left of Figure 3, the waveform error h0 after the first iteration is mainly529

centered around the interface x = 0 with nonsmooth information. The error is decreased by530

a factor of 100 after the third iteration and becomes very smooth. In addition, it increases531

in t and attains its maximum at T = 2. This is expected, as the error estimates in both532

continuous and time-discrete cases are increasing with respect to T .533

We then compare the observed convergence behavior with both continuous and time-534

discrete estimates in Figure 4 for Case A. In this test, we consider two times T = 1/4535

and T = 1, and three time steps ∆t = 1/16, 1/64, 1/256. We observe that the time-discrete536

estimate accurately captures the convergence behavior of the DNWR iterations for all cases,537

and the method converges more slowly than predicted by the continuous estimate, when ∆t538

is large, and the numerical solutions are not accurate. For small ∆t, when the resulting539

numerical solutions become more accurate and close to the true solutions, convergence be-540

comes as fast as predicted by the continuous estimate. We also see that the time-discrete541

error estimate approaches the continuous one when ∆t → 0, which is explained by Corollary542

4.2. Comparing the top and bottom row in Figure 4, we also see that the continuous estimate543

becomes more accurate when ∆t is kept fixed and T increases. This is consistent with the544

series expansion of r∗1d in the time discrete case in (4.1), which yields that r∗1d is close to r∗1c545

when T is large.546

We next use the high contrast steel-air Case B to illustrate that one has to assign the547
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Fig. 4. Comparison of continuous error estimate (blue), time-discrete error estimates (orange)
and normalized error ∥hk|l2/∥h0|l2 of DNWR iterations (green) for Case A. Top: T = 1/4. Bottom
T = 1. Left: ∆t = 1/16. Middle: ∆t = 1/64. Right: ∆t = 1/256.

Fig. 5. Comparison of continuous error estimate (blue), time-discrete error estimates (orange)
and normalized error ∥hk∥l2/∥h0∥l2 of (2.3) iterations (green) for Case B with T = 5× 104. Left:
∆t = 104. Right: ∆t = 10. Top: air-steel. Bottom: steel-air.

Dirichlet and Neumann conditions accordingly to get fast convergence. Figure 5 shows the548

result for T = 5× 104, at the top the air-steel case, and at the bottom the steel-air case. To549

illustrate the behaviour for small and large time steps, we use ∆t = 10, 104.550

We see that convergence for the air-steel case is much faster than the steel-air case,551

and both the continuous and time-discrete estimates predict this well. In the much slower552

steel-air case, the behavior is similar to Figure 4.553

5.2. Flow over hot plate. To investigate the relevance of our continuous and time-554

discrete error estimates for more complex cases, we consider a nonlinear thermal Fluid-555

Structure interaction (FSI) test case, consisting of a hot steel plate cooled by a cold air556
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Fig. 6. Diagram of the FSI test case, consisting of a hot steel plate cooled by a cold air stream.

Fig. 7. Top: The air and steel mesh. Bottom: The solution at T = 100 for ∆t = 1.

stream, see Figure 6. This setup is widely used as a benchmark, see e.g. [6, 33, 27].557

The air is modeled using the time dependent Reynolds Averaged Navier-Stokes equations558

with the k-ε turbulence model in the two dimensional domain Ω1 = (−0.1, 0.3)× (0, 0.1), see559

e.g. [5, 3]. The temperature u is related to the dynamic viscosity through Sutherland’s law,560

µ(u) = µ̂ref (u/ûref )
3/2 ûref + Ŝ

u+ Ŝ
,561

where Ŝ = 110, µ̂ref = 1.8× 10−5 and ûref = 273. The fluid boundary conditions are shown562

in Figure 6. The initial condition is a steady-state solution computed with a fixed interface563

temperature of 900K.564

As a solver for the fluid we use OpenFOAM [34] with a cell-centered finite-volume565

method in space, implicit Euler in time and the PIMPLE algorithm as nonlinear solver. The566

mesh is generated using the blockMesh utility with 240 cells in the horizontal direction and567

200 cells in the vertical direction. To adequately resolve the boundary layer, a non-uniform568

mesh is used, obtained by the simpleGrading function in blockMesh, with a ratio of 100569

between the bottom and top cells. This corresponds to interface grid sizes of 2.3 × 10−5.570
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Fig. 8. The solution on the interface at T = 100 for the different time discretizations.

The mesh is shown in Figure 7.571

The steel plate is modeled using the nonlinear heat equation572

ρcp(u)u(x, t)−∇ · (λ(u)∇u(x, t)) = 0, on Ω2,573

where Ω2 = (0, 0.2) × (−0.015, 0), ρ denotes the density, cp(u) the temperature dependent574

heat capacity and λ(u) the temperature dependent heat conductivity. The following empir-575

ical model for steel 51CrV4 from [29] is used,576

λ(u) = 40.1 + 0.05u− 10−4u2 + 4.9× 10−8u3,577

cp(u) = −10 ln

(
exp(−cp1(u)/10) + exp(−cp2(u)/10)

2

)
,578

579

where cp1(u) and cp2(u) are given by580

cp1(u) = 34.2 exp(0.0026u) + 421.15,

cp2(u) = 956.5 exp(−0.012(u− 900)) + 0.45u.
581

582

The heat equation also uses zero Neumann boundary conditions on all non-coupling bound-583

aries. The initial temperature is set to 900K.584

As a discretization we use a linear finite element method in space and implicit Euler in585

time, implemented in the FEniCS software package [1] and based on the preCICE flow over586

heated plate tutorial [6]. We use a uniform mesh in the solid solver and a fine discretization587

with ∆y = 1.5× 10−4 and ∆x = 2× 10−3.588

At the coupling interface (0, 0.2)×{0}, we impose continuity of temperature and normal589

heat flux. A DNWR method is used, with Dirichlet conditions on the fluid side and Neumann590

conditions on the solid side. The coupling is implemented using the open-source library591

preCICE [6], with nearest-neighbor interpolation for data transfer between the fluid and592

solid meshes. We also use preCICE’s absolute convergence measure with a tolerance of 10−7593

as the termination condition.594

We now run DNWR for T = 100 and ∆t = 10, 1, 1, 0.01. Figure 7 shows the solution at595

T = 100 for ∆t = 1 in the bottom panel and Figure 8 shows the solutions at the interface for596

the different time steps. The largest temperature decrease occurs at x = 0, which is consistent597

with the direction of the cold air stream. We observe that the solution for ∆t = 10 differs598

by about 2K, suggesting a large time discretization error.599

To make use of our analysis, we define a linear model by linearizing both nonlinear600

models around 900K, since we assume the temperature on the interface to have the largest601

effect on the heat transfer. The material parameters for the linearized steel model become602

λsteel = λ(900) = 40, αsteel = α(900) = 6.1 × 106. For the air model we use the linearized603

parameters αair = ρcp = 1.293× 1005 = 1299.5 and λair = cpµ(900)/Pr = 0.057 [5], where604

cp denotes the specific heat constant and Pr the Prandtl number. In addition, we use domain605

lengths of 0.1 and 0.015 for air and steel, respectively. The optimal relaxation parameter606

then becomes θ∗ = 0.9994.607
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Fig. 9. Normalized error of the iteration together with the time-discrete and continuous error
bounds in (2.6) and (3.3). Left: θ = θ∗. Right: θ = 0.5.

Next, we compare the classical choice θ = 1/2 to θ∗. In Figure 9, we show the normalized608

error609 ∥∥∥uk − u∗
∥∥∥
l2

/
∥∥u0 − u∗∥∥

l2
,610

where u∗ denotes the interface temperature of a solution with an absolute residual less than611

10−6 in preCICE. We also include the continuous and time-discrete error bounds (2.6) and612

(3.3) for the linearized model for θ = 0.5 and θ∗. Here, the min-max problem in the error613

bound is solved numerically, using the Nelder-Mead optimization algorithm in SciPy with614

an absolute tolerance of 10−6.615

We see that the continuous and time-discrete error estimates predict the same linear616

convergence, independent of ∆t. For θ = θ∗, the fast linear convergence and its independence617

on ∆t is explained by Corollaries 4.3 and 2.7. For θ = 0.5 the estimate predicts slow linear618

convergence, reaching an error of ≈ 10−2 in six iterations.619

The normalized error also exhibits fast linear convergence for θ = θ∗ and we observe620

no dependence on ∆t. Furthermore, the fully discrete iterates exhibit the same slow linear621

convergence for θ = 0.5 as the error estimates (2.6) and (3.3). This shows that θ = θ∗ yields622

fast convergence in advanced nonlinear 2D thermal cases, demonstrating the usefulness of623

our analysis and showing the importance of taking the material parameters into account in624

the choice of relaxation parameter.625

6. Conclusion. We derived an optimized relaxation parameter and best assignment626

of subdomains for fast convergence of the Dirichlet–Neumann waveform relaxation method627

applied to two coupled heat equations in both continuous and time-discrete cases. More628

precisely, the Dirichlet subdomain must be assigned to the small physical parameter domain629

(air), and the Neumann condition must be assigned to the large physical parameter domain630

(steel). Using the exponentially weighted Fourier technique [31], we obtain error estimates631

in L2 in continuous and time-discrete settings that are accurate even in the difficult, but632

very relevant, nonasymptotic regime of the first few iterations. Our new continuous estimate633

predicts linear convergence when k2/T is small, and superlinear when k2/T is large, with k634

the iteration index. Our new time-discrete estimate closely mirrors its continuous counterpart635

for small ∆t. Otherwise, we obtain linear convergence for large k. We then show for a636

realistic nonlinear thermal FSI test case in 2D that our error estimates accurately predict637

the convergence behaviour.638
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