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Abstract. Parabolic optimal control problems arise in numerous scientific
and engineering applications. They typically lead to large-scale coupled for-
ward–backward systems that cannot be treated with classical time-stepping
schemes and are computationally expensive to solve. Therefore, parallel meth-
ods are essential to reduce the computational time required. In this work, we
investigate a time domain decomposition approach, namely the time parallel
Schwarz method, applied to parabolic optimal control problems. We analyze
the convergence behavior and focus on the weak scalability property of this
method as the number of time intervals increases. To characterize the spec-
tral radius of the iteration matrix, we present two analysis techniques: the
construction of a tailored matrix norm and the application of block Toeplitz
matrix theory. Our analyses yield both nonasymptotic bounds on the spectral
radius and an asymptotic characterization of the eigenvalues as the number
of time intervals tends to infinity. Numerical experiments further confirm our
theoretical findings and demonstrate the weak scalability of the time parallel
Schwarz method. This work introduces the first theoretical tool for analyzing
the weak scalability of time domain decomposition methods, and our results
shed light on the suitability of our algorithm for large-scale simulations on
modern high-performance computing architectures.

1. Introduction

Parabolic optimal control problems arise in a wide range of scientific and en-
gineering applications, including diffusion-driven processes [37], thermal regula-
tion [36], environmental economics [1], cancer treatment [41] and inverse prob-
lems [27]. Their mathematical formulation typically involves minimizing a cost
functional subject to some time-dependent partial differential equation (PDE) con-
straints. After deriving the first-order optimality system, such problems lead to
large scale coupled systems, whose efficient solution remains a central challenge in
high-performance scientific computing. While spatial parallelism has been exten-
sively exploited through domain decomposition and multigrid methods (see, e.g.,
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[3, 28, 43]), the time direction is often treated sequentially due to the intrinsic
causality of evolution equations, that is, the solution at the current time depends
on the solution at the previous instant. Therefore, it is not natural to parallelize
the time direction. Nonetheless, as parallelization in space has reached saturation
and massively parallel computing architectures have become increasingly available,
these trends have motivated the development of parallel-in-time algorithms. We
refer to [15, 20] for a brief review.

In general, parallel algorithms often partition the global domain into many small
subdomains, and local problems are solved iteratively while exchanging informa-
tion with neighboring subdomains. When applied to optimal control problems gov-
erned by time-dependent PDEs, such strategies must address the forward-backward
structure of the optimality system. Generally speaking, iterative parallel-in-time
algorithms for parabolic optimal control problems can be classified into three main
families: algorithms based on multiple shooting methods, e.g. [17, 33, 35, 49], algo-
rithms based on multigrid methods, e.g. [6, 21, 22, 24, 29], and algorithms based on
domain decomposition methods, e.g. [2, 13, 16, 18, 19, 25, 34, 40]. Other parallel-
in-time algorithms for such problems also exist, e.g., a modified matching-Schur
complement preconditioner has recently been introduced in [30] to solve parabolic
optimal control problems. Among these approaches, time domain decomposition
methods proposed in [16, 18, 19] provide a novel framework that takes advantage of
the forward-backward structure of the optimality system. In this work, we investi-
gate the weak scalability of a nonoverlapping time domain decomposition method,
namely a time parallel Schwarz algorithm, applied to parabolic optimal control
problems.

We recall that a parallel algorithm is said to be weakly scalable if it can solve
larger and larger problems in a fixed amount of time with the number of processors
increased proportionally. This is a weaker version of the so-called strong scalability,
which requires that the acceleration generated by parallelization scales proportion-
ally with the number of processors, that is, the time to solve a fixed-size problem
decreases proportionally with the number of processors. Strong scalability is dif-
ficult to achieve since, in the limit, the work assigned to each processor becomes
negligible, and the communication cost dominates. The weak scalability property of
an algorithm is however crucial for using high-performance computing architectures,
as it measures its efficiency when the problem size and the number of processors si-
multaneously scale. This requires having both algorithmic convergence and parallel
performance. When specializing these definitions to iterative methods, we say that
a domain decomposition method is weakly scalable if its contraction factor ρ is uni-
formly bounded by a constant independent of the number of fixed-size subdomains
N and is strictly less than one. The relevance of the weak scalability property has
been shown, for instance, in computational chemistry, where the authors apply do-
main decomposition methods to reduce the computational time in simulating long
chains of molecules [8, 32]. In [10, 11], the authors have studied the scalability of the
parallel Schwarz method applied to elliptic problems with growing chains of fixed-
sized subdomains, while [4] extended the methodology to the topological structures
appearing in discrete fracture networks. The authors in [9] further investigate the
weak scalability of four classical, one-level, domain decomposition methods applied
to elliptic problems in both one- and two-dimensional settings. Their results showed
that the parallel Schwarz method applied to a two-dimensional Poisson equation is



WEAK SCALABILITY OF TIME PARALLEL SCHWARZ FOR PARABOLIC OCPS 3

weakly scalable, while it is not for a one-dimensional problem, where further coarse
corrections need to be added to recover scalability. An extension to time-harmonic
problems is available in [5].

In the current work, we focus on solving the first-order optimality system of
parabolic optimal control problems using the time parallel Schwarz method. We
investigate three main research questions:

• As the time direction is of dimension one, is the time parallel Schwarz
method weakly scalable?

• How does the weak scalability depend on the fixed-size time interval length
and problem parameters?

• Can we characterize the convergence behavior of the time parallel Schwarz
method?

In our context, the weak scalability regime corresponds to simulating and control-
ling the physical system over longer and longer time intervals. To answer these
questions, we provide a detailed convergence analysis. After a semi-discretization
in space, we characterize the asymptotic behavior of the time parallel Schwarz al-
gorithm using two different techniques: (i) construct a special matrix norm, (ii)
use block Toeplitz matrix theory [7, 46]. These approaches allow us to derive two
complementary results that not only characterize the spectral radius of the itera-
tion matrix, but also describe the asymptotic distribution of the spectrum as the
number of time intervals tends to infinity.

The rest of the manuscript is organized as follows. Section 2 introduces the
parabolic optimal control problem, its optimality system, and defines the time
parallel Schwarz algorithm. Section 3 presents the weak scalability analysis using
two different techniques, and derives an estimate for the spectral radius of the
iteration matrix. Section 4 shows numerical experiments to confirm our theoretical
results and illustrates the weak scalability of the algorithm. Section 5 summarizes
the main findings and outlines directions for future work.

2. Model problem

In this section, we define our linear quadratic parabolic control problem. Con-
sider a final time T > 0 and a bounded open set Ω ⊂ Rd, d = 1, 2, 3, with Lipschitz
boundary ∂Ω. The space-time domain is defined by Q := Ω × (0, T ). We are
interested in solving the following distributed control problem: for a given target
ŷ ∈ L2(Q) and a penalization parameter ν > 0, we minimize the cost functional

J(y, u) :=
1

2
‖y − ŷ‖2L2(Q) +

ν

2
‖u‖2L2(Q), (1)

subject to the linear parabolic equation1

∂ty −∆y = u in Q, y = g on ∂Ω× (0, T ), y = y0 on Ω× {0}, (2)

with y0 ∈ L2(Ω) a given initial condition and g a sufficiently regular function.
Deriving the optimality conditions of problem (1)-(2) using the Lagrange multipliers

1Our analysis covers the general state equation ∂ty − L(y) = u, provided that a spatial dis-
cretization of L leads to a diagonalizable matrix A with real and positive eigenvalues, see Section
2.3.
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Figure 1. Illustration of N time intervals with fixed size ∆t.

technique, we obtain the reduced first-order optimality system:

∂ty −∆y = ν−1p in Q, y = g on ∂Ω× (0, T ), y = y0 on Ω× {0},
∂tp+ ∆p = y − ŷ in Q, p = 0 on ∂Ω× (0, T ), p = 0 on Ω× {T},

(3)
p being the Lagrange multiplier, and with the optimal control given by u = p/ν. We
refer to [47, Chapter 3] for a detailed derivation of such an optimality system. The
goal of our study is to solve the reduced first-order optimality system (3) using time
domain decomposition methods. In particular, we are interested in the behavior of
these methods when the number of time intervals N grows while their size is fixed,
representing a larger and larger final time T .

2.1. Time domain decomposition. Let N ∈ N and consider a set of time inter-
vals {(tn−1, tn)}Nn=1 shown in Figure 1. Each time interval has a finite, fixed size ∆t,
tn := n∆t for n ∈ {0, . . . , N}, and T = N∆t. We denote the space-time subdomain
by Qn := Ω × (tn−1, tn) for n ∈ {1, . . . , N} and the interface by Σn := Ω × {tn}
for n = 0, . . . , N . The optimality system (3) has a forward-backward structure,
where the state variable y propagates forward in time with an initial condition
y(·, 0) = y0(·) at Σ0, and the adjoint variable propagates backward in time with a
final condition p(·, T ) = 0 at ΣN . To retain the same forward-backward structure
for the restriction of the system (3) in each subdomain Qn, one needs to impose
an "initial" condition for y at the interface Σn−1 and a "final" condition p at the
interface Σn, n ∈ {1, . . . , N}, as illustrated in Figure 1. We define the functions
yn and pn as the restriction of y and p to Qn. Then, the restricted system in Qn
using the same forward-backward structure of (3) can be formulated as follows: for
n ∈ {2, . . . , N − 1}, the pair (yn, pn) satisfies

∂tyn −∆yn = ν−1pn in Qn, yn = g on ∂Ω× (0, T ), yn = yn−1 on Σn−1,

∂tpn + ∆pn = yn − ŷn in Qn, pn = 0 on ∂Ω× (0, T ), pn = pn+1 on Σn,

(4)
where the conditions at Σn−1 and Σn describe the interaction of the n-th subdomain
with its neighbor subdomains n−1 and n+1, and the function ŷn is the restriction
of the target function ŷ to Qn. The pair (y1, p1) of the first subdomain Q1 solves

∂ty1 −∆y1 = ν−1p1 in Q1, y1 = g on ∂Ω× (0, T ), y1 = y0 on Σ0,

∂tp1 + ∆p1 = y1 − ŷ1 in Q1, p1 = 0 on ∂Ω× (0, T ), p1 = p2 on Σ1,
(5)

where y0 is the given initial condition. The pair (yN , pN ) of the last subdomain
solves
∂tyN −∆yN = ν−1pN in QN , yN = g on ∂Ω× (0, T ), yN = yN−1 on ΣN−1,

∂tpN + ∆pN = yN − ŷN in QN , pN = 0 on ∂Ω× (0, T ), pN = 0 on ΣN ,

(6)
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where pN |ΣN
= 0 is the given final condition for p in (3).

Note that the choice pn = pn+1 on Σn, n ∈ {1, . . . , N−1}, imposes the continuity
in time of the adjoint variable p at each interface. Similarly, the choice yn = yn−1

on Σn−1, n ∈ {1, . . . , N}, imposes the continuity in time of the state variable y.

2.2. Time parallel Schwarz method. The classical parallel Schwarz method
(PSM) was introduced by Lions in [31] to generalize the alternating Schwarz method
to a parallel setting. Here, we are interested in applying the PSM to solve (4)-
(6) with a non-overlapping decomposition in time. In particular, we analyze the
convergence behavior of the time PSM for a growing number of fixed-sized space-
time subdomains and investigate its weak scalability. Consider the problem (4)-
(6) and some initial guesses (y0

1 , p
0
1), (y0

2 , p
0
2), . . . , (y0

N , p
0
N ). Since we are interested

in the time decomposition, we omit hereafter to specify the boundary conditions
yn = g and pn = 0 on ∂Ω × (0, T ) for n ∈ {1, . . . , N}. For the iteration index
` = 1, 2, . . ., the time PSM defines the approximation sequences {y`n, p`n}` by solving

∂ty
`
n −∆y`n = ν−1p`n in Qn, y`n = y`−1

n−1 on Σn−1,

∂tp
`
n + ∆p`n = y`n − ŷn in Qn, p`n = p`−1

n+1 on Σn,
(7)

for n ∈ {2, . . . , N − 1}. In the first time interval, {y`1, p`1}` satisfy
∂ty

`
1 −∆y`1 = ν−1p`1 in Q1, y`1 = y0 on Σ0,

∂tp
`
1 + ∆p`1 = y`1 − ŷ1 in Q1, p`1 = p`−1

2 on Σ1,
(8)

while in the last interval {y`N , p`N}` solves

∂ty
`
N −∆y`N = ν−1p`N in QN , y`N = y`−1

N−1 on ΣN−1,

∂tp
`
N + ∆p`N = y`N − ŷN in QN , p`N = 0 on ΣN .

(9)

In each subdomain Qn, n ∈ {1, . . . , N}, the algorithm (7)-(9) uses the information
at the previous iteration to update the value of (yn, pn) on the interface. The state
variable yn takes information coming from the left neighbouring time interval at
the previous iteration, and the adjoint variable pn takes information coming from
the right neighbouring time interval at the previous iteration. Therefore, each
subproblem can be solved independently and in parallel at each iteration.

2.3. Eigendecomposition. To analyze the convergence of the time PSM algo-
rithm (7)-(9), we introduce the errors ey`n := yn − y`n and ep`n := pn − p`n. Sub-
stracting the exact solutions of (4)-(6) from the approximations (7)-(9), the errors
then satisfy

∂tey`n −∆ey`n = ν−1ep`n in Qn, ey`n = ey`−1
n−1

on Σn−1,

∂tep`n + ∆ep`n = ey`n in Qn, ep`n = ep`−1
n+1

on Σn,
(10)

for n ∈ {2, . . . , N − 1}, and
∂tey`1 −∆ey`1 = ν−1ep`1 in Q1, ey`1 = 0 on Σ0,

∂tep`1 + ∆ep`1 = ey`1 in Q1, ep`1 = ep`−1
2

on Σ1,
(11)

for n = 1, and

∂tey`N −∆ey`N = ν−1ep`N in QN , ey`N = ey`−1
N−1

on ΣN−1,

∂tep`N + ∆ep`N = ey`N in QN , ep`N = 0 on ΣN ,
(12)
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for n = N . The boundary conditions on ∂Ω × (0, T ) become ey`n = 0 and ep`n = 0

for all n ∈ {1, . . . , N}.
Since our goal is to investigate the scalability in time, we introduce a spatial

discretization −∆ ≈ A ∈ RM×M , where M corresponds to the number of degrees
of freedom. For instance, one can use a centered finite difference or a finite element
discretization in space. In these cases, the matrix A is diagonalizable with an
invertible matrix P such that P−1AP = diag(λ1, . . . , λM ) with 0 < λ1 < . . . < λM .
Well-known results (see, e.g., [39, Chapter 6.3.2]) fully characterize the asymptotic
behavior of {λm}Mm=1 with respect to the mesh size: provided that the mesh is
quasi-uniform, there exist two constants C and C such that Chd ≤ λm ≤ Chd−2

for any m ∈ {1, . . . ,M}. This decomposition allows us to focus only on the time
variable.

Applying first the spatial discretization and then diagonalization to (10)-(12),
we obtain for each eigenvalue λm that,

ż`n,m + λmz
`
n,m = ν−1q`n,m in (tn−1, tn), z`n,m(tn−1) = z`−1

n−1,m(tn−1),

q̇`n,m − λmq`n,m = z`n,m in (tn−1, tn), q`n,m(tn) = q`−1
n+1,m(tn),

(13)

for n ∈ {2, . . . , N − 1}, and

ż`1,m + λmz
`
1,m = ν−1q`1,m in (t0, t1), z`1,m(t0) = 0,

q̇`1,m − λmq`1,m = z`1,m in (t0, t1), q`1,m(t1) = q`−1
1,m(t1),

(14)

for n = 1, and

ż`N,m + λmz
`
N,m = ν−1q`N,m in (tN−1, tN ), z`N,m(tN−1) = z`−1

N−1,m(tN−1),

q̇`N,m − λmq`N,m = z`N,m in (tN−1, tN ), q`N,m(tN ) = 0,
(15)

for n = N . Here, z`n := P−1ey`n , q
`
n := P−1ep`n , and z`n,m, q`n,m are the m-th

components of the vectors z`n, q`n. The dot denotes the common notation of the
time derivative. The iterations (13)-(15) are systems of coupled first-order ODEs
for each eigenvalue λm, and there are in total M independent such systems. In
particular, we have the following two relations between the variables z`n,m and
q`n,m,

q`n,m = ν
(
ż`n,m + λmz

`
n,m

)
, z`n,m = q̇`n,m − λmq`n,m,

for all n ∈ {1, . . . , N} and all m ∈ {1, . . . ,M}. Eliminating q`n,m by z`n,m, one can
transform the coupled first-order ODE systems (13)-(15) into second-order ODEs
of z`n,m as

z̈`n,m − σ2
mz

`
n,m = 0 in (tn−1, tn),

z`n,m(tn−1) = z`−1
n−1,m(tn−1),

ż`n,m(tn) + λmz
`
n,m(tn) = ż`−1

n+1,m(tn) + λmz
`−1
n+1,m(tn),

(16)

for n ∈ {2, . . . , N − 1}, and

z̈`1,m − σ2
mz

`
1,m = 0 in (t0, t1),

z`1,m(t0) = 0,

ż`1,m(t1) + λmz
`
1,m(t1) = ż`−1

2,m(t1) + λmz
`−1
2,m(t1),

(17)



WEAK SCALABILITY OF TIME PARALLEL SCHWARZ FOR PARABOLIC OCPS 7

for n = 1, and for n = N

z̈`N,m − σ2
mz

`
N,m = 0 in (tN−1, tN ),

z`N,m(tN−1) = z`−1
N−1,m(tN−1),

ż`N,m(tN ) + λmz
`
N,m(tN ) = 0,

(18)

where σm :=
√
λ2
m + 1/ν. Note that by doing so, we transform a Dirichlet condition

q`n,m(tn) = q`−1
n+1,m(tn) into a Robin type condition in time ż`n,m(tn)+λmz

`
n,m(tn) =

ż`−1
n+1,m(tn) + λmz

`−1
n+1,m(tn); and the forward-backward structure in (13)-(15) dis-

appears in (16)-(18). Alternatively, one can eliminate z`n,m by q`n,m and trans-
form (13)-(15) into second-order ODEs of q`n,m. As they are all equivalent, we
consider (16)-(18) to analyze the convergence.

2.4. Iteration matrix. A general solution of these second-order ODEs (16)-(18)
is given by

z`n,m(t) = A`n,m sinh(σmt) +B`n,m cosh(σmt),

where A`n,m, B`n,m are coefficients determined by the initial and final conditions
in each time interval (tn−1, tn). We also specify the Robin term, which appears
frequently,

ż`n,m(t) + λmz
`
n,m(t) =A`n,m

(
σm cosh(σmt) + λm sinh(σmt)

)
+B`n,m

(
σm sinh(σmt) + λm cosh(σmt)

)
.

To simplify notations, we denote the Dirichlet transmission condition by D`
n,m :=

z`n,m(tn) and the Robin transmission condition byR`n,m := ż`n,m(tn−1)+λmz
`
n,m(tn−1).

We also use the shorthand notations sn,m := sinh(σmtn) and cn,m := cosh(σmtn).
For the middle time intervals n ∈ {2, . . . , N−1}, the two transmission conditions

in (16) give

A`n,msn−1,m +B`n,mcn−1,m = D`−1
n−1,m,

A`n,m(σmcn,m + λmsn,m) +B`n,m(σmsn,m + λmcn,m) = R`−1
n+1,m.

A direct computation leads to the two coefficients in the solutions z`n,m(t) of (16),

A`n,m =
D`−1
n−1,m(σmsn,m + λmcn,m)−R`−1

n+1,mcn−1,m

sn−1,m(σmsn,m + λmcn,m)− cn−1,m(σmcn,m + λmsn,m)
,

B`n,m =
R`−1
n+1,msn−1,m −D`−1

n−1,m(σmcn,m + λmsn,m)

sn−1,m(σmsn,m + λmcn,m)− cn−1,m(σmcn,m + λmsn,m)
.

Evaluating then ż`n,m(t) + λmz
`
n,m(t) at tn−1 gives

R`n,m = ż`n,m(tn−1) + λmz
`
n,m(tn−1)

=
D`−1
j−1,i(σmsn,m + λmcn,m)−R`−1

n+1,mcn−1,m

sn−1,m(σmsn,m + λmcn,m)− cn−1,m(σmcn,m + λmsn,m)
(σmcn−1,m + λmsn−1,m)

+
R`−1
n+1,msn−1,m −D`−1

n−1,m(σmcn,m + λmsn,m)

sn−1,m(σmsn,m + λmcn,m)− cn−1,m(σmcn,m + λmsn,m)
(σmsn−1,m + λmcn−1,m)

=
(σ2
m − λ2

m)(cn−1,msn,m − sn−1,mcn,m)D`−1
n−1,m + σm(s2

n−1,m − c2n−1,m)R`−1
n+1,m

sn−1,m(σmsn,m + λmcn,m)− cn−1,m(σmcn,m + λmsn,m)
.
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Using properties of the sums and differences of arguments for hyperbolic functions,
the denominator can be simplified to

sn−1,m(σmsn,m + λmcn,m)− cn−1,m(σmcn,m + λmsn,m)

= σm(sn−1,msn,m − cn−1,mcn,m) + λm(sn−1,mcn,m − cn−1,msn,m)

= σm (sinh(σmtn−1) sinh(σmtn)− cosh(σmtn−1) cosh(σmtn))

+ λm (sinh(σmtn−1) cosh(σmtn)− cosh(σmtn−1) sinh(σmtn))

= − σm cosh (σm(tn − tn−1)) + λm sinh (σm(tn−1 − tn)) .

Similarly the numerators become (σ2
m−λ2

m)(cn−1,msn,m−sn−1,mcn,m) = sinh(σm(tn−
tn−1))/ν, and σm(s2

n−1,m − c2n−1,m) = −σm by analogy with the Pythagorean
trigonometric identity. Recalling that ∆t = tn − tn−1, we find

R`n,m = ż`n,m(tn−1) + λmz
`
n,m(tn−1) = C1,m(∆t)D`−1

n−1,m + C2,m(∆t)R`−1
n+1,m, (19)

with

C1,m(∆t) :=
−ν−1 sinh(σm∆t)

σm cosh(σm∆t) + λm sinh(σm∆t)
,

C2,m(∆t) :=
σm

σm cosh(σm∆t) + λm sinh(σm∆t)
.

(20)

Note that 0 < C2,m(∆t) < 1 for any positive λm, ν and ∆t. On the other hand,
evaluating z`n,m(t) at tn gives

D`
n,m =z`n,m(tn)

=
D`−1
n−1,m(σmsn,m + λmcn,m)−R`−1

n+1,mcn−1,m

sn−1,m(σmsn,m + λmcn,m)− cn−1,m(σmcn,m + λmsn,m)
sn,m

+
R`−1
n+1,msn−1,m −D`−1

n−1,m(σmcn,m + λmsn,m)

sn−1,m(σmsn,m + λmcn,m)− cn−1,m(σmcn,m + λmsn,m)
cn,m

=
σm(s2

n,m − c2n,m)D`−1
n−1,m + (sn−1,mcn,m − cn−1,msn,m)R`−1

n+1,m

sn−1,m(σmsn,m + λmcn,m)− cn−1,m(σmcn,m + λmsn,m)
.

Once again, we have the same denominator as in R`n,m, and the numerators are
similar to those in R`n,m. Using the same computations as for R`n,m, we find

D`
n,m = z`n,m(tn) = C2,m(∆t)D`−1

n−1,m − νC1,m(∆t)R`−1
n+1,m. (21)

For the first time interval n = 1, the initial condition in (17), z`1,m(t0) = 0,
gives directly z`1,m(t) = A`1,m sinh(σmt). The transmission condition ż`1,m(t1) +

λmz
`
1,m(t1) = R`−1

2,m then gives A`1,m = R`−1
2,m/(σmc1,m+λms1,m). Evaluating z`1,m(t)

at t1 gives

D`
1,m = z`1,m(t1) =

s1,m

σmc1,m + λms1,m
R`−1

2,m = −νC1,m(∆t)R`−1
2,m, (22)

since t1 = ∆t, then s1,m = sinh(σm∆t) and c1,m = cosh(σm∆t).
For the last time interval n = N , the final condition in (18) ż`N,m(tN )+λmz

`
N,m(tN ) =

0 gives B`N,m = −A`N,m(σmcN,m+λmsN,m)/(σmsN,m+λmcN,m). The transmission
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condition z`N,m(tN−1) = D`−1
N−1,m then gives

A`N,m =
σmsN,m + λmcN,m

sN−1,m(σmsN,m + λmcN,m)− cN−1,m(σmcN,m + λmsN,m)
D`−1
N−1,m

=− σmsN,m + λmcN,m
σm cosh(σm∆t) + λm sinh(σm∆t)

D`−1
N−1,m.

Evaluating ż`N,m(t) + λmz
`
N,m(t) at tN−1 gives

R`N,m = ż`N,m(tN−1) + λmz
`
N,m(tN−1)

=
−(σmsN,m + λmcN,m)(σmcN−1,m + λmsN−1,m)

σm cosh(σm∆t) + λm sinh(σm∆t)
D`−1
N−1,m

+
(σmcN,m + λmsN,m)(σmsN−1,m + λmcN−1,m)

σm cosh(σm∆t) + λm sinh(σm∆t)
D`−1
N−1,m

= − (σ2
m − λ2

m)(cN−1,msN,m − sN−1,mcN,m)

σm cosh(σm∆t) + λm sinh(σm∆t)
D`−1
N−1,m = C1,m(∆t)D`−1

N−1,m.

(23)
With the help of R`n,m and D`

n,m, we can write the iteration in a compact form.
As illustrated in Figure 1, there are N − 1 interfaces, t1, . . . , tN−1, where the time
PSM exchanges information between two neighbouring time intervals at each it-
eration `. For each tn, we have a Robin condition R`n+1,m, which by definition
is ż`n+1,m(tn) + λmz

`
n+1,m(tn), in the time interval (tn, tn+1). Similarly, we have

a Dirichlet condition D`
n,m, which by definition is z`n,m(tn), in the time interval

(tn−1, tn). Using (19) and (21), we find, for n ∈ {2, . . . , N − 2}, that

R`n+1,m = C1,m(∆t)D`−1
n,m + C2,m(∆t)R`−1

n+2,m,

D`
n,m = C2,m(∆t)D`−1

n−1,m − νC1,m(∆t)R`−1
n+1,m.

Writing in the matrix-vector form gives[
R`n+1,m

D`
n,m

]
= Tl,m

[
R`−1
n,m

D`−1
n−1,m

]
+ Td,m

[
R`−1
n+1,m

D`−1
n,m

]
+ Tr,m

[
R`−1
n+2,m

D`−1
n+1,m

]
,

with three auxiliary two-by-two block matrices,

Tl,m :=

[
0 0
0 C2,m(∆t)

]
, Td,m :=

[
0 C1,m(∆t)

−νC1,m(∆t) 0

]
, Tr,m :=

[
C2,m(∆t) 0

0 0

]
.

Note that C2,m(∆t) only appears in the diagonal block, and C1,m(∆t) only in the
off-diagonal blocks. Using next (22) and (23), we have similarly for n = 1 and
n = N − 1 that, [

R`2,m
D`

1,m

]
= Td,m

[
R`−1

2,m

D`−1
1,m

]
+ Tr,m

[
R`−1

3,m

D`−1
2,m

]
,[

R`N,m
D`
N−1,m

]
= Tl,m

[
R`−1
N−1,m

D`−1
N−2,m

]
+ Td,m

[
R`−1
N,m

D`−1
N−1,m

]
.
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We define the vector e`m := (R`2,m, D
`
1,m, . . . , R

`
n+1,m, D

`
n,m, . . . , R

`
N,m, D

`
N−1,m)> ∈

R2(N−1) and the block Toeplitz matrix TPS
N,m ∈ R2(N−1)×2(N−1) given by

TPS
N,m :=


Td,m Tr,m
Tl,m Td,m Tr,m

. . . . . . . . .
Tl,m Td,m Tr,m

Tl,m Td,m

 .

We can then write the iteration as e`m = TPS
N,me`−1

m , which describes how the fre-
quency m evolves along the iterations. Note that the matrix TPS

N,m depends on
the penalization parameter ν and on the time interval length ∆t. We omit these
dependencies in the next section for brevity.

3. Scalability analysis

The goal of this section is to prove that the time PSM applied to the optimality
system (3) is weakly scalable, that is, its convergence rate does not depend on the
number of fixed-size time intervals N . More precisely, we show that the spectral
radius of TPS

N,m denoted by ρ(TPS
N,m), which characterizes the asymptotic convergence

rate of the iterative method, see [12, Chapter 2.3], is uniformly bounded below one
with respect to N for every m ∈ {1, . . . ,M}.

We achieve our goal using two different techniques. The first approach, presented
in Section 3.1, relies on the property that for any matrix norm ‖ · ‖,

ρ(TPS
N,m) ≤ ‖TPS

N,m‖. (24)

We therefore explicitly construct a special matrix norm |||·||| which verifies |||TPS
N,m||| ≤

C < 1, with a constant C independent on N .
The second approach, discussed in Section 3.2, relies instead on the theory of

block Toeplitz matrices and allows us to derive two complementary results. The
first one is nonasymptotic: we identify a region in the complex plane D that contains
all eigenvalues of TPS

N,m for every N ≥ 2. In particular, the modulus of elements in
D is bounded by the same expression derived for |||TPS

N,m||| in Section 3.1, thereby
recovering the same conclusion obtained there. The second result is a characteriza-
tion of the asymptotic spectrum of TPS

N,m as N →∞. Note that these two results are
complementary to each other. The nonasymptotic result guarantees that the time
PSM converges and is weakly scalable for every N . The asymptotic one provides
information on the spectrum distribution for large N , which may provide further
insights into the convergence behaviour of the iterative scheme.

To improve readability, in what follows we omit to explicit the dependence of
TPS
N,m and of its submatrices on them−th eigenvalue, and use instead the shorthand

notations TPS
N , Tl, Td, and Tr.

3.1. Analysis with special matrix norm. Since we have a closed form of each
block matrix in TPS

N , a first attempt in verifying (24) consists in computing the
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infinity norm2 of TPS
N . A direct calculation leads to

‖TPS
N ‖∞ = max

{
‖Td + Tr‖∞, ‖Tl + Td + Tr‖∞, ‖Tl + Td‖∞

}
= max

{
ν|C1,m(∆t)|, |C1,m(∆t)|, |C1,m(∆t)|+ |C2,m(∆t)|, |C2,m(∆t)|+ ν|C1,m(∆t)|

}
= max

{
|C1,m(∆t)|+ |C2,m(∆t)|, |C2,m(∆t)|+ ν|C1,m(∆t)|

}
=

{
|C1,m(∆t)|+ |C2,m(∆t)|, if 0 < ν ≤ 1,

ν|C1,m(∆t)|+ |C2,m(∆t)|, if ν > 1,

=


σm + ν−1 sinh(σm∆t)

σm cosh(σm∆t) + λm sinh(σm∆t)
, if 0 < ν ≤ 1,

σm + sinh(σm∆t)

σm cosh(σm∆t) + λm sinh(σm∆t)
, if ν > 1,

where λm, σm,∆t are all positive. Although the infinity norm of the iteration matrix
is independent of the number of time intervals N , it is not always smaller than one,
especially when the penalization parameter ν is very small, see e.g., Figure 2. Hence,
the infinity norm of the iteration matrix TPS

N is not suitable for our purpose.
To present an alternative to estimate the spectral radius ρ(TPS

N ) using matrix
norm, we first introduce an invertible and positive definite block diagonal matrix
D ∈ R2(N−1)×2(N−1),

D :=

Dd

. . .
Dd

 , with Dd :=

[
1 0
0
√
ν

]
.

We then define a novel matrix norm as

|||TPS
N ||| := max

i=1,...,2(N−1)

2(N−1)∑
j=1

(
D−1TPS

N D
)2
ij

 1
2

,

which consists of a modified infinity norm applied to a similarity transformation of
TPS
N through the matrix D.

Theorem 1. The time parallel Schwarz method (7)-(9) is weakly scalable in the
sense that for any ν > 0, ∆t > 0 and λm > 0, there exists a constant C > 0,
independent on N , such that

ρ(TPS
N ) ≤ C < 1,

for any N .

Proof. To compute explicitly D−1TPS
N D, it is convenient to manipulate separately

the diagonal TPS
N,diag and off-diagonal TPS

N,off parts of TPS
N . For the diagonal part, we

have

D−1TPS
N,diagD =

T̄d . . .
T̄d

 , T̄d := D−1
d TdDd =

[
0

√
νC1,m(∆t)

−
√
νC1,m(∆t) 0

]
.

2Due to the particular structure of TPS
N , the same calculations remain valid for the 1-norm.
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For the off-diagonal part, we find

D−1TPS
N,offD =


Tr

Tl Tr
. . . . . .

Tl Tr
Tl

 ,

since D−1
d TlDd = Tl and D−1

d TrDd = Tr. Collecting the diagonal and off-diagonal
contributions, we obtain

D−1TPS
N D =


T̄d Tr
Tl T̄d Tr

. . . . . .
Tl T̄d Tr

Tl T̄d

 .

A direct calculation then leads to

|||TPS
N |||2 = max

{
ν (C1,m(∆t))

2
, ν (C1,m(∆t))

2
+ (C2,m(∆t))

2
}

=ν (C1,m(∆t))
2

+ (C2,m(∆t))
2

=
σ2
m + ν−1 sinh2(σm∆t)

(σm cosh(σm∆t) + λm sinh(σm∆t))
2 =: ρ̃(m),

(25)

where in the last step we used (20). Note that ρ̃(m) does not depend on the number
of time intervals N . Additionally, expanding the denominator, we have

ρ̃(m) =
σ2
m + ν−1 sinh2(σm∆t)

σ2
m cosh2(σm∆t) + λ2

m sinh2(σm∆t) + 2σλm sinh(σm∆t) cosh(σm∆t)

=
λ2
m + ν−1 cosh2(σm∆t)

λ2
m + ν−1 cosh2(σm∆t) + 2λ2

m sinh2(σm∆t) + σmλm sinh2(2(σm∆t))
,

where we used the properties of the hyperbolic functions and the fact that σ2
m =

λ2
m + ν−1 in the second equality. Furthermore, the function ρ̃ is strictly decreasing

in λm and reaches its maximum over the positive real line for λm = 0, where ρ̃
equals one. Hence, for any positive λm, ν and ∆t, ρ̃(m) < 1, which implies that
|||TPS

N ||| < 1 uniformly in N . This concludes the proof, and in addition, proves the
convergence of the time parallel Schwarz method. �

3.2. Analysis based on block Toeplitz matrix theory. Our second approach
to analyze the scalability of the time PSM leverages the theory of block Toeplitz
matrices, see, e.g., [7] and [46, Chapter 2] for an introduction. Our goal is now
twofold. First, we wish to show through this alternative path that the spectral
radius ρ(TPS

N ) remains strictly bounded below one as N → ∞. Second, we aim to
characterize the asymptotic distribution of the eigenvalues of TPS

N .
We start by considering the tridiagonal block Toeplitz matrix TPS

N . To align our
analysis with the literature on block Toeplitz operators, we define the block entries
A0 := Td, A−1 := Tr, and A1 := Tl.
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We associated with TPS
N the Laurent operator T acting on the space of sequences

`2(Z,C2) :=

x = (xj)j∈Z, xj ∈ C2,
∑
j∈Z
‖xj‖2 <∞

 ,

and defined by the bi-infinite block-matrix

T :=


. . . . . . . . .

A1 A0 A−1

A1 A0 A−1

. . . . . . . . .

 .

Let (Aj)j∈Z denote the sequence of matrix coefficients where, in our case, Aj ≡ 0
if |j| > 1. The action of T onto a sequence x can be expressed as the dis-
crete convolution (Tx)i =

∑
j∈ZAi−jxj . By applying the time discrete Fourier

transform, F(x) =
∑
j∈Z xje

−ijθ =: x̂(θ), one obtains the fundamental relation
F (Tx) (θ) = F (θ)x̂(θ), where F : [−π, π] → C2×2 is the matrix-valued symbol of
T ,

F (θ) := A−1e
−iθ +A0 +A1e

iθ =

(
C2,m(∆t)e−iθ

√
νC1,m(∆t)

−
√
νC1,m(∆t) C2,m(∆t)eiθ

)
, (26)

for any θ ∈ [−π, π]. The symbol F generates the operator T in the sense that the
coefficients Aj are recovered by

Aj =
1

2π

∫ π

−π
F (θ)e−ijθdθ,

and our matrix TPS
N coincides with the finite Toeplitz matrix Tn = (Aj−i)

n
i,j=1 for

n = N − 1, where Aj ≡ 0 if |j| > 1 in our case.
The spectral properties of Laurent operators are well-established. Specifically,

the spectrum3 of T , denoted by σ(T ), coincides with the union of the spectra of
F (θ) for θ ∈ [−π, π],

σ(T ) := ∪θ∈[−π,π] σ (F (θ)) . (27)
A direct calculation reveals that the two eigenvalues of F (θ) are

µ±(θ) = C2,m(∆t) cos(θ)± i
√

(C2,m(∆t) sin(θ))
2

+ ν(C1,m(∆t))2, (28)

so that σ(T ) consists of two, distinct, closed curves in the complex plane

σ(T ) = {z ∈ C : z = µ+(θ), θ ∈ [−π, π]}∪{z ∈ C : z = µ−(θ), θ ∈ [−π, π]}. (29)

The relationship between the eigenvalues of the finite Toeplitz matrix Tn, denoted
by {λ̃j}2nj=1, and those of its Laurent operator has been the subject of extensive
research. To provide a brief overview, we recall the definition of an eigenvalue
cluster [42, 45, 48].

Definition 1 (Eigenvalue cluster). A subset Φ ⊂ C is called an eigenvalue cluster
for the sequence {Tn}n∈N if for any open set O, Φ ⊂ O, the number of eigenvalues
of Tn that lie outside O is a o(n) as n→∞.

3For an infinite dimensional operator T , the spectrum is the set of values λ ∈ C such that
(T − λI)−1 is not boundedly invertible.
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A landmark theorem by Szegő [23, Chapter 5.2] states that for a Hermitian
Toeplitz matrix generated by a bounded real-valued symbol f : [−π, π] → R, i.e.
Aj ∈ C and Aj = A?j , with eigenvalues {λ̃j}nj=1, the relation

lim
n→∞

1

n

n∑
j=1

g(λ̃j) =
1

2π

∫ π

−π
g(f(θ))dθ, (30)

holds for any continuous function g. By choosing suitable test functions g, the
relation (30) implies that σ(T ) is an eigenvalue cluster for {Tn}n∈N. Szegő’s result
has been extended to Hermitian Toeplitz matrices with matrix-valued symbols [38]
and to non-Hermitian with special structure (e.g., banded) [26, 42, 50]. For general
non-Hermitian matrices, with possibly matrix-valued symbols, it is known that (30)
does in general not hold, unless one restricts g to the class of holomorphic functions
over a suitable region of the complex plane or additional assumptions are imposed
on the range of the symbol F [44, 45].

To start our analysis, we recall the notion of numerical range4. For a square
matrix A ∈ Ck×k, the numerical range is defined as

R(A) :=

{
〈Ax,x〉
‖x‖2

: x ∈ Ck, x 6= 0

}
. (31)

In the scalar case, where f : [−π, π] → C, the numerical range is set equal to the
image of the function,

R(f) := {z ∈ C : z = f(θ), θ ∈ [−π, π]} .
For a matrix-valued function F : [−π, π]→ Ck×k, its numerical range is defined as

R(F ) := ∪θ∈[−π,π]R(F (θ)).

For our analysis, we need the additional concept of extended numerical range of a
matrix-valued function F [44, Definition 5.1], defined as

ER(F ) := ∩H∈ΘH,
where Θ is the family of all closed half planes H ⊂ C such that R(F (θ)) ⊂ H holds
for every θ ∈ [−π, π].

Theorem 2. For any n ∈ N, the eigenvalues of Tn are included in the region of
complex plane,

D :=
{
z ∈ C : ∃θ ∈ [−π, π] s.t. <z = C2,m(∆t) cos(θ),

|=z| ≤
√

(C2,m(∆t) sin(θ))2 + ν(C1,m(∆t))2
}
.

In particular, the spectral radius of TPS
N is bounded by ρ̃(m) below one, uniformly

with respect to N .

Proof. The proof relies on [44, Theorem 5.1], which states that, for any n ∈ N, the
eigenvalues of Tn belongs to ER(F ). We are thus left to show that ER(F ) = D.
To this end, we first observe that, for a fixed θ ∈ [−π, π], F (θ) defined in (26)
is a normal matrix, thus R(F (θ)) is the convex hull of its eigenvalues µ±(θ),
representing geometrically a vertical segment in the complex plane. Then, D =
∪θ∈[−π,π]R(F (θ)) is the region in the complex plane obtained as the union of

4As the symbol and its eigenvalues studied in this section depend continuously on θ, we used a
simplified notation compared to the works devoted to general measurable symbols, see, e.g., [44].
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the vertical segments centered at C2,m(∆t) cos(θ), θ ∈ [−π, π], with half-height√
(C2,m(∆t) sin(θ))2 + ν(C1,m(∆t))2. In particular, D is a closed and convex set.

Take now a z ∈ D. Then, z belongs to R(F (θ)) for a certain value of θ and thus,
by the definition of ER(F ), z belongs to every H ∈ Θ. Hence, z also belongs to
the intersection, which implies that z ∈ ER(F ) and D ⊂ ER(F ). To show that
ER(F ) ⊂ D, we take a z /∈ D. Since D is closed and convex, there exists a closed
half plane H̃ such that D ⊂ H̃ and z /∈ H̃, thus z /∈ ER(F ). Combining these two
parts, we conclude that ER(F ) = D. Finally, we observe that for any z ∈ D, ‖z‖
is bounded by ρ̃(m) defined in (25), thus proving the second claim. �

To prove an asymptotic result on the distribution of the eigenvalues of {Tn}n∈N,
we recall [14, Theorem 1.2] which proves a Szegő-type limit for a sequence of (mul-
tilevel) block Toeplitz matrices with non-Hermitian symbols. Here, the statement
is reported in our simplified setting.

Theorem 3 (Theorem 1.2, Ref. [14]). Let F ∈ L∞([−π, π];Ck×k) be a matrix-
valued symbol with eigenvalues {µj}kj=1. Furthermore, let Bn ∈ Cnk×nk be the
Toeplitz matrix generated by F , denote its eigenvalues by {λ̃j}nkj=1, and let B be the
associated Laurent operator. If σ(B) has empty interior and does not disconnect the
complex plane, then for every continuous function g : C→ C with bounded support,

lim
n→∞

1

nk

nk∑
j=1

g(λ̃j) =
1

2π

∫ π

−π

1

k

k∑
j=1

g(µj)dθ.

As discussed in [14, Section 2], Theorem 3 implies that σ(B) is a cluster for
{Bn}n∈N in the sense of Definition 1. In the next result, we show that, in our
setting, σ(T ) satisfies the assumptions of Theorem 3, thus concluding that σ(T ) is
a cluster for the sequence {Tn}n∈N. We will verify in Section 4.1 that the eigenvalues
of TPS

N accumulate on σ(T ) as N increases.

Corollary 1. σ(T ) is a cluster for the sequence {Tn}n∈N in the sense of Defini-
tion 1.

Proof. From (27) and (28), it follows that σ(T ) consists of two, distinct, closed
curves in the complex plane defined by the maps θ 7→ µ−(θ) and θ 7→ µ+(θ). Thus,
σ(T ) has empty interior. In addition, σ(T ) disconnects the complex plane if and
only if C1,m(∆t) = 0. This requires that σm∆t = 0, which is never the case since
ν, ∆t, and λm are all positive. Hence, we have verified the conditions of Theorem 3
and the claim follows. �

4. Numerical experiments

The numerical experiments are divided into three groups. Section 4.1 verifies
numerically the bound of Theorem 1 and the eigenvalue clustering described by
Corollary 1. Section 4.2 compares the theoretical bounds on the spectral radius of
the iteration matrix with the actual asymptotic convergence of the time parallel
Schwarz method. Finally, Section 4.3 presents an application of the numerical
framework to the optimal control of a periodic heating-cooling device over a growing
time window.
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Figure 2. Comparison of ρ(TPS
N,m), ‖TPS

N,m‖∞ and ρ̃(m) for dif-
ferent numbers of time intervals N . Left panels refer to m = 1
while right panels refer to m = M . The remaining parameters are:
M = 128, ν = 10−2 and ∆t = 1/M .
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Figure 3. Plot of the map m → ρ̃(m; ν,∆t) for different values
of ν and ∆t. Parameters: M = 128, ∆t = 1/M (left panel),
M = 128, ν = 10−2 (right panel).

4.1. Matrix bounds and spectrum clustering. Figure 2 compares the behavior
of ρ(TPS

N,m), ‖TPS
N,m‖∞ and ρ̃(m) for different numbers of time intervals N . The left

panel refers to m = 1, that is, the smallest eigenvalue of A, while the right panel
refers to the largest eigenvalue for m = M . We first observe that the infinity
norm can be much larger than 1, and thus not suitable for our scalability analysis.
In contrast, the bound ρ̃(m) derived in Section 3.1 is very sharp, smaller than
one, and most importantly independent of N . Secondly, we observe the classical
smoothing behaviour of a Schwarz method: low-frequency spatial error components,
that is, those associated with small eigenvalues, converge much slower than higher
frequency components, and therefore determine the overall convergence behaviour
of the algorithm. This is further confirmed by Figure 3, which shows the behaviour
of ρ̃(m) with respect to m for different values of ν and ∆t. In particular, we notice
that as ∆t→ 0 and ν → 0, ρ̃(1)→ 1, thus the overall convergence rate of the time
PSM is expected to deteriorate.

Next, we verify numerically the clustering of the eigenvalues of the Toeplitz
matrices {TPS

N,m}N discussed in Section 3.2. The first row of Figure 4 shows the
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Figure 4. Clustering of the eigenvalues of {TPS
N,m}N for m = 1

(top row) and m = M (bottom row). Parameters: ∆t = 1/M and
ν = 10−2 (left panels) and ν = 10−4 (right panels). In the legend,
we omit the superscript PS to improve readability.

set σ(T ) in the complex plane (see (29)), together with the discrete eigenvalues
{λ̃j}2(N−1)

j=1 of TPS
N,1 (i.e. m = 1) for different values of N . The second rows refers

instead to {TPS
N,M}N . Notice that for large λM , σM =

√
λ2
M + ν−1 is large, and

consequently C2,m(∆t) defined in (20) tends rapidly to zero, and this explains
why σ(T ) collapes into two points along the imaginary axis. We observe that the
eigenvalues accumulate in the region σ(T ). Although, Definition 1 and Theorem
1 allow for a moderate number P (N) of eigenvalues that do not cluster on σ(T )
(with P (N)/N → 0 as N → ∞), we have not observed any such outlier in our
experiments.

4.2. Weak Scalability of time parallel Schwarz algorithm. We now test the
weak scalability of our time PSM (7)-(9) numerically, and compare the convergence
with the theoretical bounds on the spectral radius of the iteration matrix. We
consider the manufactured solutions,

y(x, t) = sin(πx)

(
te−π

2t − e−π
2T

1 + π2T
t

)
,

p(x, t) = ν sin(πx)

(
e−π

2t − e−π
2T 1 + π2t

1 + π2T

)
,
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Figure 5. Second order convergence of the Crank–Nicolson
method applied to solve the reduced optimality system (3). The
mesh size and time step satisfy hx = ht = h, and h varies in the
set {2−8, 2−7, . . . , 2−3}.

which satisfy the reduced optimality system (3) together with the target function

ŷ(x, t) = ν sin(πx)

((
t

ν
+ 2π2

)
e−π

2t − e−π
2T

t
ν + π2t

1 + π2T

)
.

We then take this target function, the initial condition y0 = 0, the space domain
Ω = (0, 1) and the homogeneous Dirichlet boundary condition g = 0 for our nu-
merical tests. To solve our parabolic optimal control problem (1)-(2), we follow the
optimize-then-discretize approach that consists of discretizing the reduced optimal-
ity system (3). We use the Crank-Nicolson method, which gives a second-order
approximation of the exact solutions of both state and adjoint variables as shown
in Figure 5.

We now set ν = 1/10, choose the time step and mesh size as ht = hx = 1/32 and
present a weak scalability test using different time interval lengths ∆t. Specifically,
the left column of Figure 6 shows the decay of the L2 error on the state and adjoint
variables along the iterations for different numbers of time intervals, together with
the error decay predicted by our upper bound ρ̃ derived in Section 3. We observe
that, while the time PSM is indeed weakly scalable, its convergence rate deteriorates
as the time interval length decreases. To further investigate this behavior, we show
in the right column of Figure 6 the corresponding spectral radius ρ(TPS

N ) for each
time interval length. We remark that for moderate time intervals (e.g., ∆t ≥ 1/4),
the spectral radius is almost constant as a function of the number of time intervals
N . However, when ∆t decreases, the spectral radius starts to vary with respect to
N , and only for sufficiently large N it reaches the asymptotic plateau. Note that,
in addition, for short time intervals, the spectral radius gets larger. In particular
for ∆t = 1/16, the spectral radius in the case of N = 16 is more than twice that
of N = 2. This explains the deterioration of the weak scalability for small time
interval lengths. Furthermore, note that our bound ρ̃ derived in Section 3.1 provides
a very good asymptotic estimate of the spectral radius, and gives a very accurate
prediction of the convergence behavior for large N . Although the infinity norm is
smaller than one for all test cases, it cannot accurately describe the convergence
behavior.
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Figure 6. Left column: weak scalability test of the time PSM (7)-
(9) for N ∈ {2, 4, 8, 16}. Right column: ρ(TPS

N,m), ‖TPS
N,m‖∞ and

ρ̃(m) with m = 1 for different numbers of time intervals N . Pa-
rameters: ht = hx = 1/32, ν = 10−1.
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Figure 7. Illustration of periodic heating-cooling process for four
periods with each period ∆t = 1/2 and the space domain Ω =
(0, 1). The top panel shows the target state ŷ, the left-bottom
panel shows the state solution y and the right-bottom panel shows
the optimal control u.

4.3. Periodic Heating-cooling process. We now use our time PSM (7)-(9) to
simulate a real-life application. We consider a rod (or an enclosed room) with a
heat source located at its center. The thermal input is time-dependent and peri-
odic. During each time interval ∆t, the heat source power is smoothly increased
from zero to its maximum power and then decreased back to zero. This type of peri-
odic heating-cooling process arises in many industrial and engineering applications.
For instance, in laser-based material processing and characterization, materials are
often subjected to pulsed heating to investigate their thermal properties. Similarly,
building climate control systems also operate in cyclic modes and switch heating
(or cooling) power on and off to regulate indoor temperature efficiently.

To mimic heating-cooling processes, we consider a target using Gaussian func-
tions

ŷ(x, t) = 10

N∑
n=1

exp

(
−50

((
x− L

2

)2

+

(
t− (2n− 1)∆t

2

)2
))

.

Figure 7 illustrates on the top panel such a process for four periods (N = 4)
with each period ∆t = 1/2 and space length L = 1. As the heating-cooling process
repeats periodically in time, this is a perfect example to apply our time PSM (7)-(9).
We use once again the Crank–Nicolson method with ht = hx = 1/128 to discretize
the reduced optimality system (3). The bottom panels of Figure 7 present the



WEAK SCALABILITY OF TIME PARALLEL SCHWARZ FOR PARABOLIC OCPS 21

1 2 3 4 5 6 7 8 9 10
10

-10

10
-8

10
-6

10
-4

10
-2

10
0

Figure 8. Illustration of the L2 error between solutions of the
entire fully discrete optimality system and solutions concatenated
at each iteration. Each period ∆t = 1/2 and the number of periods
N ∈ {21, 22, . . . , 29}.

solution y and the control u obtained for the four-period example with penalization
parameter ν = 1/10. We observe that the optimal control u (bottom right of
Figure 7) is also periodic, whereas the solution y (bottom left of Figure 7) is almost
periodic and its magnitude is much smaller than the target ŷ due to the choice of
the penalization parameter ν.

To test the scalability of our time PSM (7)-(9), we keep the same size of pe-
riod ∆t = 1/2 and consider the number of periods varying in a test set: N ∈
{21, 22, . . . , 29}. Figure 8 illustrates the L2 error between the solutions of the opti-
mality system over the entire time horizon and the solutions concatenated at each
iteration. In particular for 29 periods, we have 8,323,326 unknowns of both state
(y) and adjoint (p) variables for the fully discrete optimality system associated
with (3), whereas there are 16,510 unknowns of both variables within each time
period. We remark that our theoretical bound derived in Section 3.1 provides a
very accurate prediction of the convergence behavior. Finally, we observe once
again that the time PSM is weakly scalable, as the number of iterations to reach
the desired tolerance is independent of the number of time intervals. Therefore, it
is a promising solution strategy for industrial processing requiring parallelization
on high-performance computing workstations.

5. Conclusion

We investigated the convergence behavior of the time PSM applied to the first-
order optimality system of parabolic optimal control problems. To demonstrate the
weak scalability of this method, we derived convergence estimates for the spectral
radius of the iteration matrix using two different approaches. The first approach
constructs a special matrix norm, under which the spectral radius of the iteration
matrix is bounded by this norm, which is strictly less than one and independent of
the number of time intervals. The second approach relies on block Toeplitz matrix
theory. We provided a nonasymptotic result that locates all eigenvalues of the it-
eration matrix in a complex plane, with their moduli bounded by the same special
matrix norm identified in the first approach. We also derived an asymptotic result
that characterizes the convergence behavior of the time PSM as the number of time
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intervals tends to infinity. Numerical experiments further showed that our conver-
gence estimates are very sharp and accurately capture the convergence behavior
of the time PSM. This work provides the first theoretical framework for analyz-
ing the weak scalability of time domain decomposition methods. Further research
directions include generalizing the weak scalability analysis to other time domain
decomposition methods, leveraging the analysis presented here to develop multi-
level solvers, and implementing the time PSM to solve more complex parabolic
optimal control problems on high-performance computing platforms.
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